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The Programme: The Seven Volumes

This volume is the seventh and �nal part of a single research programme. The �rst �ve
volumes build a physics � from the cosmological scale inward to the strong sector �
on one idea: that the structures we attribute to a dark sector, to singularities, and to
con�nement are consequences of the local gravitation of the quantum vacuum and of the
topology of closed con�gurations. The sixth volume lifts that physics into a cross-scale
method. The seventh, the present volume, supplies the lens: the information-theoretic
ontology under which the whole is read.

The order is a descent followed by a turn. Volumes I�III move from the cosmos through
extreme curvature to the empirical record; Volume IV provides the complex-algebraic
apparatus the strong sector requires; Volume V carries the programme into quantum
chromodynamics and the topology of nuclei on the physically correct manifold RP3;
Volume VI generalises the topological apparatus of I�V into a universal cross-scale
recognition method and an atlas of structure across �fteen scales. Volumes I�VI thus
build and then survey an Atlas � a body of computed and measured structure from
the nucleon to the cosmic web. Volume VII does not extend the Atlas; it reads it. It
is placed last because it is a lens, not a foundation-stone: it interprets what the prior
volumes established, showing each scale to be the materialization of a projection of one
di�erentiated substrate. The programme is monolithic � not because every scale is
the same, but because each realises a facet of one ground, and the seventh volume is
the account of that ground and its facets.

Volume I � A Dark-Sector-Free Cosmology. The Local Gravitation of Quantum

Vacuum (αLGQV). A vacuum�matter coupling derived from nuclear physics (α ≈ 0.005
predicted, 0.003 observed) reproduces �at rotation curves, the baryonic Tully�Fisher
and radial-acceleration relations (with a0 derived, not �tted), and dark-mass-free galax-
ies � from one parameter. doi:10.5281/zenodo.19027460

Volume II � Beyond Singularities. The programme at extreme curvature:
toroidal vacuum cores replacing singularities, the interior of collapsed objects, the
mass desert, the impossibility of wormholes, and the pole of spacetime replacing the
Big Bang singularity, with a falsi�cation programme for LIGO, LISA, JWST, EHT,
and CMB-S4. doi:10.13140/RG.2.2.29913.28002

Volume III � Predictions Con�rmed. The empirical compendium: NANOGrav,
P-ACT, DESI dark-energy evolution, the Big Ring and Giant Arc, the cosmic radio
dipole, CMB parity asymmetry, and galactic spin chirality � each independently pre-
dicted by αLGQV, each independently observed. doi:10.13140/RG.2.2.32586.32962

Volume IV � ICAST. Imaginary Component Attribution Swaps Theory. The
complex-algebraic apparatus for σ-reattribution � the transfer of conserved quantum-
number content between con�gurations during topological deformation � and the
ontological backbone of the strong-sector programme. doi:10.5281/zenodo.20137134

Volume V � Topology of Quantum Chromodynamics and Isotopology. The
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strong sector: con�nement as topological closure, mass as topology, nuclei as closed
multibaryon con�gurations, magic numbers as symmetric topologies. A foundational
paper argues the Yang�Mills mass gap is misposed on R3 and is a geometric consequence
of compactness with antipodal identi�cation on RP3. doi:10.5281/zenodo.20370383

Volume VI � Structural Persistence and Coherence Analysis (SPCA). The
methodological extension: a cross-scale recognition framework built on a topological�
dissipative analysis of stability and the Banach contraction to the unique �xed point
x∗, with an atlas of ten worked recognitions from the nucleon to the global topology
of the universe. Its discipline � honest acknowledgment of limits � is the one this
volume inherits. doi:10.5281/zenodo.20455316

The present volume is Volume VII � The Information Substrate Theory (IST):
the lens that reads the Atlas of Volumes I�VI.
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Synopsis of Volume VII

The foundational move. The volume begins from a claim it argues rather than
assumes: that absolute nothing is impossible, so something exists, and that what exists
is necessarily di�erentiated � an undi�erentiated existent would be no existent at all.
From this it draws its central de�nition: information is the name of di�erentiatedness.
Information is not a substance the world is made of, not a �uid it contains, not a
second ingredient alongside matter and energy; it is the word for the world's being
di�erentiated. The axes along which we read the world � time, space, energy � and
the laws stated in their terms are facets of the di�erentiated substrate, projections of it
onto single coordinates. The substrate itself is axis-free: it carries no projection value,
no number of bits, no entropy, no program length, because such values are readings
along axes and the substrate is what is read, not a reading.

The one distinction. Everything in the volume turns on a single distinction � be-
tween the substrate, the di�erentiated and axis-free ground, and a projection, a reading
of it along one axis � and on a single discipline: never mistake a projection for the
substrate. This is the load-bearing line. Held, it yields the classi�cation of the known
information measures, the account of the model-building subsystem, and the two bound-
aries of knowledge. Dropped, the frame collapses into the rei�cations it exists to prevent:
the world taken to be information, to be a computation, to be a simulation.

Part I � Foundations. The opening articles establish the substrate as the di�eren-
tiated ground (information its name), distinguish substrate from projection and show
the universe needs no information added to its physics, prove a projection theorem by
which the known information measures descend from the substrate as readings along
axes, and draw the categorial boundary : predicates internal to an axis (a colour, an
age, a measure) do not apply to the axis-free substrate; questions that so apply them
are not unanswered but ill-formed.

Part II � The Projections. The known theories of information are classi�ed as
projections along six axes, each a reduction that keeps one facet and discards the
rest: the channel axis (Shannon), the description axis (Kolmogorov), the regularity

axis (e�ective complexity), the macrostate axis (thermodynamic entropy), the cost

axis (Landauer, and the infodynamics of DESI DR1), and the receiver axis (Bateson's
di�erence � the one axis that carries no canonical number, the home of meaning).
Inter-axis morphisms relate the six, and an empirical hinge � the Atlas article �
shows each axis materialising at a de�nite scale of the prior volumes: the description
axis as the nucleon and the atom, the regularity axis as knotted DNA and the living
cell, the channel and macrostate axes as the cosmic web, and the global register as the
RP3 topology of the universe. Throughout, the discipline holds: a projection is realised
at a scale, never identi�ed with the substrate.

Part III � The Bridge. The third part follows the consequence that organises
the rest. Physical projection is many-to-one and therefore loses irreversibly � the
data-processing inequality, the second law, and the uncomputability of inversion are
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its three faces � and the world cannot un-project. Yet structure projection discards
comes to be known, because a model-building subsystem recovers it: not by inverting
the projection, which is blocked, but by inference, maintaining a defeasible internal
surrogate tested against the projections still to come. From this central asymmetry the
bridge unfolds. The arrow of time is the subsystem's gradient of accumulated records;
its direction comes not from the time-symmetric dynamics but from the low-entropy
past, and the block does not �ow � the �now� is the record frontier. The simulation,
real as the limit of the recovering model, lives in the subsystem and not in the world;
the question whether the world is a simulation, on the substrate reading, mislocates a
projection. The incompleteness of measurement is a theorem: any proper projective
access has a non-trivial joint �ber, so a subsystem necessarily has well-typed structure
it can never resolve. And two boundaries bound a subsystem's reach � the apophatic,
at the substrate, where questions cease to be well-formed, and the projective, within
the world, where well-formed questions cease to be answerable � bounding, between
them, a rich and knowable interior.

What the volume dissolves. A family of standing puzzles at the border of physics
and philosophy is shown to be one confusion � a projection taken for the substrate
� in several costumes, and dissolved together rather than one at a time: whether
the universe computes (it need not; computation is a projection we apply), whether
the world is made of information (no; information is the name of di�erentiatedness),
whether the world is a simulation (the question is ill-typed), what the arrow of time
is (the model-builder's record gradient), and why measurement cannot be complete
(projective access has �bers).

What the volume is, and is not. The substrate frame is an ontology � a claim
about the di�erentiated ground physics presupposes � and a discipline � a rule for
speaking of it without rei�cation. It is conservative about physics : it adds no equation,
predicts no new number, and a�rms physical theory entirely, changing the status of
its quantities (projections, not substances) rather than their content. It is not a new
physics, not a speculative metaphysics positing hidden entities, and neither idealism
nor mysticism: the substrate's only ine�ability is its axis-freeness, fully explicable. The
volume's central open problem, posed and left open, is the morphism geometry �
whether one diagram of the axes and their morphisms carries both the completeness of
the classi�cation and the incompleteness �oor, as its image and its complement. And
the frame is o�ered to be carried, reducible for use to one diagnostic question: does
this predicate of the substrate something that belongs only to a projection?
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How to Read This Volume

The volume is one argument, not a collection, and it is built to be read in order. Part I
�xes the distinction on which all else turns; Part II is what the foundations make of the
known measures; Part III is what the projections imply for a subsystem that has only
projections to go on. Each part presupposes the one before, and a reader who accepts
the foundations will �nd the projections and the bridge their consequences. Readers
chie�y interested in the empirical anchoring may turn �rst to the Atlas article (10a),
which binds the abstract axes to the computed structures of Volumes I�VI; readers
interested in the synthesis may read Articles 16 and 17 last, where the whole is drawn
together and placed. Each article is self-contained in statement, marks explicitly what
it proves and what it conjectures, and ends with an epistemic-status ledger; the reader
is never asked to take an entailment on trust.
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Abstract

The measures that go by the name information � Shannon's entropy, Kolmogorov
complexity, the thermodynamic entropies, e�ective complexity, Landauer's bound,
Bateson's di�erence � disagree about almost everything, yet each is called a mea-
sure of information. This opening article of the Information Substrate Theory
asks what they are measures of, and answers that they are projections of a single
feature of being: that it is di�erentiated. We record, from prior work in this pro-
gramme and not re-argued here, that nothing is impossible; from this it follows
that being cannot be undi�erentiated, since the undi�erentiated is indistinguish-
able from nothing. Information is then not a substance, a force, a constituent, or
an act, but the name of di�erentiatedness � ineliminable from being not because
the world requires it but because its absence is impossible. We give this claim
its disciplined form. A di�erentiation structure carries only bare distinction; an
axis is a reduction retaining the distinctions registered along one coordinate; the
known measures are the values of canonical functionals on those reductions, while
the substrate itself, carrying no axis, is measured by none. The claim is modal, not
temporal: no act, agent, event, or moment appears, and because time is itself one
axis, temporal predicates are categorially inapplicable to the substrate, a point we
state and prove rather than assert. We locate the predecessors generously � each
saw a facet � and we mark the boundary apophatically: within the describable
the universe is a completed, invariant structure, and beyond it not even categories
extend. An epistemic-status ledger separates what is established, what is here de-
�ned, and what later articles must earn, with the load-bearing derivation of the
measures-as-projections claim assigned to the Projection Theorem of Article 3.

Keywords: information; di�erentiation; substrate; projection; foundations of physics;
modality; Shannon entropy; Kolmogorov complexity; philosophy of information;
apophatic boundary.
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1 Introduction

There is no single quantity called information. There is a family of measures, each
precise, each useful, and each at odds with the others about what information is. Shan-
non's entropy is a property of a probability distribution and grows with disorder [12].
Kolmogorov complexity is a property of an individual object, the length of its shortest
description, and also grows with disorder, yet is computed by wholly di�erent means
and is uncomputable [5]. E�ective complexity is low for both the perfectly ordered and
the perfectly random and high only between them [2]. Thermodynamic entropy car-
ries units of energy over temperature where the others are dimensionless. Landauer's
bound attaches an energetic price to erasing a bit, importing a constant the combina-
torial measures do not have [11]. Bateson's �di�erence that makes a di�erence� is not a
number at all but a relation to a receiver [1]. The natural and usual conclusion is that
�information� is an umbrella word for several unrelated tools.

This article proposes the contrary. The measures are not unrelated; they are projections
of one structure seen along di�erent axes. The structure is di�erentiatedness as such �
the bare fact that being is di�erentiated rather than featureless � and each measure
is what one obtains by reducing that structure to a single coordinate (a channel, a
description, a macrostate, a regularity, a thermodynamic cost, a receiver) and applying
the functional native to that coordinate. On this reading the disagreements among the
measures are the di�erences among the axes, not among the things measured, and the
word information names not any of the measures but their common source.

The aim of this opening article is to establish that source and to �x the vocabulary the
rest of the volume uses. We do four things. We carry out the descent to the substrate:
from the impossibility of nothing to the necessary di�erentiatedness of being to the
identi�cation of information as the name of that di�erentiatedness (Section 3). We
give di�erentiatedness a minimal formal model and show that the apparatus of axes
and laws � including time � consists of facets of the substrate rather than products
of it (Section 4). We draw the central distinction of the whole theory, between the
substrate and its projections, and state precisely the sense in which the substrate is
measured by none of the known measures (Section 5). And we locate the predecessors,
each of whom saw a facet truly (Section 6), before marking the boundary beyond which
the theory is silent (Section 7).

A word on register, owed to the reader at the outset. This volume does not hold
that matter is information, that information is fundamental, that the universe is a
computer, or that the present proposal belongs in the lineage that reads physics as
information-theoretic at bottom. It holds the smaller and, we think, more defensible
claim that information is the name of an ineliminable feature of being, that every
quantitative notion of information is a projection requiring a prior choice of axis, and
that the substrate itself adds nothing to the world and is required by it in no form.
The discipline of saying less and establishing it, rather than more and declaring it, is
the discipline of the series, and it is nowhere more important than in its foundational
article. The one genuinely load-bearing claim � that the known measures descend from
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the substrate by reduction along an axis � is not argued here but in the Projection
Theorem of Article 3 of this volume, which this article sets up and on which it relies.

2 Logical Structure of the Argument

The argument is a descent followed by a distinction, then a placement and a boundary.
The reader may hold the following map in view.

Step 1 (Section 3): The descent.
From the impossibility of nothing � taken as established in prior work, not re-argued
� we obtain that being is necessarily di�erentiated, because the undi�erentiated
is indistinguishable from nothing (Proposition 3.1). We then �x the meaning of
information as the name of di�erentiatedness: not a substance, act, or residue, but
the word for being's ineliminable feature.

Step 2 (Section 4): The structure and its facets.
We model di�erentiatedness as a di�erentiation structure carrying only bare distinc-
tion, and argue that axes (time, space, energy) and laws (regularities) are facets of
that structure, not products of it in time. Because time is itself one axis, tempo-
ral predicates are categorially inapplicable to the substrate (Proposition 4.5); the
descent is modal, not temporal.

Step 3 (Section 5): Substrate and projection.
We de�ne an axis as a reduction retaining one coordinate's distinctions, and a pro-
jection as the substrate taken along an axis. The known measures are projections;
the substrate, carrying no axis, is in the domain of no axis-bound measure (Propo-
sition 5.2). That the named measures actually descend from the substrate in this
way is the theorem of Article 3, to which we defer the derivation.

Step 4 (Section 6): Locating the predecessors.
Each major conception of information � Shannon, Wheeler, Landauer, Bateson,
Spencer-Brown, Jaynes, Gell-Mann and Lloyd � is placed as the disclosure of a
facet, correct within its axis. The stance is to locate, never to demolish.

Step 5 (Section 7): The boundary.
Within the describable the universe is a completed, invariant structure; beyond it
the theory is silent, and silent not only of entities but of categories. The boundary
of the describable is the boundary of predicate applicability.

Step 6 (Section 8): Epistemic status.
An explicit ledger separates what is established, what is here de�ned, and what later
articles must earn.

The dependencies are linear: Step 2 presupposes Step 1; Step 3 presupposes Step 2;
Steps 4 and 5 presuppose Step 3; Step 6 audits the whole. The thesis advanced by the
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totality is that information is the name of di�erentiatedness, and the plurality of its
measures the plurality of axes along which di�erentiatedness can be taken.

3 The Descent to the Substrate

3.1 There is something

We begin from a result we do not re-argue in the main descent. Prior work in this
programme has defended the impossibility of nothing: the claim that the null state of
a�airs � the absence of any being whatever � is not a possible state of a�airs but a
pseudo-possibility that dissolves on inspection [6, 8]. We take this as the established
premise of the present descent and build from it. Because the entire volume rests on
this premise, however, we do not leave it merely a pointer: a self-contained statement
of what the premise means and of the argument for it � reconstructed from the prior
work and marked, as a philosophical argument should be, with its own premises � is
given in Appendix B. The reader who wishes to see exactly what must be granted is
referred there; the main descent uses only the conclusion.

Premise (established elsewhere). There is something rather than noth-
ing, and necessarily so: nothing is impossible.

We note, against a common misreading, that the premise is not the empirical observa-
tion that the world happens to be non-empty. It is the modal claim that emptiness
is not among the alternatives � that �nothing� does not name a rival state the world
might have been in. This distinction matters for everything that follows, because it
forbids us from treating being as a contingent addition to a prior void. There was no
void to which being was added; the void is not a was.

3.2 Being is necessarily di�erentiated

From the impossibility of nothing we derive the �rst positive feature of being. We
require a minimal notion of distinction, which we will formalize in Section 4 but state
informally now: being is undi�erentiated if it sustains no distinction � if there is,
within it, no telling of anything from anything.

Proposition 3.1 (The undi�erentiated is indistinguishable from nothing). Let a can-
didate state of being sustain no distinction whatever. Then it is indistinguishable from
the null state. Consequently, since the null state is impossible, being cannot be undif-
ferentiated.

Proof. Suppose a state sustains no distinction. Then for any putative feature, predi-
cate, or part, there is no telling its presence from its absence or one of its values from
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another, for to tell them apart would be to sustain a distinction, contrary to hypothe-
sis. A state in which no presence is distinguishable from any absence is one in which
nothing can be said to obtain rather than not obtain; it answers every question of the
form �is this so?� with no determinate di�erence. But this is precisely the condition of
the null state, which likewise sustains no obtaining of anything. Hence the undi�eren-
tiated and the null are indistinguishable: there is no distinction in virtue of which they
would di�er. Since, by the established premise, the null state is impossible, any state
indistinguishable from it is impossible. Therefore being, which is not impossible, is not
undi�erentiated; it is di�erentiated.

The conclusion is exactly as strong as its premise and no stronger. We have not shown
that being must contain this or that structure, only that it cannot lack distinction alto-
gether, on pain of collapsing into the impossible null. The content of the di�erentiation
� which distinctions, how organized � is not �xed by the argument and is not the
substrate's to �x in advance; it is what the axes, introduced later, render visible. What
the argument �xes is solely the ineliminability of di�erentiatedness: being is di�eren-
tiated not as a property it contingently has but as the minimal condition of its being
anything at all � di�erentiatedness as the ontological condition of actualization, in the
sense developed in prior work of the programme [7].

3.3 Information is the name of di�erentiatedness

We can now say what information means in this theory, and, just as importantly, what
it does not.

De�nition 3.2 (Information, in the substrate sense). Information is the name of di�er-
entiatedness: the term by which we refer to the fact that being is di�erentiated rather
than featureless. It is not a substance, a �eld, a force, a conserved quantity, a �uid, an
act, an event, or a residue left by a process. It adds nothing to being and is required
by being in no form; it is the word for a feature being cannot lack.

The de�nition is deliberately de�ationary, and the de�ation is the point. To say that
being is �informational� on this account is not to add information to the inventory of
the world's contents, alongside matter and energy; it is to observe that whatever the
world's contents are, they are di�erentiated, and information is our name for their
being so. The universe does not run on information, store information, or compute;
these are predicates of certain projections (Section 5) and of certain subsystems that
build models, not of the substrate. The substrate neither possesses information as a
stock nor processes it as a �ow. It is di�erentiated, and that is all that �information,�
at the level of the substrate, says.

This is the place to be explicit about the tension a reader of the series will feel. Earlier
volumes argued that information is a spectator-relative, dimensionless, and multiply
de�ned word that ought not to be admitted as a fundamental physical concept, rec-
ommending constraint in its stead [10]. The present volume is titled for information.
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There is no reversal. De�nition 3.2 does not promote information to a fundamental
constituent; it identi�es information with di�erentiatedness, which is not a constituent
at all but a feature, and it then shows � this is the work of Section 5 and of Article 3
� that every quantitative notion of information is a projection requiring a prior choice
of axis. The spectator-relativity the earlier volumes �agged is real and is here given
its location: it enters with the choice of axis, not with the substrate. The substrate is
spectator-free precisely because it is axis-free.

3.4 Counterarguments and Responses

Objection 1 (the descent smuggles in an observer through �distinction�). To
speak of distinction, the objection runs, is to presuppose someone who distinguishes;
the argument therefore covertly assumes a subject and is not about being as such.
Response. Distinction in Proposition 3.1 is not an act of distinguishing but a standing
feature: that there is something to be told apart, whether or not anyone tells it. The
proof uses only the counterfactual �were one to ask, there would be a determinate
di�erence,� which is a fact about the state, not about an asker. An observer is required
to register a distinction along an axis (Section 5), and that is where spectator-relativity
correctly enters; it is not required for the distinction to obtain.

Objection 2 (the impossibility of nothing is contestable, so the whole descent
is fragile). Response. It is contestable, and we have not defended it here; we have
imported it. The honesty demanded by the series requires us to mark the descent as
conditional on that premise, which we do in the ledger of Section 8. What we claim
is the conditional: if nothing is impossible, then being is di�erentiated and the rest
follows. A reader who rejects the premise rejects the descent, and is owed the prior
work, not a repetition of it.

Objection 3 (calling di�erentiatedness �information� is a mere relabeling
that explains nothing). Response. By itself the name would indeed explain nothing;
a name is not a theory. The explanatory content lies entirely downstream, in the claim
that the known measures are projections of the so-named substrate (Article 3) and
that the relations among them are the rigidities of the morphisms between projections.
The name earns its keep only if that downstream work succeeds. We make the name's
modesty explicit here so that it is not mistaken for the theory; the theory is the descent
of the measures, not the christening of the substrate.

3.5 Section Result and Implications

We have established, conditional on the imported impossibility of nothing, that being
is necessarily di�erentiated (Proposition 3.1), and we have �xed information as the
name of that di�erentiatedness, expressly denying it the status of substance, act, or
fundamental constituent (De�nition 3.2). The implication carried forward is that the
question �what is information?� has, at the level of the substrate, a one-word answer �
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di�erentiatedness � and that all further content lies in how di�erentiatedness is taken:
along which axis, by which reduction, under which functional. To that structure we
now turn.

4 The Di�erentiation Structure and Its Facets

4.1 The minimal model

Within the describable, we model the substrate by the least structure that distinguishes
being from nothing: a carrier of bare distinction and nothing more.

De�nition 4.1 (Di�erentiation structure). A di�erentiation structure is a pair S =
(Ω,∼) where Ω is a nonempty set of con�gurations and ∼ is the identity relation,
regarded as the �nest distinction: x ∼ y i� x = y. We require |Ω| ≥ 2. The structure
carries no metric, no measure, no ordering, and no coordinate; it records only that
distinct con�gurations are distinct.

The requirement |Ω| ≥ 2 is the formal residue of Proposition 3.1: a one-element carrier
sustains no distinction and is, by that proposition, the formal counterpart of nothing.
We record this as a corollary, since it licenses the lower bound.

Proposition 4.2 (Triviality of the undi�erentiated model). If |Ω| = 1, then every
reduction of S (De�nition 4.3) is constant, and S is indistinguishable under all axes
from the empty structure.

Proof. With a single con�guration there is no pair x ̸= y to distinguish, so any map
retaining distinctions retains none and is constant; no axis registers anything. Indistin-
guishability from the empty structure follows as in Proposition 3.1.

We stress that De�nition 4.1 is a model within the describable. It is not a claim that
the substrate �is� a set, with all a set's further properties; it is the thinnest mathe-
matical object adequate to carry the one feature the descent established, namely bare
distinguishability. Everything beyond distinguishability that a set ordinarily brings �
cardinality arithmetic, a particular topology � is to be regarded as not yet present at
the level of the substrate and as entering only with an axis.

4.2 Axes and laws as facets

De�nition 4.3 (Axis and reduction). An axis α on S is a surjection ρα : S → Sα

onto an axis-reduced structure, which retains exactly the distinctions registered by the
coordinate α and collapses all others. The image Sα is the α-projection of the substrate.
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With this we can state the structural claim that distinguishes IST from the manifesto
picture it declines to join. In the manifesto picture, time, space, and energy are the
stage on which di�erentiation plays out, and laws are the rules it obeys; di�erentiation
is then a process in the axes. In the substrate picture the order is reversed: the
axes and the laws are facets of di�erentiatedness � coordinates along which the one
di�erentiated structure can be taken � and not a prior arena within which it occurs.

Remark 4.4 (Facets, not products). To call time, space, energy, and the regularities
facets is to say that each is a way the substrate is di�erentiated, recoverable as a
reduction ρα, rather than a thing produced by the substrate at some stage. The claim
is structural and carries no temporal index: there is no moment before which the axes
were absent and after which they appeared, because �before� and �after� are themselves
the time-facet and have no application to the substrate as a whole.

This brings us to the most delicate point of the article, which we state as a proposition
rather than leave as an attitude.

Proposition 4.5 (Categorial inapplicability of temporal predicates to the substrate).
Let time be the axis αt with reduction ραt : S → Sαt. Then temporal predicates �
�before,� �after,� �when,� �how long,� �once or repeatedly� � are de�ned only on the
time-projection Sαt and not on S. To apply them to the substrate itself is a category
error: the substrate is not in the domain of these predicates.

Proof. A temporal predicate is, by construction, a function of the time-coordinate; its
arguments are points or intervals of Sαt . The substrate S is not such a point or interval
but the un-reduced structure of which Sαt is one projection under ραt . Applying a
function to an argument outside its domain is unde�ned; the application of a temporal
predicate to S is therefore not false but ill-typed. The same holds, mutatis mutandis,
for any axis-speci�c predicate applied to the substrate rather than to its corresponding
projection.

The proposition is the rigorous form of the discipline announced at the outset. It forbids
us from saying that being �becomes� di�erentiated, that di�erentiation �happens,� that
it occurs �once� or �continuously,� or that there was a ��rst� di�erentiation � not
because these claims are false but because they are ill-formed, applying the time-facet
to that of which time is only a facet. The descent of Section 3 is to be read throughout
in this light: �being is di�erentiated� is modal and structural, with no hidden verb of
process.

4.3 Counterarguments and Responses

Objection 1 (modeling the substrate as a set already imports too much).
Response. The model imports only what is used: a carrier and the identity relation, with
the explicit instruction (after De�nition 4.1) to treat all further set-theoretic structure
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as axis-introduced rather than intrinsic. Where a later argument uses more than bare
distinguishability � a probability, a length, a count � it does so only after an axis has
supplied it, and the supply is marked. The set is sca�olding for the describable model,
not a metaphysical claim that being is a set.

Objection 2 (if time is only a facet, the theory cannot accommodate real
change). Response. It accommodates change exactly where change lives: on the time-
projection Sαt , where temporal predicates are de�ned and where the ordinary physics
of process proceeds untouched. What the theory forbids is not change within the time-
facet but the projection of change onto the substrate as a whole, which would be to
ask when the whole came to be di�erentiated � a question Proposition 4.5 shows to be
ill-typed. The block of the describable contains all its change; it does not itself change,
because it is not in the time it contains.

Objection 3 (calling laws �facets� dissolves their explanatory force). Response.
It relocates, rather than dissolves, that force. A law, as a regularity, is a recurring
distinction � a facet retained under the regularity axis (Article 3 treats this axis as
the home of e�ective complexity). To call it a facet is to say it is a way the substrate is
di�erentiated, which is precisely what makes it available to explain: regularities explain
because they recur, and they recur because they are standing facets, not because they
are imposed from outside on a prior arena.

4.4 Section Result and Implications

We have given di�erentiatedness a minimal model (De�nition 4.1), shown the undi�er-
entiated model to be trivial (Proposition 4.2), de�ned an axis as a reduction (De�ni-
tion 4.3), and established that axes and laws are facets of the substrate rather than
products of it, with the sharp consequence that temporal and other axis-speci�c pred-
icates are categorially inapplicable to the substrate itself (Proposition 4.5). The im-
plication is that the substrate is the axis-free common origin of every coordinate, and
that the apparatus of physics � time, space, energy, law � stands to it as projection
stands to source. The next section makes this substrate�projection relation the central
distinction of the theory.

5 Substrate and Projection

5.1 The central distinction

The whole theory turns on a single distinction, which we can now state cleanly.

De�nition 5.1 (Substrate and projection). The substrate is di�erentiatedness as such,
the structure S prior to any axis. A projection is the substrate taken along an axis, i.e.
an image ρα(S) = Sα. A projection measure is a functionalMα on Sα; the corresponding
information measure is Mα ◦ ρα.
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Substrate

di�erentiatedness
(no axis)

channel axis
→ Shannon H

description axis
→ Kolmogorov K

macrostate axis
→ Boltzmann S

regularity axis
→ e�ective Keff

cost axis
→ Landauer
kBT ln 2

receiver axis
→ Bateson

(non-numerical)

ρch

ρde

ρma

ρre

ρco

ρrc

Figure 1: The central image of the volume. One substrate � di�erentiatedness as
such, carrying no axis � and the known information measures as its projections along
single axes. The reductions ρα retain the distinctions registered by one coordinate
and collapse the rest; the substrate itself is in the domain of no projection measure.
Article 3 proves that the named measures descend in exactly this way, deriving Shannon
and Kolmogorov from their reductions and locating the remainder.

The known measures populate this scheme as projection measures along distinct axes.
We list them, with the axis each occupies, deferring to Article 3 the demonstration
that they genuinely descend in this way; here the list �xes vocabulary and orients the
reader.

� Channel axis � the ensemble of distinguished outcomes with weights; projection
measure: Shannon entropy.

� Description axis � a single con�guration as a �nite object to be reconstructed;
projection measure: Kolmogorov complexity.

� Macrostate axis� a coarse-graining and its microstate count; projection measure:
Boltzmann�Gibbs entropy.

� Regularity axis � the recurring facet of a con�guration; projection measure: ef-
fective complexity.

� Cost axis � the minimum thermodynamic price of a logical operation; �measure�:
Landauer's bound (with an external dimensional bridge).

� Receiver axis � the distinctions a given receiver registers; �measure�: Bateson's
di�erence (not numerical).
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5.2 The substrate is measured by none of its projection mea-

sures

The distinction has an immediate and important consequence, which is the foundational
counterpart of the locality clause of the Projection Theorem.

Proposition 5.2 (The substrate carries no projection value). For every axis α, the
projection measure Mα is a function of Sα = ρα(S), not of S. The substrate S is
therefore in the domain of no Mα, and no number that any known information measure
assigns is a number assigned to the substrate.

Proof. By De�nition 5.1, Mα takes arguments in Sα. The substrate S is not an element
of Sα but the domain of the surjection ρα whose codomain is Sα; it is the source, not
a point of the image. Hence Mα(S) is unde�ned for every α, and any value Mα(ρα(S))
is a value of the projection Sα, carried by the axis, not by S.

This is why the question �how much information does the universe contain?� has, on
this theory, no answer at the level of the substrate, only answers relative to a chosen
axis � a number of bits on the channel axis, a description length on the description
axis, an entropy on the macrostate axis � none of which is the substrate's own. The
substrate is not a large reservoir of information; it is di�erentiated, and �how much
information� is a question one can ask only after choosing how to take it.

5.3 The asymmetric bridge, in preview

One feature of the substrate�projection relation must be �agged here, though its de-
velopment belongs to Part III of the volume. Projection is lossy : a reduction collapses
many substrate con�gurations to one projected value, and the collapse is not in general
reversible. A subsystem that models the world must therefore recover structure from
impoverished projections, reconstructing by hypothesis what the projection discarded.
This asymmetry � physical projection loses, the model recovers � is, in the later arti-
cles, the source of the arrow of time as a projection phenomenon, of the incompleteness
of measurement, and of the sense in which a su�ciently complex model becomes a
simulation that lives in the subsystem and not in the world. We record the asymmetry
now only to mark that the substrate�projection relation is directional, and to forestall
the misreading that projection is a mere change of coordinates with nothing lost. It is
not; what it loses is the subject of the bridge articles.

5.4 Counterarguments and Responses

Objection 1 (the substrate, being measured by nothing, is idle � an unob-
servable posit doing no work). Response. The substrate does precisely one kind of
work, and it is not measurement: it is the common domain whose existence makes the
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relations among the projection measures consequences rather than coincidences. That
work is discharged in Article 3, where the agreement of expected description length
with entropy, the dissociation of e�ective complexity from Kolmogorov complexity, and
the proportionality of thermodynamic to channel entropy are shown to be the rigidities
of the morphisms between projections of one domain. An unobservable that forces
observable relations is not idle; it is explanatory in the only way a common source can
be.

Objection 2 (positing a single substrate behind many measures is unfalsi�-
able metaphysics). Response. The substrate as named is metaphysics, and we do
not pretend otherwise; what is falsi�able is the structural claim it underwrites � that
every robust relation among the measures is induced by a morphism between their re-
ductions (Article 3). A robust cross-axis relation that provably cannot be so induced
would refute the structural claim and with it the usefulness of the posit. The posit
earns its place by the falsi�able work it does, not by its own observability.

Objection 3 (the axis list is arbitrary; why these six?). Response. The list
is not claimed complete or canonical, and its open-endedness is marked as conjecture
in Article 3's ledger and in ours. Each axis is speci�ed by an independent reduction
with its own characterization in the prior literature, not reverse-engineered to host a
measure; that several measures sort cleanly onto independent axes is evidence for the
scheme, not proof of its completeness, and we claim only the former.

5.5 Section Result and Implications

We have drawn the central distinction between the substrate and its projections (Def-
inition 5.1), placed the known measures as projection measures along distinct axes
(Figure 1), and proved that the substrate is in the domain of no projection measure
(Proposition 5.2). We �agged the lossy, directional character of projection as the seed
of the bridge articles. The implication, carried to the rest of the volume, is that �infor-
mation� splits cleanly into two registers: the substrate sense, in which it is the axis-free
name of di�erentiatedness, and the projection sense, in which it is one of several axis-
bound measures. Con�ating the two registers is the characteristic error the theory is
built to avoid, and Article 9 will display a worked instance of it.

6 Locating the Predecessors

The classi�cation stance of this volume is that the major conceptions of information
are each correct within an axis, and that the task is to locate them rather than to
adjudicate among them. The diversity that looked like confusion in Section 1 is, on the
substrate reading, a catalogue of facets truly seen.

Shannon [12] saw the channel axis with unmatched clarity, attaching the measure of
registered di�erence to a probability distribution over distinguishable messages. The
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often-noted observer-dependence of Shannon information is, in the present vocabulary,
the dependence of the channel reduction on a prior choice of which outcomes count as
distinct; the functional adds no observer, and Shannon's theory is exactly right about
the channel-facet.

Spencer-Brown [13] took the act of drawing a distinction as primitive and built a calcu-
lus on it. This is the substrate's own primitive � bare distinguishability � approached
from the side of the operation rather than the standing feature, and it is the nearest
predecessor to De�nition 4.1.

Bateson [1] located information on the receiver axis: a di�erence that makes a di�erence
to a system organized to register it. The conception is correct and is why the receiver
axis appears in our scheme; its non-numerical character is not a defect but the honest
mark of an axis that carries no canonical functional.

Jaynes [3, 4] read thermodynamic entropy as an inference from incomplete distinc-
tion among microstates, which is precisely the macrostate-axis reading; the maximum-
entropy principle is the statement that, absent further facets, the macrostate reduction
selects the least committal microstate weights.

Landauer [11] disclosed the cost axis, binding a logical operation on distinctions to
a minimum thermodynamic price through an external constant kBT . The insight is
genuine and is located, in our scheme, as a projection requiring a dimensional bridge
rather than as a property of the substrate.

Gell-Mann and Lloyd [2] isolated the regularity axis, distinguishing the description of
an object's recurring structure from the description of its random part, and thereby
gave e�ective complexity its characteristic non-monotonicity � which Article 3 reads
as the signature of a re�nement morphism.

It remains to be generous, and exact, about the conception this volume most often is
mistaken for. Wheeler [14] proposed that physics is, at bottom, information-theoretic
� �it from bit� � and the proposal has inspired a large and serious literature. On the
substrate reading, Wheeler saw something true: that distinction is not incidental to
physics but constitutive of it. Where the present volume parts company is in register,
not in respect. �It from bit� makes the bit � a projection-axis quantity � fundamental,
and reads being o� the channel facet; IST declines the inversion, holding that the bit is
a projection and that what is fundamental, if anything is, is the axis-free di�erentiated-
ness of which the bit is one reduction. The di�erence is exactly the di�erence between
promoting a facet to the whole and naming the whole of which it is a facet. We record
Wheeler's program with respect and locate it as the channel facet over-read as ontology
� a characteristic and instructive over-reading, not an error of observation.

6.1 Counterarguments and Responses

Objection 1 (locating everyone as �right within an axis� is uncritical ecu-
menism). Response. The ecumenism is bounded and does real work. To locate a
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conception on an axis is a falsi�able placement, not a compliment: it predicts which
relations that conception can and cannot capture, and it is refuted if the conception
captures cross-axis relations that its axis cannot reach. The stance is charitable about
observation � each predecessor saw a facet � and exacting about scope, which is where
the locating bites.

Objection 2 (the charitable reading of Wheeler is a way of claiming his
insight while disowning his thesis). Response. We claim no insight of Wheeler's as
our own; we credit the insight to him and dispute only the inversion that makes the bit
fundamental. The distinction is principled: one may hold that distinction is constitutive
of physics (with Wheeler) while denying that any particular projection-axis quantity is
the ground (against �it from bit�). That is not appropriation but disagreement about
register, stated as such.

6.2 Section Result and Implications

We have located the principal conceptions of information � Shannon, Spencer-Brown,
Bateson, Jaynes, Landauer, Gell-Mann and Lloyd, and Wheeler � each as the disclo-
sure of a facet, correct within its axis and instructive in its scope. The implication is
that the substrate reading is not a rival to these conceptions but a frame that holds
them, assigning to each its coordinate and reserving for the substrate only what no
facet captures: the axis-free di�erentiatedness they each project. This is the sense in
which IST aims to be a theory of the measures rather than another measure among
them.

7 The Boundary

A foundational article owes a statement of where its theory stops, and the statement
must be as disciplined as the descent. We give it here in brief; Article 4 of the volume
is devoted to it.

Within the describable, the universe on this account is a completed, invariant structure
� a block whose di�erentiatedness is given, whose axes are its facets, and whose change
lives on the time-facet without the whole being in time (Proposition 4.5). The block is
realist: its di�erentiatedness does not depend on being projected, and the projection
measures report facts about its facets, not artifacts of the reporting.

Beyond the describable the theory is silent, and silent in a strict sense that bears
emphasis. The silence is not only of entities � we do not furnish the beyond with a
simulator, a creator, a multiverse, or a �rst cause � but of categories. The boundary of
the describable is the boundary of predicate applicability: temporal predicates, causal
predicates, and the very predicate �exists� are facets or projections and have no purchase
beyond the structure of which they are facets. To ask what is �outside� the block, or
what was �before� it, or what �caused� it, is to apply axis-bound predicates beyond their

1717



Prepared for submission to Foundations of Physics

domain, and is ill-typed for the same reason that asking when the substrate became
di�erentiated is ill-typed. The theory does not answer these questions; it declines them
as malformed, which is a di�erent and more disciplined thing than leaving them open.

This apophatic boundary is not a concession but a load-bearing commitment. It is
what prevents the substrate from being quietly refurnished as a metaphysical entity
behind the world � a god, a computer, a ground of being in the theological sense. The
substrate is the axis-free di�erentiatedness of the describable block, no more; it is not
a thing the block sits on, and there is, in the strict sense above, no place for it to sit.

7.1 Section Result and Implications

We have marked the boundary: within the describable, a completed, invariant, realist
block; beyond it, the silence not only of entities but of categories, with the boundary of
the describable identi�ed as the boundary of predicate applicability. The implication is
that the theory's modesty is structural, not merely temperamental: it cannot overreach
into the beyond without committing the same category error it forbids at the substrate,
and its discipline is therefore enforced by its own form. Article 4 develops this boundary
in full; the present statement �xes it for the foundational record.

8 Epistemic Status: Established, De�ned, To Be

Earned

In the manner of the series, we close with an explicit ledger. For a foundational ar-
ticle the relevant statuses are slightly di�erent from those of a theorem-bearing one.
Established (imported) marks premises taken from prior work and not re-argued here.
Established (here) marks the small results actually proved in this article. De�ned marks
vocabulary �xed by de�nition, which is sound but carries no empirical claim. To be
earned marks claims this article relies on but defers to a named later article, and Con-
jectured marks claims the programme advances but has not established anywhere.

Claim Status Locus

Nothing is impossible Established (im-
ported); restated

Kriger [8]; App. B

Being is necessarily di�erentiated Established (here) Prop. 3.1
Undi�erentiated model is trivial Established (here) Prop. 4.2
Temporal predicates inapplicable to substrate Established (here) Prop. 4.5
Substrate carries no projection value Established (here) Prop. 5.2
Information = name of di�erentiatedness De�ned Def. 3.2
Di�erentiation structure; axis; projection De�ned Defs. 4.1, 4.3, 5.1
Known measures descend from the substrate To be earned Article 3 (Projec-

tion Theorem)

continued on next page
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Epistemic-status ledger (continued)

Claim Status Locus

Relations among measures are induced To be earned Article 3
Projection is lossy; the model recovers To be earned Part III (bridge ar-

ticles)
Boundary is apophatic (categories do not cross) To be earned Article 4
Mistaking a projection for the substrate
(worked case)

To be earned Article 9

The axis family is complete / canonical Conjectured Article 3 ledger

The ledger makes the division of labor explicit. This article proves only what bare
distinction and the imported premise yield: the necessity of di�erentiatedness and the
categorial facts about the substrate. It de�nes the vocabulary. And it is candid that
its central promise � that the known measures descend from the substrate, and that
their relations are thereby induced � is not discharged here but in Article 3, which
this article exists to set up.

9 Discussion

The result of this opening article is a vocabulary and a descent, not a theorem about the
measures; that theorem is Article 3's. What the article secures is the frame within which
the rest of the volume is intelligible: that there is a substrate, that it is di�erentiatedness
as such, that information names it without adding to it, and that the familiar measures
are its projections along axes the substrate does not itself carry. The frame is built to
be modest in three speci�c ways, each of which is a deliberate refusal of the manifesto
register. It refuses to make information a constituent of the world, holding it to be the
name of a feature. It refuses to make any projection-axis quantity � a bit, an entropy
� fundamental, locating each as a reduction. And it refuses to furnish the beyond,
holding the boundary of the describable to be the boundary of predicate applicability.

The frame also resolves, rather than incurs, the tension that a reader of the series will
have felt at the title. The earlier volumes' refusal to admit information as a fundamental
physical concept is not reversed but vindicated: the substrate sense of information is not
a physical concept at all but the name of a feature, and the projection sense is exactly
the spectator-relative, axis-bound, dimensionless thing the earlier volumes �agged. To
name the volume for information is therefore not to elevate information but to study,
with discipline, what the word can and cannot bear.

9.1 Limitations

Three limitations are material and are marked rather than hidden. First, the descent is
conditional on an imported premise, the impossibility of nothing; a reader who rejects
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that premise rejects the descent, and this article does not re-argue it. Second, the
central explanatory claim of the frame � that the known measures descend from the
substrate and that their relations are induced � is asserted here but proved only in
Article 3; read alone, this article �xes vocabulary and proves only the categorial facts
about the substrate. Third, the substrate as named is a metaphysical posit, and its
warrant is entirely the falsi�able structural work it underwrites downstream; an article
that stopped at the naming would have established a frame and no physics.

9.2 Future Directions

The immediate sequel is internal to the volume and already largely in hand. Article 2
argues in detail that the universe needs no information in any form, sharpening De�-
nition 3.2 against the storage-and-�ow picture. Article 3 discharges the load-bearing
promise, deriving Shannon and Kolmogorov as projections and proving that the re-
lations among the measures are the rigidities of the morphisms between reductions.
Article 4 develops the apophatic boundary of Section 7 into a full treatment of the
predicates that do not cross the block. Beyond the volume's own architecture, the
open question this article bequeaths is the one its scheme cannot yet settle: whether
the axes admit an intrinsic classi�cation � a principle generating the admissible reduc-
tions of a di�erentiation structure � which would turn the conjectured completeness
of the axis family into a theorem or refute it. That question is stated here and pursued
where the apparatus to address it exists.
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A The Descent as a Numbered Chain

For the record we restate the descent of Sections 3�5 as a single numbered chain of
premises and conclusions, with the status of each step marked. This is the skeleton
on which the prose of the article hangs; it is o�ered so that a reader may check the
dependencies without reconstructing them.

(D1) (Premise, imported; restated in App. B.) Nothing is impossible: the null state of
a�airs is not a possible state of a�airs [6, 8].

(D2) (De�nition.) A state is undi�erentiated if it sustains no distinction.

(D3) (Lemma, here.) An undi�erentiated state is indistinguishable from the null state
(proof of Proposition 3.1).

(D4) (Conclusion, here.) Being is not undi�erentiated; being is necessarily di�erenti-
ated (Proposition 3.1).

(D5) (De�nition.) Information is the name of di�erentiatedness, and is neither sub-
stance, act, nor constituent (De�nition 3.2).

(D6) (De�nition.) An axis is a reduction retaining one coordinate's distinctions; a
projection is the substrate taken along an axis (De�nitions 4.3, 5.1).

(D7) (Conclusion, here.) Time is one axis; hence temporal predicates are categori-
ally inapplicable to the substrate (Proposition 4.5). The descent is modal, not
temporal.

(D8) (Conclusion, here.) The substrate is in the domain of no projection measure
(Proposition 5.2).

(D9) (Deferred to Article 3.) The known information measures descend from the sub-
strate by reduction along an axis, and the relations among them are induced by
the morphisms between reductions.

(D10) (Deferred to Article 4.) The boundary of the describable is the boundary of
predicate applicability; beyond it the theory is silent of categories.

Steps (D1)�(D8) are settled within this article (D1 by import and the restatement
of Appendix B, the rest by the proofs cited). Steps (D9)�(D10) are the load-bearing
deferrals on which the article's explanatory value depends and which the named later
articles discharge.
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B What �Nothing Is Impossible� Means: A Self-

Contained Statement

The descent of Section 3 imports, from prior work, that nothing is impossible [6, 8].
Because the entire volume rests on this premise, we set down here, in one place, what
the premise means and what the argument for it is. The statement is philosophical, not
mathematical, and we mark its own premises as such, so that a reader can see exactly
what must be granted and exactly where a critic would press. We do not claim the
argument is beyond dispute; we claim it is valid given the premises stated, that those
premises are highly plausible, and that this is the claim on which the volume builds.

B.1 What �nothing� purports to name

The word �nothing� has an innocent, restricted use and a contested, absolute one, and
only the absolute use is at issue.

De�nition B.1 (Restricted and absolute nothing). Restricted nothing is the absence
of some kind within a wider being: nothing in the box, nothing in the visible spectrum,
no even prime above two. Restricted nothing is unproblematic � it is a fact about a
region of being � and the impossibility claim does not concern it. Absolute nothing
purports to name the total absence of being: no entities, no properties, no relations,
no facts, and no truths � not even the truth that nothing obtains. The impossibility
claim concerns absolute nothing alone.

The distinction matters because objections to �nothing is impossible� almost always
trade, illicitly, on the restricted sense, where the claim is obviously false (there is plenty
of restricted nothing). The thesis is about the absolute sense, and its content is that
the absolute sense fails to name a possible state of a�airs.

B.2 The self-undermining of absolute negation

The core of the argument is the law of limit to negation [6]: a negation cannot negate
itself; an absolute, unrestricted negation runs out before it reaches its own obtaining.
We reconstruct it as a reductio, with the two premises it requires made explicit.

Proposition B.2 (Impossibility of absolute nothing). Assume:

(N1) (Obtaining entails the fact of obtaining.) If a state of a�airs obtains, then it is
the case that it obtains � there is the fact, or truth, that it obtains.

(N2) (A fact is a truth-bearer.) That a state of a�airs is the case is itself something
true: where a state obtains, at least one truth holds, namely that it does.
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Then absolute nothing, as de�ned in De�nition B.1, does not obtain in any possible
state of a�airs; it is not a possible state.

Proof. Suppose, for reductio, that absolute nothing obtains. By (N1), it is then the case
that absolute nothing obtains; by (N2), this is a truth � the truth that absolute nothing
obtains. Hence, on the supposition, there is at least one truth. But by De�nition B.1,
absolute nothing is the total absence of truths, including the truth that nothing obtains;
so on the supposition there is no truth. The supposition therefore yields both that there
is a truth and that there is none, a contradiction. Hence absolute nothing does not
obtain in any possible state of a�airs; it is not a possible state. This is the precise sense
of the law of limit to negation: the absolute negation of being would have to negate
even the truth of its own obtaining, which it cannot do while obtaining; the negation
cannot reach itself.

The conclusion is modal and exactly as strong as (N1)�(N2). It does not say that there
is an impossible object called �nothing�; it says that �absolute nothing� fails to name
a possible state, that the void is not among the alternatives. Equivalently: necessarily,
there is something. There is no possible world that is empty in the absolute sense,
because the supposed emptiness would have to include its own truth and exclude it at
once.

B.3 What the argument does and does not establish

Three boundaries keep the result from being read as more than it is.

First, it establishes the impossibility of the absolute void, not the necessity of any
particular being. That there must be something does not entail that there must be this
something, or that anything in particular exists necessarily; the modal force is de dicto
(necessarily, something exists) and not de re (of some thing, it necessarily exists). The
argument �xes only that being has no empty alternative, which is all the descent of
Section 3 uses.

Second, it o�ers no cause or explanation of being. To ask what makes it the case that
there is something, or what the absence of the void is due to, is to seek a ground behind
being; Article 4 shows such causal extrapolation past the describable to be ill-typed
[9]. The argument removes the void as an alternative; it does not install a reason in its
place.

Third, and most important for honesty, the argument rests on (N1) and (N2), and a
determined critic will press exactly there. One might deny (N2) � deny that �nothing
obtains� is a genuine truth-bearer, holding instead that in the absolute void there is
nothing to bear truth and hence no truth that nothing obtains, so that no contradiction
arises. The reply, from [6], is that this denial does not describe a coherent state but
withdraws from description altogether: a putative state of which it cannot even be said
that it obtains is not a state that has been speci�ed as obtaining, and the friend of
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the absolute void wanted a state that obtains. The dialectic does not terminate in a
knock-down, and we do not pretend it does; we record that the volume's premise is
this argument, that its load is carried by (N1)�(N2), and that a reader who rejects
(N1)�(N2) rejects the descent and is owed this appendix rather than a louder assertion.

B.4 Relation to the undi�erentiated and to the categorial

boundary

Two connections place the result within the volume.

The impossibility of absolute nothing re-grounds the impossibility of the undi�erenti-
ated. Proposition 3.1 showed that a state sustaining no distinction is indistinguishable
from the null state; Proposition B.2 shows the null state to be impossible; together they
yield that the undi�erentiated is impossible, which is the hinge of the descent. The
present appendix thus supplies, in the volume itself, the premise that Proposition 3.1
discharges.

Finally, the impossibility of absolute nothing must not be confused with the categorial
boundary of Article 4 [9], though both keep being from resting on a void. Absolute
nothing is a would-be global state � the whole of being empty � and is shown im-
possible, a modal verdict. The �beyond the block� of Article 4 is a would-be region or
locative � something outside the di�erentiated whole � and is shown non-denoting, a
categorial verdict: not impossible but ill-typed. The two verdicts are di�erent and are
reached by di�erent means, and the volume needs both: the �rst removes the empty
alternative to being, the second removes the external region in which a ground might
be lodged. Con�ating them produces the ill-typed sentence �there is nothing beyond
the block,� which Article 4 forbids; holding them apart is the discipline that lets the
volume say, without contradiction, both that there could not have been nothing and
that �what is beyond� does not denote.
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Abstract

It is widely said that the universe stores information, processes it, conserves it,
or is in some sense made of it. This article argues that the universe needs in-
formation in none of these senses, and that each picture, properly located, is a
statement about a projection rather than about the di�erentiated whole. The ar-
gument rests on the foundation of the preceding articles: information is the name
of di�erentiatedness, and di�erentiatedness is ineliminable from being because
its absence � the undi�erentiated � is indistinguishable from nothing, which is
impossible. We �rst make precise what �needs� means, and show that to need
something is for its absence to be a possible state of failure; since the absence of
di�erentiatedness is not a possible state at all, the universe does not need di�er-
entiatedness but cannot lack it, a stronger and quite di�erent relation. We then
take the four standard pictures in turn. The storage picture treats information
as a stock, but a stock is the value of a projection measure � a count on the
channel or macrostate axis � and the substrate carries no such value. The pro-
cessing picture treats the universe as a computer, but processing is a time-indexed
operation, and temporal predicates are categorially inapplicable to the substrate;
computation is a predicate of model-building subsystems, not of the whole. The
conservation picture � unitarity, and the black-hole information puzzle � is a
true statement about a projection's content under time evolution, not about the
substrate, which is not in time; we relocate the puzzle as a tension between two
projections without presuming to resolve the physics. The rei�cation pictures,
from �it from bit� to mass�energy�information equivalence, promote a projection-
axis quantity to the ground, which is the characteristic category error the theory
is built to detect. We locate each predecessor generously, classify the pictures by
the error each commits, and mark the boundary of what is here established.

Keywords: information; substrate; projection; storage; computation; conservation;
unitarity; Landauer's principle; holographic bound; foundations of physics.
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1 Introduction

A familiar way of speaking has the universe in the information business. It is said
to store information � so many bits within a horizon, on a black hole's area, in the
con�guration of its matter. It is said to process information � to compute its own
next state, a vast cellular automaton or quantum circuit grinding forward. It is said to
conserve information � unitary evolution losing nothing, the black-hole information
puzzle owing its sting to the conviction that information cannot truly be destroyed. And,
at the most ambitious, it is said to be information � �it from bit,� the world made of
yes-or-no answers, or information endowed with mass and energy of its own. These ways
of speaking are not idle; they have produced real physics and real mathematics, and
the present article does not dispute that physics. It disputes the picture the speaking
encourages: that information is something the universe possesses, manipulates, keeps,
or is composed of � something it needs, in some form, to be what it is.

The thesis of this article is that the universe needs information in no form. The claim is
not that information is unimportant or that the measures are wrong; it is that the rela-
tion between the universe and information is not the relation of a system to a resource
it requires. The foundation laid in the preceding articles makes this precise. Informa-
tion is the name of di�erentiatedness [5]; the universe is di�erentiated not because it
requires di�erentiation to function but because the alternative, the undi�erentiated, is
indistinguishable from nothing, and nothing is impossible. Di�erentiatedness is there-
fore ineliminable from being, which is a stronger and quite di�erent relation than being
needed. A thing that is needed could, in some possible state, be absent, with fail-
ure as the consequence; di�erentiatedness has no such possible absence. The universe
does not run on information the way an engine runs on fuel. It is di�erentiated, and
�information� is our name for its being so.

Once this is seen, the four standard pictures sort themselves. Each, we will argue, is
true of a projection � the substrate taken along a single axis � and becomes false, or
rather ill-formed, only when transferred from the projection to the substrate. A stock
of bits is a value of a projection measure, and the substrate carries no projection value
(Section 4). Processing is a time-indexed operation, and the substrate is not in time
(Section 5). Conservation is the constancy of a projection's content across time, a true
statement about a projection and not about the timeless whole (Section 6). And the
rei�cation of information � making a bit, or an erasure cost, the ground of the world
� promotes a projection-axis quantity to the substrate, which is the characteristic
category error the whole theory is built to detect (Section 7). We classify the pictures,
locate their distinguished authors generously, and are careful to mark where we relocate
a problem without claiming to solve it.

A note on what this article does and does not do. It does not resolve the black-hole
information paradox, and it says so plainly; it relocates the paradox, identifying it
as a tension between two projections rather than a fact about the substrate. It does
not refute the holographic bound or Landauer's principle; it endorses them as true
statements about projections and denies only their transfer to the substrate. And it
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does not pretend that �the universe needs no information� is a discovery of new physics;
it is a clari�cation of what the existing physics is about, which is the proper work of a
foundational article.

2 Logical Structure of the Argument

The argument is one modal result followed by four diagnoses and a classi�cation.

Step 1 (Section 3): What �needs� means.
To need something is for its absence to be a possible state of failure. Since the
absence of di�erentiatedness is impossible (the foundation of Article 1), the universe
does not need di�erentiatedness; it cannot lack it (Proposition 3.2). This �xes the
sense of the title.

Step 2 (Section 4): The storage picture.
A stock of information is a value of a projection measure; the substrate carries no
projection value (Proposition 4.1). The universe stores no bits.

Step 3 (Section 5): The processing picture.
Processing is a time-indexed operation; temporal predicates are categorially inap-
plicable to the substrate (Proposition 5.1). Computation is a predicate of model-
building subsystems, not of the whole.

Step 4 (Section 6): The conservation picture.
Conservation is the constancy of a projection's content across time; it is true of
a projection and inapplicable to the substrate (Proposition 6.1). The black-hole
information puzzle is relocated as a tension between two projections, not resolved.

Step 5 (Section 7): The rei�cation pictures.
Making a bit, an erasure cost, or an information-mass the ground of the world
promotes a projection-axis quantity to the substrate, the characteristic category
error. Each rei�cation is located by its axis; the holographic and Bekenstein bounds
are endorsed as projection bounds. A classi�cation table summarizes the diagnoses.

Step 6 (Section 8): Epistemic status.
An explicit ledger separates what is established here, what is imported, and what is
deferred.

The dependencies are linear: Steps 2�5 each instantiate, for one picture, the substrate�
projection distinction �xed in Article 1 and the modal result of Step 1. The thesis
advanced by the totality is that the universe's relation to information is not need, pos-
session, or composition, but the ineliminability of a feature whose quantitative measures
are all projections.
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3 What �Needs� Means

3.1 Need and ineliminability

The title of this article makes a claim about need, and the claim is exact only if �need�
is. We give it the natural modal analysis.

De�nition 3.1 (Need). A system X needs Y if there is a possible state of X in which
Y is absent and in which X thereby fails to be, or to function as, X. Need thus
presupposes that the absence of Y is a genuine possibility for X.

Proposition 3.2 (The universe does not need di�erentiatedness; it cannot lack it). If
the absence of Y is not a possible state of X, then X does not need Y in the sense of
De�nition 3.1; rather Y is ineliminable from X. The absence of di�erentiatedness is
the undi�erentiated, which is indistinguishable from nothing and hence impossible [5].
Therefore the universe does not need di�erentiatedness � equivalently, does not need
information in the substrate sense � but cannot lack it.

Proof. By De�nition 3.1, need requires a possible Y -absent state of failure. If no such
state is possible, the antecedent of need is unsatis�able, and the need relation does
not hold; what holds instead is ineliminability, the impossibility of the Y -absent state.
By the foundation of the preceding article, the undi�erentiated is impossible, so the
di�erentiatedness-absent state of the universe is impossible. Hence the universe does
not need di�erentiatedness and cannot lack it. Since information, in the substrate sense,
is the name of di�erentiatedness, the same holds of information.

The distinction between need and ineliminability is not pedantry; it is the whole point.
To say the universe needs information is to picture a universe that might, in some
circumstance, run short of it, as an engine runs short of fuel or a computer of mem-
ory � and then to ask how the supply is maintained, where the bits come from, what
would happen if they ran out. Proposition 3.2 removes the picture at its root. There
is no circumstance of shortage, because there is no possible state of absence; the ques-
tion �what supplies the universe's information?� is as ill-posed as �what supplies its
being-something-rather-than-nothing.� The universe is di�erentiated in the way it is
something: not by provision but by the impossibility of the alternative.

3.2 Why the rest of the article is necessary

Proposition 3.2 settles the substrate sense of information at one stroke, but it does not
by itself dispose of the pictures of Section 1, because those pictures rarely speak of the
substrate sense. They speak of quantities : a number of bits stored, a rate of operations,
a conserved measure, a fundamental unit. These are projection-sense notions, and to
show that the universe needs none of them in any form, we must show, picture by
picture, that each is a predicate of a projection rather than of the substrate. That
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is the work of the next four sections. The modal result �xes the substrate sense; the
diagnoses �x the projection senses; together they discharge the title.

3.3 Counterarguments and Responses

Objection 1 (this is a verbal trick: �ineliminable� just is �needed in the
strongest way�). Response. The two are not the same and the di�erence is operational.
�Needed� invites the questions of supply, shortage, and maintenance � where does it
come from, can it run out � and these questions have answers, or at least sense, for
things that are needed. �Ineliminable� forecloses those questions as ill-posed: there is
no supply because there is no possible absence to be supplied against. A relation that
changes which questions are well-formed is not a mere relabeling of another relation.

Objection 2 (Proposition 3.2 leans entirely on the impossibility of nothing,
which is contestable). Response. It does, and we mark it as imported in the ledger
of Section 8, exactly as Article 1 did. The conditional we assert is robust whatever one
thinks of the premise: if the undi�erentiated is impossible, then the universe does not
need di�erentiatedness. A reader who rejects the premise owes a di�erent account of
why there is something rather than nothing, but the structure of the present argument
is una�ected.

3.4 Section Result and Implications

We have �xed the sense of �need� (De�nition 3.1) and shown that the universe does not
need di�erentiatedness but cannot lack it (Proposition 3.2), so that the substrate sense
of information is settled: the universe needs it in no form because need has no purchase
where the alternative is impossible. The implication is that any remaining force in the
pictures of Section 1 must come from their projection-sense content � from quantities
� which we now examine one picture at a time.

4 The Storage Picture

4.1 Stocks are projection values

The storage picture holds that the universe contains an amount of information � that
there is a number of bits which is the information content of a region, a horizon, or the
whole. The number is often large and sometimes precise. The claim we make is not
that the number is wrong but that it is a number belonging to a projection.

Proposition 4.1 (A stock of information is a projection value). Any �amount of in-
formation� � a count of bits, a number of distinguishable states, an entropy � is the
value Mα(ρα(S)) of a projection measure along some axis α (channel, description, or
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macrostate). By the locality of projection measures, established in Article 1, the sub-
strate S is in the domain of no Mα. Hence no stock of information is a property of the
substrate; the substrate stores no amount.

Proof. Each candidate notion of an amount is, by inspection, a functional on an axis-
reduced structure: a count of distinguishable outcomes is a functional on the channel
projection, a microstate count is a functional on the macrostate projection, a description
length is a functional on the description projection. By the locality result of the founda-
tional article [5], these functionals take arguments in Sα, not in S; Mα(S) is unde�ned.
Therefore any stock is a value carried by a projection, not by the substrate.

The point is sharpened by an example the storage picture itself supplies. The Bekenstein
bound [1] and the holographic principle [10] state that the entropy � hence, on the
macrostate axis, the number of distinguishable states � of a bounded region is limited
by its surface area in Planck units. This is a true and deep statement, and on the present
reading it is a statement about a projection: it bounds the value of the macrostate-
axis projection measure for a region under gravitational constraints. It does not say
that the substrate of the region �holds� that many bits as a stock; it says that the
macrostate projection of the region cannot exceed a certain value. Read as a fact
about a projection, the bound is exactly right and loses none of its force. Read as a
fact about the substrate � as though the region were a container �lled to a maximum
with bit-stu� � it commits the locality error of Proposition 4.1.

4.2 Counterarguments and Responses

Objection 1 (the holographic bound is manifestly about physical content,
not a mere bookkeeping projection). Response. It is about physical content, and
the present reading a�rms this: the macrostate projection of a physical region is a
physical fact about that region, not bookkeeping. What the reading denies is only the
further step, that the bounded quantity is a stock the substrate contains as it might
contain a �uid. The bound constrains a projection; it does not stock a substrate. The
physics is untouched; only the picture of bit-stu� in a container is removed.

Objection 2 (if the substrate has no amount, IST cannot even agree that
one region is �more di�erentiated� than another). Response. It can, but only
via a projection. �More di�erentiated� is itself a comparative that requires an axis to
be made quantitative; along the macrostate axis one region may project to a larger
count than another. The comparison is real and is a comparison of projections. What
has no axis-free answer is the absolute question �how much information does the region
contain, full stop,� which is precisely the question Proposition 4.1 shows to be ill-posed
at the level of the substrate.
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4.3 Section Result and Implications

We have shown that any stock of information is the value of a projection measure
and hence not a property of the substrate (Proposition 4.1), and we have located the
Bekenstein and holographic bounds as true statements about the macrostate projection
rather than about substrate content. The implication is that the universe �stores�
information only in the sense that its projections take values; it holds no reservoir of
bits. We turn from the static picture of a stock to the dynamic picture of a process.

5 The Processing Picture

5.1 Processing is a temporal predicate

The processing picture holds that the universe computes � that it carries out, step by
step, operations on its information, as a cellular automaton or a quantum circuit does.
The picture has been made quantitative: one may estimate the number of elementary
operations the universe could have performed in its history [9], and the estimate is a
legitimate fact about a physical system evolving in time. The claim we make is that
this fact, too, belongs to a projection, and speci�cally to the time-facet.

Proposition 5.1 (Processing is inapplicable to the substrate). �Computation,� �trans-
mission,� �processing,� and cognate predicates are time-indexed: their arguments are
states at times and transitions between them, i.e. elements and ordered pairs of the
time-projection Sαt. By the categorial inapplicability of temporal predicates to the sub-
strate, established in Article 1, these predicates do not apply to S. The substrate com-
putes, transmits, and processes nothing; such predicates are well-formed only on the
time-projection and of the subsystems situated there.

Proof. A processing predicate asserts that one state is transformed into another across
a step, which presupposes a temporal ordering of states; its arguments therefore lie
in the time-projection. The substrate is not in the time-projection but is the un-
reduced structure of which the time-projection is one facet [5]; applying a time-indexed
predicate to it is ill-typed, as for any axis-speci�c predicate applied to the substrate.
Hence processing predicates apply to subsystems on the time-projection, not to the
substrate.

There is a constructive counterpart to this negative result, which the bridge articles
of Part III develop and which we state here only to locate it. Projection is lossy: the
time-facet, like every reduction, discards structure. A subsystem that must act within
the time-facet on impoverished projections is driven to recover the discarded structure
by hypothesis � to build a model that predicts, and a su�ciently elaborate predictive
model is what we recognize as computation. On this reading the computation in the
world is real but located: it lives in the model-building subsystems, which are in time
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and which process projections, not in the substrate, which is not in time and processes
nothing. The universe is not a computer; it contains computers, which are subsystems
recovering what projection lost. The estimate of the universe's �computational capacity�
[9] is then read, without subtraction, as a bound on the processing that time-bound
subsystems could have carried out, which is a fact about the time-projection and the
physics within it.

5.2 Counterarguments and Responses

Objection 1 (physical law evolves states in time, so the universe just
does compute, by de�nition). Response. Physical law evolves states on the
time-projection, and there the language of computation is apt; the present reading
agrees that the time-facet supports dynamics and, with model-building subsystems,
computation. What it denies is the extension of �computes� from the time-projection
to the substrate as a whole, which would be to ask what the whole computes across a
time it is not in. The dynamics is real where time is real � in the projection � and
the substrate is not an additional, larger computer behind it.

Objection 2 (calling computation a �subsystem� predicate is anthropocen-
tric; nature computes without us). Response. No observer is required by the
reading. A model-building subsystem need not be a mind; it is any physical subsys-
tem whose dynamics, on the time-projection, reconstructs structure that projection
discarded, as the bridge articles make precise. The point is not that computation needs
us but that it needs a subsystem in time, which the substrate is not. Nature computes
wherever there are such subsystems; it does not compute as a whole, because the whole
is not in time.

5.3 Section Result and Implications

We have shown that processing predicates are time-indexed and hence inapplicable to
the substrate (Proposition 5.1), and we have located real computation in the model-
building subsystems that inhabit the time-projection. The universe is not a computer; it
contains them. The implication carried forward is that both the static picture (storage)
and the dynamic picture (processing) attribute to the substrate what belongs to its
projections. The subtlest of the pictures, conservation, attributes to the substrate what
is in fact a constancy of a projection across time, and we treat it with corresponding
care.
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6 The Conservation Picture

6.1 Conservation is the constancy of a projection across time

The conservation picture holds that information cannot be destroyed � that under
the exact dynamics of the world, the information of a closed system is preserved. In
quantum theory this is the unitarity of evolution, and it is the conviction behind the
sense of paradox in the fate of information that falls into a black hole and appears to
be lost in thermal Hawking radiation [4]. The physics here is serious and we do not
contest it. We contest only the location of the conserved quantity.

Proposition 6.1 (Conservation is a time-facet predicate). �Conserved� means �con-
stant across the time-coordinate.� Its subject is therefore a quantity de�ned on the
time-projection and its predicate is constancy along αt. The statement �information is
conserved� is thus a true statement, where it holds, about the constancy of a projection's
content under time evolution (for instance, the channel content under unitary dynam-
ics). It is not, and cannot be, a statement about the substrate, to which the temporal
predicate �constant across time� does not apply (Article 1).

Proof. Constancy across time is a predicate whose evaluation requires comparison of a
quantity at di�erent times, hence arguments in the time-projection. Unitary evolution
preserves inner products and so the channel/description content of a closed system
along the time-coordinate; this is a fact about the time-projection of that system. The
substrate is not in the time-projection [5]; �the substrate conserves information� applies
a temporal predicate to a non-temporal subject and is ill-typed. Hence conservation,
where true, is a statement about a projection's constancy, not about the substrate.

6.2 The black-hole information puzzle, relocated

The black-hole information puzzle is, on the standard framing, the apparent con�ict
between two well-supported claims: that the radiation from an evaporating black hole
is thermal and carries no information about what formed it [4], and that the underlying
evolution is unitary and so preserves it. We do not resolve this con�ict, and we are
explicit that the present framework does not entitle anyone to a resolution. What the
framework o�ers is a relocation.

Remark 6.2 (The puzzle as a tension between two projections). On the substrate
reading, the two claims concern two di�erent projections of the same underlying di�er-
entiated process: a macrostate-axis projection (the thermal spectrum and the entropy
of the radiation) and a channel/unitary-axis projection (the preserved content under
exact evolution). The puzzle is the question whether these two projections are jointly
consistent � whether the joint structure of the two reductions, in the sense of Article 3,
admits both the thermality of the one and the preservation of the other. So framed,
the puzzle is neither a fact about the substrate gaining or losing information (the sub-
strate, being timeless, neither gains nor loses) nor a paradox of the kind that a single
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projection could exhibit; it is a question about the compatibility of two projections of
one process. Whether they are compatible � and by what physics � is exactly the
open problem, and the framework neither prejudges it nor claims to settle it.

The value of the relocation is diagnostic, not dispositive. It says that the form of the
puzzle is a two-projection consistency question, which clari�es what a resolution must
do: it must exhibit the joint structure of the macrostate and unitary projections and
show how both predicates can hold of it. It does not say which proposed resolution
is correct, and it would be a violation of the discipline of this volume to suggest that
renaming the puzzle dissolves it. The puzzle is real physics; the framework only locates
the registers in which its two horns live.

6.3 Counterarguments and Responses

Objection 1 (if conservation is �only� about a projection, IST is denying
unitarity). Response. It denies nothing of the sort. Unitarity is a�rmed as a true
and important fact about the time-projection of closed quantum systems; the conserved
content is a projection's content, and its conservation is a theorem of the dynamics on
the time-facet. The only claim added is that this conservation is not a property of the
timeless substrate, which is not the kind of thing that is constant or inconstant across
a time it is not in. A�rming unitarity and denying that the substrate is its subject are
consistent.

Objection 2 (relocating the black-hole puzzle is evasion dressed as analysis).
Response. It would be evasion if it were o�ered as a solution, and we are at pains to
say it is not. A relocation earns its place only by clarifying the form of the problem,
and the clari�cation here is speci�c and falsi�able in spirit: it predicts that any genuine
resolution will take the shape of a joint-structure consistency between the macrostate
and unitary projections, and it would be embarrassed by a resolution that �t no such
description. That is a claim about the form of admissible answers, not a refusal to
engage.

6.4 Section Result and Implications

We have shown that conservation is the constancy of a projection's content across time
and is inapplicable to the timeless substrate (Proposition 6.1), and we have relocated
the black-hole information puzzle as a tension between two projections of one process,
without presuming to resolve it (Remark 6.2). The implication is that even the most
physical-seeming sense in which the universe �keeps� information is a sense in which a
projection keeps it across time; the substrate keeps nothing, because keeping is temporal.
We turn last to the pictures that make information not a stock, a process, or a conserved
content, but the very ground of the world.
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7 The Rei�cation Pictures

7.1 Promoting a projection to the ground

The rei�cation pictures are the most ambitious and, in the present diagnosis, commit
the most direct version of a single error. They take a projection-axis quantity and
make it fundamental: a bit, in �it from bit�; an erasure cost, in the strongest readings
of Landauer's principle; an information-mass, in proposed mass�energy�information
equivalences. The error is uniform and we state it as such.

Proposition 7.1 (The rei�cation error). Let q = Mα(ρα(S)) be the value of a projection
measure along an axis α. To assert that q, or the unit in which q is counted, is a
fundamental constituent or property of the substrate is to attribute to S a quantity that,
by the locality of projection measures (Article 1), is not de�ned on S. The assertion is
therefore not false but ill-typed: it predicates of the substrate a value belonging to one
of its projections.

This is the same locality error met in Proposition 4.1, now committed not about a stock
but about the ground. We take the three principal rei�cations in turn, locating each
generously.

It from bit. Wheeler [13] proposed that physics is at bottom information-theoretic,
that every physical entity derives its existence from apparatus-elicited yes-or-no answers
� bits. The insight, as Article 1 already granted, is that distinction is constitutive of
physics, not incidental to it. The rei�cation is the further step that makes the bit
� a value on the channel axis � the ground. On the present reading, distinction is
fundamental, in the sense that being is di�erentiated; but the bit is not distinction, it
is the channel-axis projection of distinction, and to ground the world in the bit is to
ground it in one facet rather than in the di�erentiatedness of which the bit is a facet.
We keep Wheeler's insight and decline his inversion.

The computational universe. The view that the universe is a computer [9] rei�es
the processing picture: it makes computation, a time-facet predicate, the nature of the
whole. Section 5 located real computation in time-bound subsystems; the rei�cation
extends it to the substrate, committing Proposition 5.1's error in the ground register
rather than the predicate register. The computational capacity of the universe is a
�ne fact about the time-projection; the universe's being a computer is the projection
promoted to ground.

Mass�energy�information equivalence. The proposal that information carries
mass or energy of its own, and the associated �second law of infodynamics� [11, 12], rei-
�es the cost axis. Landauer's principle [2, 8], now experimentally con�rmed in a single-
bit memory [3], binds the erasure of a bit to a minimum dissipated energy kBT ln 2
through an external dimensional bridge; it is a true and measured fact about the cost
axis. The rei�cation gives the bit itself a mass, transferring the cost-axis quantity
to the substrate as a substance. We do not assess the empirical claims of the mass�
energy�information program here; that assessment, against established physics, is the
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dedicated subject of Article 9 of this volume. We diagnose only the category: a cost-
axis projection, requiring a dimensional bridge to acquire energetic meaning at all, is
being read as a property of the substrate, which is Proposition 7.1's error in its starkest
form.

7.2 The �ve pictures and their diagnoses

The diagnoses of this article may be collected. Each picture is true of a projection and
ill-typed of the substrate; the table records, for each, the projection it really concerns
and the category error it commits when transferred to the substrate.

Picture Real locus (projec-

tion)

Diagnosis

Storage
(�N bits within a
horizon�)

channel / macrostate
count

A stock is a projection value; the sub-
strate carries none (Prop. 4.1). Beken-
stein/holographic bounds are true of
the projection.

Processing
(�the universe com-
putes�)

time-projection; subsys-
tem models

Processing is time-indexed and in-
applicable to the timeless substrate
(Prop. 5.1); real computation lives in
subsystems.

Conservation
(�information is
never lost�)

channel content under
unitary time

Conservation is constancy across time,
true of a projection, not of the substrate
(Prop. 6.1); black-hole puzzle relocated,
not resolved.

Rei�cation
(�it from bit�; com-
putational universe)

channel axis; time-
projection

A projection-axis quantity promoted to
the ground (Prop. 7.1); insight kept, in-
version declined.

Rei�cation
(mass�energy�
information)

cost axis + dimensional
bridge

A cost-axis projection given substance;
category diagnosed here, empirical as-
sessment deferred to Article 9.

7.3 Counterarguments and Responses

Objection 1 (the rei�cation diagnosis would forbid any claim that informa-
tion is physically real). Response. It forbids no such claim at the level of projections,
where information-quantities are as physically real as the projections that bear them:
the erasure cost is real and measured [3], the holographic bound is real, the channel
content is real. What the diagnosis forbids is only the transfer of these projection-
quantities to the substrate as constituents or properties of it. Information is physically
real exactly where it is a projection value; it is not an additional substance of which
the substrate is composed.

Objection 2 (deferring the mass�energy�information assessment to Article 9
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is a way of avoiding the hardest case). Response. The division is deliberate and is
not avoidance. The present article makes a categorial claim � that the proposal reads
a cost-axis projection as substrate substance � which is independent of whether its
speci�c empirical predictions succeed or fail. Article 9 makes the empirical assessment
against established physics, including the cosmological data. Keeping the categorial
and empirical questions separate is a condition of treating each fairly; collapsing them
here would prejudge the data, which we decline to do.

7.4 Section Result and Implications

We have shown that the rei�cation pictures commit a single locality error � promoting a
projection-axis quantity to the ground (Proposition 7.1) � and we have located �it from
bit,� the computational universe, and the mass�energy�information program each by its
axis, keeping the genuine insight of each and declining only the transfer to the substrate.
The classi�cation table collects the �ve diagnoses. The implication, completing the
article, is that across all four pictures � storage, processing, conservation, rei�cation
� the universe's relation to information is never that of a system to a needed, possessed,
kept, or constitutive resource; it is, in every case, the relation of a di�erentiated whole
to the values its projections take.

8 Epistemic Status: Established, Imported, Deferred

In the manner of the series, we close with an explicit ledger. Established (here) marks
results proved in this article; Established (imported) marks premises and results taken
from prior articles and not re-argued; A�rmed (physics) marks established physical
facts the article endorses and only relocates; Deferred marks claims handled in a named
later article; Relocated, not resolved marks a problem whose register the article clari�es
without solving.

Claim Status Locus

Undi�erentiated is impossible Established (imported) Kriger [5]
Locality of projection measures Established (imported) Kriger [5]
Temporal predicates inapplicable to substrate Established (imported) Kriger [5]
Universe does not need, cannot lack, di�erenti-
atedness

Established (here) Prop. 3.2

A stock of information is a projection value Established (here) Prop. 4.1
Processing is inapplicable to the substrate Established (here) Prop. 5.1
Conservation is a time-facet predicate Established (here) Prop. 6.1
Rei�cation is a uniform locality error Established (here) Prop. 7.1
Bekenstein / holographic bound A�rmed (physics) Bekenstein

[1], Susskind [10]
Unitarity of closed quantum evolution A�rmed (physics) standard

continued on next page
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Epistemic-status ledger (continued)

Claim Status Locus

Landauer bound (measured) A�rmed (physics) Bérut et al. [3],
Landauer [8]

Black-hole information puzzle Relocated, not resolved Rem. 6.2
Mass�energy�information empirical assessment Deferred Article 9
Computation in model-building subsystems Deferred (mechanism) Part III

The ledger marks the article's discipline. It proves the modal result and the four
locality diagnoses; it a�rms the established physics it relocates, adding no dispute
to unitarity, the holographic bound, or the measured Landauer cost; it relocates the
black-hole puzzle without claiming to resolve it; and it defers the empirical assessment
of the mass�energy�information program to the article equipped to make it.

9 Discussion

The result of this article is a clari�cation, not a discovery: the universe needs infor-
mation in no form, because the substrate sense of information is ineliminable rather
than needed (Proposition 3.2), and every projection sense � stock, process, conserved
content, fundamental unit � is a predicate of a projection rather than of the substrate.
The four diagnoses are four instances of the single distinction the volume is built on,
applied to the four ways the information-bearing picture of the universe is usually ex-
pressed. What the diagnoses remove is a picture, not a physics: the picture of the
universe as a thing that holds, manipulates, keeps, or is made of information, with all
the attendant questions of supply, capacity, loss, and composition. What they leave
standing is the physics in full � the holographic bound, the computational capacity
estimate, unitarity, the measured Landauer cost � relocated to the projections where
it lives.

The clari�cation also continues the series' resolution of its own apparent tension. To
title a volume for information and then argue that the universe needs none of it is not
a contradiction once the two senses are kept apart. In the substrate sense, information
is the ineliminable name of di�erentiatedness, needed in no form because its absence is
impossible. In the projection sense, information is the family of axis-bound measures,
each real, each physical, none a property of the substrate. The earlier volumes' refusal
to make information a fundamental physical concept is thereby rea�rmed at the level of
the substrate and located precisely at the level of the projections, where the spectator-
relative, dimensionless, multiply de�ned character of the word is exactly the mark of
its being a projection of something axis-free.
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9.1 Limitations

Three limitations are material. First, the modal result rests on the imported impossi-
bility of nothing; a reader who rejects that premise rejects the strongest form of the
thesis and is left only with the locality diagnoses, which stand on their own but deliver
�the universe possesses no axis-free amount� rather than �needs none.� Second, the
relocation of the black-hole information puzzle is diagnostic only; it clari�es the form
a resolution must take and contributes nothing to the physics of the resolution itself,
and it would be a misreading to take the relocation as progress on the paradox. Third,
the treatment of the mass�energy�information program is deliberately con�ned to its
category; the empirical question, which is the one most likely to decide the program's
fate, is deferred to Article 9 and is not prejudged here.

9.2 Future Directions

The article's sequels are internal to the volume. Article 3 supplies the theorem the local-
ity diagnoses presuppose, deriving the projection measures from their axes and proving
that the relations among them are induced by the morphisms between reductions; the
present diagnoses are, in e�ect, applications of that theorem's locality clause to the
four pictures. Article 4 develops the apophatic boundary that the timeless, need-free
reading of the substrate requires. Article 9 makes the empirical assessment of the info-
dynamics program deferred here. Beyond the volume, the relocation of the black-hole
puzzle invites a precise question: whether the joint structure of the macrostate and
unitary projections of an evaporating black hole can be characterized explicitly enough
to state the consistency condition the puzzle demands � a question for the bridge be-
tween the present framework and the physics of gravitation, and one we do not pretend
the present article is equipped to answer.
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A A Decision Procedure for Information Claims

about the Universe

The diagnoses of this article can be assembled into a short procedure for classifying
any claim of the form �the universe does something with information.� The procedure
is o�ered not as an algorithm but as a checklist that makes the category of a claim
explicit.

(P1) Identify the quantity. Does the claim invoke an amount (bits, states, entropy), a
process (operations, transmission), a conserved content (preservation across time),
or a constituent (a fundamental unit or substance)? If none, the claim may be
about the substrate sense, and Proposition 3.2 applies: the universe needs it in
no form.

(P2) Find the axis. For an amount, the axis is channel, description, or macrostate;
for a process, the time-projection; for a conserved content, a projection under
the time-coordinate; for a constituent, whichever projection supplies the unit
(channel for a bit, cost for an erasure energy).

(P3) Test the subject. Is the claim predicated of the projection or of the substrate?
If of the projection, it is well-formed and may be true physics (storage bounds,
computational capacity, unitarity, the Landauer cost). If of the substrate, it
commits the relevant locality error (Propositions 4.1, 5.1, 6.1, 7.1) and is ill-
typed.

(P4) Relocate, do not resolve, where a tension appears between projections. If the claim
sets two projections against each other (as the black-hole information puzzle sets
the macrostate against the unitary projection), classify it as a joint-structure
consistency question and resist the temptation to treat the classi�cation as a
solution.

Applied to the pictures of the article, the procedure returns the rows of the table in
Section 7.2: storage and the holographic bound pass (P3) as projection statements;
processing passes as a time-projection statement and fails only when promoted to the
whole; conservation passes as a projection statement and the black-hole puzzle is sent to
(P4); and the rei�cations fail (P3) as projection quantities predicated of the substrate,
with the mass�energy�information case marked for the empirical assessment of Article 9.
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Abstract

The Information Substrate Theory holds that information is not a substance, a
force, or a fundamental constituent of the world, but the name of one ineliminable
feature of being: that it is di�erentiated. The undi�erentiated is only nothing, and
nothing is impossible; therefore being is necessarily di�erentiated, and informa-

tion names this di�erentiatedness rather than adding anything to it. This article
supplies the result that earns the word theory. We formalize the substrate as a dif-
ferentiation structure and an axis as a reduction that retains only the distinctions
registered along one coordinate. We then state and prove a Projection Theorem in
the only honest form available: for each axis we exhibit a reduction map and show
that the known information measure carrying that name is the composition of a
single canonical functional with that reduction, where the functional is �xed � up
to the axis's native indeterminacy (units, additive constant) � by characterization
theorems already established in the literature. Shannon information is derived as
the channel-axis projection, forced by the Shannon�Khinchin uniqueness theorem;
Kolmogorov complexity as the description-axis projection, �xed up to a constant
by the invariance theorem; Boltzmann�Gibbs entropy as the macrostate-axis pro-
jection. E�ective complexity, Landauer's bound, and Bateson's �di�erence� are
located by axis but are marked, where appropriate, as not admitting derivation
in the same sense. The framework's distinguishing, falsi�able-in-principle content
is that it predicts relations between projections that each projection-level theory
must treat as coincidence: why the expected description length of a source equals
its entropy, and why e�ective complexity is non-monotone in disorder where Kol-
mogorov complexity is monotone. We make this precise by classifying the maps
between axes into three structural types � rescaling, kernel, and re�nement �
and proving a rigidity theorem for each, so that the proportionality of thermo-
dynamic to channel entropy, the agreement of expected complexity with entropy
(exact at the rate level, after Brudno), and the e�ective-complexity dissociation
are shown to be the single forced relation of their respective morphism rather than
three coincidences. An explicit epistemic-status ledger separates what is proved,
what is derived, and what remains conjectured � the latter now narrowed to the
completeness of the axis family and of the morphism typology.

Keywords: information substrate; di�erentiation; Shannon entropy; Kolmogorov com-
plexity; e�ective complexity; Boltzmann�Gibbs entropy; Landauer bound; characteri-
zation theorems; projection; foundations of physics.
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1 Introduction

A reader surveying the measures that go by the name information �nds not one quantity
but a family whose members disagree about almost everything. Shannon entropy is
a property of a probability distribution and is maximized by disorder; Kolmogorov
complexity is a property of a single object and is also maximized by disorder, yet
the two are computed by entirely di�erent means and one of them is uncomputable.
E�ective complexity, by contrast, is low for both perfectly ordered and perfectly random
objects and high only in between. Thermodynamic entropy is dimensional, carrying
units of energy over temperature, while the others are dimensionless. Landauer's bound
attaches an energetic cost to the erasure of a bit, importing a dimensional constant that
none of the purely combinatorial measures possess. Bateson's �di�erence that makes a
di�erence� is not a number at all but a relation to a receiver.

The standard situation is to treat these as distinct tools for distinct jobs, related only
by occasional and slightly surprising theorems � for example, that the expected Kol-
mogorov complexity of objects drawn from a computable source equals the Shannon
entropy of that source up to an additive constant [9, 26]. On the standard view such
a result is a fortunate bridge between two separately motivated theories. The present
article advances a di�erent reading. It is the claim of the Information Substrate Theory
(IST) that these measures are not independent theories that happen to make contact,
but projections of a single structure along di�erent axes. The structure is di�eren-
tiatedness as such; the axes are the coordinates � channel, description, macrostate,
regularity, thermodynamic cost, receiver � along which di�erentiatedness can be reg-
istered; and each named measure is what one obtains by collapsing the substrate onto
one axis and applying the canonical functional native to that axis.

This article is the load-bearing core of Volume VII. The foundational descent � that
there is something, that it is necessarily di�erentiated, that information is the name of
di�erentiatedness and not an addition to it � is established in the preceding articles
of this volume and in prior work of the series [14�16], and is not re-derived here. We
take the substrate as given and ask the question that makes IST a theory rather than
a classi�cation: can the known information measures be derived from the substrate
by reduction along an axis, or can they not? Where derivation succeeds we exhibit
it; where it does not, we say so. The deliberately modest form of the central theorem
re�ects a discipline carried throughout the series: a foundation earns its standing by
proving less and establishing it, not by asserting more.

We are careful at the outset to disclaim the manifesto register. IST does not hold that
�matter is information,� that �information is fundamental,� or that �the universe is a
computer.� On the contrary � as the companion article of this volume argues, the
universe needs no information in any form, because di�erentiatedness is not a thing
the universe contains but a feature it cannot lack. The classi�cation stance toward
predecessors is correspondingly generous: each measure is correct within its axis, and
the task is to locate it, never to demote it.
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2 Logical Structure of the Argument

The argument proceeds in �ve dependent steps. The reader may �nd it useful to hold
the following map in view before entering the technical development.

Step 1 (Section 3): The substrate and the notion of an axis.
We �x, within the describable, a formal model of di�erentiatedness � a di�erentia-
tion structure � and de�ne an axis as a reduction that retains only those distinctions
registered along one coordinate. The central conceptual move is that the substrate
itself carries no axis and is therefore in the domain of no axis-bound measure. This
step supplies the objects on which everything later operates.

Step 2 (Section 4): The Projection Theorem.
We state the theorem in the form the foundations permit: for each axis there exist
a reduction map and a canonical functional, �xed up to the axis's native indetermi-
nacy by an established characterization theorem, whose composition is the named
measure. The theorem is a schema; its substance is the individual derivations and
the cross-axis relations they induce.

Step 3 (Sections 5�6): The two core derivations.
We carry out the derivation explicitly for the two measures whose reduction is clean-
est. Shannon information is the channel-axis projection, forced by the Shannon�
Khinchin uniqueness theorem. Kolmogorov complexity is the description-axis pro-
jection, �xed up to an additive constant by the invariance theorem. These are the
two derivations the volume promises to deliver.

Step 4 (Section 7): Relations among projections.
Here lies the distinguishing content. Because the projections share a domain, rela-
tions among them are not coincidences but consequences. We show that averaging
the description-axis projection over a source returns the channel-axis projection (the
expected-complexity/entropy identity), and that e�ective complexity di�ers from
Kolmogorov complexity precisely because it retains only the regularity facet of the
same di�erentiatedness, which accounts for its non-monotonicity. We also locate the
macrostate, cost, and receiver axes, deriving Boltzmann�Gibbs entropy and marking
honestly what the cost and receiver axes do and do not yield.

Step 5 (Section 8): The structure of induced relations.
Here clause (ii) of the Projection Theorem is converted from a slogan into a proved
correspondence. We build the lattice of reductions, classify the maps between axes
into three morphism types (rescaling, kernel, re�nement), and prove a rigidity the-
orem for each, showing that the three relations of Step 4 are forced � each into a
single functional form� by the morphism connecting the axes. This is the falsi�able-
in-principle content, and the new mathematical work the framework itself generates.

Step 6 (Section 10): Epistemic status.
We close the technical development with an explicit ledger separating what is proved
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(the imported characterization theorems, the cross-axis identities, and the three
rigidity theorems), what is derived (the identi�cation of each measure with an axis
projection), and what is conjectured (the completeness of the axis list and of the
morphism typology).

The dependencies are linear: Step 2 presupposes Step 1; Steps 3 instantiate Step 2;
Step 4 presupposes Step 3; Step 5 presupposes Step 4 and supplies the falsi�able-in-
principle content; Step 6 audits the whole. The thesis advanced by the totality is that
the plurality of information measures is the plurality of axes, not of things measured,
and that their points of contact are the rigidities of the morphisms between axes.

3 The Substrate and the Notion of an Axis

3.1 Background and related work

The idea that information is registered di�erence is old and well attested. Bateson
[2] de�ned information as a di�erence that makes a di�erence to a receiver; Spencer-
Brown [21] built a calculus on the primitive act of drawing a distinction; Shannon [19]
made the registered di�erence quantitative by attaching it to a probability distribu-
tion over distinguishable messages. The maximum-entropy program of Jaynes [10, 11]
read thermodynamic entropy itself as an inference from incomplete distinction among
microstates. What these share is the recognition that a measure of information is al-
ways a measure relative to some speci�cation of which di�erences count. IST takes this
recognition to its root: prior to any speci�cation of which di�erences count, there is
di�erentiatedness as such, and each speci�cation is the choice of an axis. The present
section formalizes �di�erentiatedness as such� and �axis� so that the later derivations
have determinate objects to operate on.

3.2 The di�erentiation structure

Within the describable, we model the substrate as a structure whose only primitive is
distinction.

De�nition 3.1 (Di�erentiation structure). A di�erentiation structure is a pair S =
(Ω,∼) where Ω is a nonempty set of con�gurations and ∼ is the identity relation on Ω,
regarded as the �nest distinction: x ∼ y i� x = y. We require |Ω| ≥ 2. The structure
carries no metric, no measure, no ordering, and no coordinate; it records only that
distinct con�gurations are distinct.

The requirement |Ω| ≥ 2 is the formal residue of the foundational descent. A structure
with a single con�guration draws no distinction and is, in the sense established in
the prior articles, indistinguishable from no structure at all [14]; di�erentiatedness
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begins exactly when there is more than one thing to tell apart. We emphasize that
De�nition 3.1 is modal, not temporal. It does not say that Ω comes to be di�erentiated;
it says that being di�erentiated is what Ω is. No act, agent, event, or moment appears
in the de�nition, and the later prohibition on temporal predicates for the substrate
(Article 4 of this volume) is the prohibition on reading any process into ∼.

De�nition 3.2 (Axis and reduction). An axis α on S is a surjection ρα : S → Sα onto
an axis-reduced structure Sα, together with a class Φα of admissible functionals on Sα.
The map ρα is the reduction along α: it retains exactly the distinctions registered by
the coordinate α and collapses all others. We call Sα the α-projection of the substrate.

Three axis-reduced structures will concern us, corresponding to three coordinates.

� Channel reduction. ρch forgets the identity of con�gurations and retains only
how often each is distinguished from the rest under repetition: it equips Ω with a
probability vector p = (p1, . . . , pm),

∑
i pi = 1, and discards everything else. Sch is

the simplex of �nite probability vectors.

� Description reduction. ρde retains a single con�guration x as a �nite object to
be reconstructed and discards the ensemble: Sde is the set of �nite binary strings,
x ∈ {0, 1}∗.

� Macrostate reduction. ρma retains only a coarse-graining: a partition of Ω
into macrostates and the count W of microstates compatible with the observed
macrostate.

3.3 What it means to �derive a measure from the substrate�

We can now state precisely the burden the title of this article accepts.

De�nition 3.3 (Axis derivation). A real- or order-valued information measure µ is
derived from the substrate along axis α if there is a functional Mα ∈ Φα such that

µ = Mα ◦ ρα, (1)

andMα is singled out within Φα � up to the native indeterminacy of the axis (a positive
multiplicative constant �xing units, or an additive constant) � by a characterization
theorem stated in conditions intrinsic to Sα.

The phrase �up to the native indeterminacy of the axis� is essential and is not a loophole.
A projection cannot recover what the reduction discarded; in particular it cannot re-
cover a choice of units (channel and macrostate axes) or the choice of universal machine
(description axis). What a derivation can establish is that, once the axis is �xed, the
functional form of the measure is not a further free choice but is forced by conditions
that make no reference to anything outside Sα. This is the strongest sense of derivation
available for a quantity that is, by construction, a projection.
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3.4 Counterarguments and Responses

Objection 1 (the substrate is just a probability space in disguise). One might
suspect that De�nition 3.1 secretly smuggles in a measure and that the �substrate� is
a measure space under another name. Response. It does not: S carries no measure.
The probability vector appears only after the channel reduction ρch, and a di�erent
reduction (description, macrostate) produces an object with no probabilities in it at all.
The substrate is precisely what is common to all three reductions and is therefore poorer
than any of them, not richer. If it already were a probability space, the description
axis could not be a reduction of it without probabilities, which is false.

Objection 2 (the identity relation is trivial and carries no content). Response.
The triviality is the point. The substrate is meant to carry the minimum that dis-
tinguishes being from nothing, no more. All structure beyond bare distinguishability
is introduced by an axis and is thereby disclosed as axis-relative rather than intrin-
sic. A richer primitive would prejudge which axis is fundamental, which is exactly the
prejudgment IST refuses.

Objection 3 (modeling the substrate at all violates the boundary). Since later
articles insist the substrate is measured by no axis, is it coherent to give it any formal
model? Response. The model is of di�erentiatedness within the describable, where it
functions as the common domain of the reductions. The boundary prohibition concerns
predicates that cross out of the describable (a simulator, a creator, temporal predicates
applied to the substrate itself); it does not prohibit specifying the domain on which
projections act. The distinction is maintained explicitly in Article 4.

3.5 Section Result and Implications

We have �xed three objects: a di�erentiation structure S carrying only bare distin-
guishability; the notion of an axis as a reduction retaining one coordinate's distinctions;
and a precise sense in which a measure is derived from the substrate along an axis. The
implication carried forward is structural: any quantity that depends on probabilities,
on description length, or on macrostate counts is by construction a function of an axis-
reduced object, not of the substrate, and the substrate is the unique object on which
no such quantity is de�ned. This sets up the theorem of the next section.

4 The Projection Theorem

4.1 Statement

Theorem 4.1 (Projection Theorem). Let S be a di�erentiation structure and let A =
{ch, de,ma, . . . } be a family of axes in the sense of De�nition 3.2. For each α ∈ A for
which a characterization theorem of the form required by De�nition 3.3 exists, there is
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a reduction ρα and a functional Mα, unique within Φα up to the native indeterminacy
of α, such that the established information measure bearing the name of axis α equals
Mα ◦ ρα. Consequently:

(i) (Locality of measures.) Each such measure is a function of ρα(S) alone and is
unde�ned on S itself, which lies in the domain of no Mα.

(ii) (Induced relations.) Any relation among the reductions {ρα} induces a relation
among the measures {Mα ◦ ρα}; such relations are consequences of the shared
domain S, not independent coincidences.

(iii) (Honest incompleteness.) For axes admitting no such characterization theorem,
no derivation in the sense of De�nition 3.3 is claimed; the associated quantity is
located by its axis but not derived.

Theorem 4.1 is, as stated, a schema. Its content is exhausted by (a) the individual
derivations that instantiate it � carried out for ch, de, and ma in Sections 5�7 �
and (b) the induced relations of clause (ii), which are the theory's predictive content.
We prove the schema by proving its instances; the schema itself asserts only that the
instances have the common form (1) and that their relations descend from a shared
domain. We resist the temptation to dress the schema as more than this.

Remark 4.2 (Clause (ii) is made precise and proved in Section 8). As stated, clause (ii)
asserts only that cross-axis relations are induced. This is not yet falsi�able, because
�induced� is unde�ned. Section 8 supplies the de�nition � a relation is induced by an
inter-axis morphism together with the measures' characterizations � and proves, for
each of the three relations of Section 7, a rigidity theorem that forces its functional
form. The reader who wishes to see the predictive content of clause (ii) discharged in
full should read Section 8 as the completion of the present statement.

4.2 Why a schema and not a single closed-form law

A reader trained in physics may expect a foundational theorem to take the form of
a single equation from which the special cases drop out by substitution. No such
equation is available here, and pretending otherwise would be the manifesto error the
series forbids. The reason is intrinsic: the axes have di�erent codomains and di�erent
native indeterminacies. The channel and macrostate axes yield additive, unit-bearing
functionals; the description axis yields a functional de�ned only up to an additive
constant and uncomputable in general; the receiver axis yields no number at all. A
single closed form would have to suppress these di�erences, which are not defects of
presentation but the very facts that distinguish the axes. The honest uni�cation is
therefore structural � one domain, many projections � rather than formulaic.
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4.3 Counterarguments and Responses

Objection 1 (a schema is not a theorem). If the substance is in the instances,
what does Theorem 4.1 add? Response. It adds two non-trivial assertions that the
instances alone do not: locality (clause i)�that no known measure is a function of
the substrate itself�and the status of cross-axis relations (clause ii)�that they are
entailed rather than contingent. Both are falsi�able in principle. Locality fails if some
bona �de information measure can be shown to depend on distinctions that survive
every reduction; the induced-relations claim fails if a cross-axis relation is exhibited
that provably cannot be obtained from any relation among the reductions. The schema
thus has empirical-in-principle bite even though it is not a closed form.

Objection 2 (the axis family is gerrymandered to �t the measures). Response.
This is a genuine risk and we do not claim the list A is complete or canonical; clause (iii)
and Section 10 mark this explicitly as conjecture. The defense is that each axis is
speci�ed by an independent reduction with its own characterization theorem drawn
from the prior literature, not reverse-engineered from the measure. The channel axis is
�xed by the Shannon�Khinchin conditions, formulated long before IST; the description
axis by the invariance theorem; the macrostate axis by the microcanonical counting.
The axes were not invented to host the measures.

4.4 Section Result and Implications

The Projection Theorem �xes the form of the entire volume's classi�catory and deriva-
tional work: to locate a measure is to identify its axis and reduction; to derive it is to
exhibit the characterization theorem that forces its functional form on that axis; and
to predict is to read a relation among measures o� a relation among reductions. The
remainder of the article discharges this program for the principal measures and then
audits the result.

5 The Channel Axis: Deriving Shannon Information

5.1 The reduction and the functional

The channel reduction ρch sends S to a �nite probability vector p = (p1, . . . , pm) on
the m distinguished con�gurations. We seek the functional on Sch that measures the
amount of di�erentiation registered per draw. The admissible class Φch is �xed by
conditions intrinsic to a probability vector, and the functional is then not chosen but
forced.

Theorem 5.1 (Shannon�Khinchin uniqueness; 6, 12, 19). Let {Hm : ∆m−1 → R≥0}m≥2

be a family of functionals on �nite probability vectors satisfying:

(K1) (Continuity.) Hm is continuous in p.
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(K2) (Maximality.) For �xed m, Hm is maximized by the uniform vector um =
(1/m, . . . , 1/m).

(K3) (Expansibility.) Adjoining an impossible outcome leaves the value unchanged:
Hm+1(p1, . . . , pm, 0) = Hm(p1, . . . , pm).

(K4) (Grouping / recursivity.) For a re�nement of one outcome,

H
(
p1, . . . , pm−1, q1, q2

)
= H

(
p1, . . . , pm−1, pm

)
+ pm H

(
q1
pm

, q2
pm

)
, q1 + q2 = pm.

Then there is a constant λ > 0 with

Hm(p) = −λ
m∑
i=1

pi log pi, (2)

the choice of λ (equivalently, the base of the logarithm) being the unit.

A proof is standard and we summarize it in Appendix A. The content for IST is read
o� directly.

Corollary 5.2 (Shannon as channel-axis projection). De�ne Mch = Hm as in (2).
Then Shannon information is the channel-axis projection of the substrate, µShannon =
Mch ◦ρch, and Mch is unique within Φch = {functionals satisfying (K1)�(K4)} up to the
unit λ.

Proof. ρch(S) = p by the de�nition of the channel reduction. Conditions (K1)�(K4) are
conditions on Sch alone (they mention only probability vectors and their re�nements),
so they qualify under De�nition 3.3. Theorem 5.1 forces the form (2) up to λ. Hence
Mch ◦ ρch is Shannon's H, derived in the sense of De�nition 3.3.

5.2 Interpretation

The derivation says something sharper than �Shannon entropy measures information.�
It says that once the substrate is reduced to an ensemble of distinguished outcomes with
weights, the only continuous, additive, re�nement- respecting measure of registered
di�erentiation is Shannon's, up to the choice of unit. The much-discussed �observer
dependence� of Shannon information is, on this reading, exactly the dependence of the
reduction ρch on a prior decision about which outcomes count as distinct and how often
� a decision that selects the channel axis. The functional adds no further observer; the
observer is already spent in choosing the axis. This is why the series treats �information�
as a spectator-relative word in physics while nonetheless admitting Shannon's H as
a perfectly determinate functional: the spectator enters with the axis, not with the
formula.
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5.3 Counterarguments and Responses

Objection 1 (the grouping axiom is exactly additivity, so the result is circu-
lar). Response. (K4) is a structural requirement � that the measure of a two-stage
distinction be the measure of the �rst stage plus the conditional measure of the sec-
ond, weighted by the probability of reaching it � and it is independently motivated
by the demand that the registered di�erentiation of a re�nement decompose along the
re�nement. It is not the conclusion (2) in disguise; many non-Shannon functionals
satisfy continuity and maximality and fail only (K4). The Tsallis and Rényi families,
for instance, satisfy (K1)�(K3) but replace (K4) with a deformed composition rule, and
are thereby excluded. That a di�erent grouping rule yields a di�erent functional is not
circularity but the statement that the additive channel axis is one axis among possible
non-additive ones; IST locates Shannon precisely on the additive one.

Objection 2 (Rényi and Tsallis entropies are also �information,� so the deriva-
tion is incomplete). Response. Agreed, and this is a virtue. They correspond to
channel-type axes with a deformed composition law, and IST locates them as such
rather than denying them the name. The Projection Theorem's clause (ii) predicts
that their relations to Shannon's H (the Rényi family converges to Shannon as the or-
der → 1) re�ect a one-parameter family of channel reductions collapsing to the additive
one � a relation among reductions, exactly as the schema requires.

5.4 Section Result and Implications

Shannon information is derived as the channel-axis projection of the substrate, its func-
tional form forced by the Shannon�Khinchin conditions up to the unit. The implication
is that nothing in Shannon's quantity reaches past the channel reduction to the sub-
strate; it is a measure of an ensemble, and the ensemble is already a projection. We
now perform the analogous derivation on a reduction that retains a single object rather
than an ensemble.

6 The Description Axis: Deriving Kolmogorov Com-

plexity

6.1 The reduction and the functional

The description reduction ρde retains a single distinguished con�guration as a �nite
binary string x to be reconstructed, discarding the ensemble. The functional native to
this axis is description length on a universal machine.

De�nition 6.1 (Kolmogorov complexity). For a universal Turing machine U , the Kol-
mogorov complexity of x ∈ {0, 1}∗ is

KU(x) = min{ |p| : U(p) = x }, (3)
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the length of the shortest program that outputs x and halts.

Theorem 6.2 (Invariance; 5, 13, 18, 20). For any two universal machines U, V there
is a constant cU,V , independent of x, with |KU(x)−KV (x)| ≤ cU,V for all x. Hence K
is well de�ned up to an additive constant, written K(x).

Corollary 6.3 (Kolmogorov as description-axis projection). De�ne Mde = K. Then
Kolmogorov complexity is the description-axis projection of the substrate, µK = Mde ◦
ρde, and Mde is �xed up to an additive constant � the native indeterminacy of the
description axis � by Theorem 6.2.

Proof. ρde(S) = x ∈ {0, 1}∗ by the de�nition of the description reduction. The mini-
mization (3) refers only to Sde (strings and a machine), and Theorem 6.2 singles out K
up to the additive constant cU,V , the choice of U being the native indeterminacy here
exactly as the unit λ was for the channel axis. Hence K = Mde ◦ ρde is derived in the
sense of De�nition 3.3.

6.2 Interpretation

The two derivations make the axis structure vivid by contrast. The channel reduction
keeps the ensemble and forgets which con�guration is realized; the description reduction
keeps the realized con�guration and forgets the ensemble. They are reductions of the
same substrate along orthogonal coordinates: one toward the statistics of repetition,
the other toward the speci�cation of an individual. That both are �information� �
and both maximized by disorder � is not a verbal accident but a consequence of their
common origin in di�erentiatedness: a maximally di�erentiated ensemble has maximal
channel entropy, and a maximally di�erentiated single object has maximal description
length, because in each case the reduction retains a maximally distinguished object of
its own kind.

6.3 Counterarguments and Responses

Objection 1 (K is uncomputable, so it is not a measure one can apply).
Response. Uncomputability bears on evaluation, not on derivation. De�nition 3.3
requires that the functional be singled out on its axis by a characterization theorem;
the invariance theorem does this regardless of computability. The practical consequence
� that one must use a computable compressor as an upper proxy � is exactly what
we exploit in the empirical illustration of Section 9, and the gap between proxy and K
is acknowledged there rather than hidden.

Objection 2 (the additive constant makes K ill-de�ned for short strings).
Response. True, and it is the honest analogue of the unit freedom in Shannon's H.
Neither axis can recover what its reduction discarded: the channel axis cannot �x a unit,
the description axis cannot �x a machine. Derivation establishes the functional form
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modulo this irreducible freedom, and asymptotic statements (Section 7) are precisely
those that survive it.

6.4 Section Result and Implications

Kolmogorov complexity is derived as the description-axis projection of the substrate,
�xed up to an additive constant by the invariance theorem. With two orthogonal
projections in hand � channel and description � the Projection Theorem's clause (ii)
becomes operative: relations between these projections should now be readable as
consequences of their shared domain. The next section shows that they are.

7 Relations Among Projections

This section carries the distinguishing content of the theory. A projection-level theory
� one that takes a single measure as primitive � can record that two measures happen
to be related but cannot explain why; the substrate, being the common domain, can.
We treat three relations: the agreement of expected description length with entropy, the
dissociation of e�ective complexity from Kolmogorov complexity, and the placement of
thermodynamic entropy. We then locate the cost and receiver axes and mark honestly
what they yield.

7.1 Averaging the description axis returns the channel axis

Proposition 7.1 (Expected complexity equals entropy; 9, 26). Let p be a computable
probability mass function on {0, 1}∗ with �nite Shannon entropy H(p). Then

0 ≤
∑
x

p(x)K(x) − H(p) ≤ K(p) +O(1), (4)

where K(p) is the complexity of the program computing p. In particular, for a �xed
source the expected description-axis projection equals the channel-axis projection up to
a constant independent of the data.

The proof is standard (lower bound by the Kraft inequality and the no-hypercompression
property of the universal distribution; upper bound by the Shannon�Fano code for
p, which has expected length H(p) + O(1) and is itself a program) and is recalled in
Appendix B. The point for IST is the interpretation.

IST reading. On the standard view, (4) is a bridge theorem relating two separately
motivated quantities, and its existence is mildly surprising: why should the average
shortest program length for objects from a source equal that source's channel entropy?
On IST it is not surprising and not a bridge between separate theories. The two sides
are the same projection evaluated in two orders. The left side projects to the description
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axis �rst (compute K(x) for each x) and averages over the source second; the right side
projects to the channel axis (form p) and measures. Equation (4) states that these
commute up to the constant cost of specifying the source � which is exactly what one
expects when both axes are coordinates on one di�erentiated object and �average over
the source� is an operation internal to the shared domain. The constant K(p) + O(1)
is the price of naming the axis along which the averaging is done; it is the same kind
of axis-indeterminacy term that appeared as a unit and as a machine constant above.
The relation is thus induced, in the precise sense of Theorem 4.1(ii).

7.2 Why e�ective complexity is not Kolmogorov complexity

Gell-Mann and Lloyd [7, 8] introduced e�ective complexity to capture the length of a
concise description of an object's regularities, setting aside its incompressible, random
part. Formally one separates a description of x into a part specifying an ensemble E of
which x is a typical member and a part specifying x within E; the e�ective complexity
Keff(x) is the length of the �rst part alone (made precise through the algorithmic
minimal su�cient statistic). The empirically central fact is a dissociation: Keff is low
for both highly ordered and highly random objects and is large only for objects with
rich intermediate structure, whereas K increases monotonically with disorder and is
maximal for the random object.

Proposition 7.2 (Regularity-facet retention). Keff is the projection along a regular-
ity axis ρre that retains, from the description-axis object x, only the distinctions that
recur across the ensemble of which x is typical, discarding the distinctions speci�c to
x (its random part). Under this reduction: (i) a perfectly ordered x has a near-empty
recurring-distinction set and hence small Keff ; (ii) a perfectly random x is typical of
the maximal ensemble, whose speci�cation is short, and hence also has small Keff ; (iii)
K = Keff + (description of x within its ensemble), so K retains the random facet that
Keff discards.

IST reading and status. Clauses (i)�(ii) are the standard qualitative behavior of
e�ective complexity and are established in the cited literature; clause (iii) is the stan-
dard two-part-code decomposition. The IST contribution is the identi�cation of the
�rst part with a distinct axis: Keff and K are projections of the same description-axis
object along whether-or-not the distinction recurs. This is why they behave di�erently
� not because they measure di�erent things in the loose sense, but because they retain
di�erent facets of one di�erentiatedness: K retains regular and random distinctions
alike, Keff retains only the regular. The non-monotonicity of Keff in disorder, mys-
terious if e�ective complexity is taken as primitive, is on IST the direct signature of
projecting out the random facet, since both extremes of disorder have an impoverished
regular facet. We mark the axis identi�cation as derived ; the claim that the regularity
axis is fully captured by the algorithmic minimal su�cient statistic (rather than by
some re�nement) we mark as conjectured, as the precise individuation of the regular
facet remains an open technical question in the e�ective-complexity literature.
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7.3 Boltzmann�Gibbs entropy as the macrostate-axis projec-
tion

Proposition 7.3 (Thermodynamic entropy as macrostate projection). Let ρma reduce
S to a macrostate with W compatible, equiprobable microstates. Then the channel
functional Mch applied to the uniform vector uW gives Mch(uW ) = λ logW , and with
the unit �xed to Boltzmann's constant, λ = kB (natural log), this is the Boltzmann
entropy S = kB lnW . For non-uniform microstate weights pi the same functional gives
the Gibbs entropy S = −kB

∑
i pi ln pi.

Proof. Immediate from (2) evaluated on uW and on a general p, identifying the unit λ
with kB. The maximum-entropy reading of Jaynes [10, 11] is the statement that, absent
further constraints, the macrostate reduction selects the uniform (or, under constraints,
the maximum-entropy) microstate weights.

IST reading. Thermodynamic entropy is the same functional as Shannon's, projected
onto the macrostate axis and equipped with the dimensional unit kB. The dimension
that distinguishes thermodynamic entropy from the dimensionless channel measure is
precisely the unit freedom λ of the channel axis, now �xed by an external physical
constant. This is consistent with the series' position that information is dimensionless
and acquires energetic meaning only through an external dimensional bridge: the bridge
is the choice λ = kB, and it is the constant, not the bits, that carries the physics.

7.4 Locating the cost and receiver axes

The thermodynamic-cost axis (Landauer). Landauer [17] and Bennett [3] attach
to the logically irreversible erasure of one bit a minimum dissipated energy kBT ln 2.
In the present terms this is a projection onto a cost axis that retains, from a logical
operation on distinctions, only its minimum thermodynamic price, and it is constituted
by the same external dimensional bridge kBT that appeared in Proposition 7.3. We
locate the Landauer bound on the cost axis but do not claim to derive a measure in the
sense of De�nition 3.3, because the bound is a constrained minimum �xed by physics
(the second law together with the dimensional bridge), not a functional singled out by
conditions intrinsic to a reduced combinatorial structure. Proposals that extend this
bridge into a putative mass�energy�information equivalence or a �second law of info-
dynamics� [23, 24] make further, stronger claims; their assessment against established
physics is the dedicated subject of Article 9 of this volume, and we neither endorse
nor refute them here. We note only, in the vocabulary of the present article, that such
proposals reify a particular cost-axis projection as a property of the substrate, which is
exactly the projection-for-substrate error the Projection Theorem is designed to detect.

The receiver axis (Bateson). Bateson [2] characterized information as a di�er-
ence that makes a di�erence to a receiver. This is a genuine axis � the reduction
retains, from the substrate, only the distinctions that a speci�ed receiver is organized
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to register � but it yields no canonical numerical functional, because the reduction is
parameterized by the receiver's organization and the relevant prior work establishes no
characterization theorem �xing a unique measure on it. We therefore locate the Bate-
son conception on the receiver axis and explicitly do not derive a measure; �derivation�
is not the right word for an axis whose codomain is not numerical. This honesty is the
content of Theorem 4.1(iii).

7.5 Counterarguments and Responses

Objection 1 (Proposition 7.1 is a known theorem; IST adds only words).
Response. The theorem is indeed known; what is new is the claim that it is not a
coincidence but is forced by a shared domain, and the resulting prediction (clause ii)
that every robust cross-axis relation should be similarly derivable from a relation among
reductions. That prediction is contentful: it forbids robust cross-axis relations that
cannot be so obtained, and a single counterexample would refute the framework. A
theory can earn its keep by explaining why known results are not accidental, provided
it also stakes a falsi�able claim, which here it does.

Objection 2 (e�ective complexity has well-known de�nitional ambiguities;
the regularity-axis story inherits them). Response. It does, and we mark exactly
that as conjecture rather than concealing it. The qualitative dissociation (low at both
extremes) is robust across reasonable formalizations and is what the regularity-axis
reading explains; the precise individuation of the regular facet is open, and the frame-
work's claim is conditional on its eventual resolution. Marking this boundary is the
discipline the volume requires.

Objection 3 (placing thermodynamic entropy on the same functional as
Shannon's erases a real physical distinction). Response. It does not erase it;
it locates it in the unit. The physical distinction between a dimensionless count and
an energetic entropy is the dimensional bridge λ = kB, and the framework names
this bridge as the carrier of the physics. Far from collapsing thermodynamics into
combinatorics, the reading isolates precisely the non-combinatorial ingredient.

7.6 Section Result and Implications

Two cross-axis relations have been exhibited as consequences of the shared domain �
the expected-complexity/entropy identity and the e�ective-complexity dissociation �
and three further measures (Boltzmann�Gibbs, Landauer, Bateson) have been placed,
with Boltzmann�Gibbs derived and the cost and receiver axes honestly marked as lo-
cated but not derived. The implication is that the apparent disunity of the information
measures is the disunity of axes, while their points of contact are the visibility, from
the shared substrate, of relations invisible to each axis taken alone. This is the sense in
which IST is a theory of the measures rather than one more measure among them.
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8 The Structure of Induced Relations

Clause (ii) of Theorem 4.1 was stated in Section 7 as a slogan: cross-axis relations are
induced by the shared domain rather than independent coincidences. A slogan is not
falsi�able until �induced� is given a de�nition precise enough that the inducedness of a
particular relation can be proved or refuted. This section supplies the de�nition and
the proofs. It develops the lattice of reductions over the substrate (�8.1), speci�es what
makes a relation robust (�8.2), classi�es the morphisms along which a relation between
two axes can be induced into three types (�8.3), and then proves a rigidity theorem for
each type (�8.4�8.6), establishing that each of the three relations of Section 7 is not
merely consistent with inducedness but forced by it, and forced into a single functional
form. The content of this section is the framework's own. It is not imported from the
characterization theorems of Sections 5�6; it is generated by the picture of measures
as projections over a common domain, and it is precisely what a theory that takes
one measure as primitive cannot state. With the rigidity theorems in hand, clause (ii)
becomes a re�ned and falsi�able proposition (�8.7), and what remains conjectural is
isolated as a sharp statement about the completeness of the morphism typology rather
than a slogan.

8.1 The lattice of reductions

A reduction is a quotient of the substrate, and quotients of a �xed object are partially
ordered by �neness. We make this explicit.

De�nition 8.1 (Re�nement order). For reductions ρα : S → Sα and ρβ : S → Sβ, say α
is coarser than β, written α ⪯ β, if ρα factors through ρβ: there is a map qβα : Sβ → Sα

with ρα = qβα◦ρβ. The relation ⪯ is a partial order on reductions (modulo isomorphism
of the reduced structures); the �nest element is the identity reduction of S and the
coarsest is the terminal reduction to a point.

Two reductions need not be comparable: the channel and description axes are not, since
neither factors through the other. What always exists is their joint reduction.

De�nition 8.2 (Joint reduction and joint structure). The joint reduction of α and
β is ραβ = (ρα, ρβ) : S → Sα × Sβ. Its image Γαβ := ραβ(S) ⊆ Sα × Sβ is the joint
structure: the set of pairs of reduced values that some single substrate con�guration
actually realizes.

The joint structure is the exact record of how the two axes are correlated by their
common origin. A point ( a, b ) ∈ Sα×Sβ lies in Γαβ i� there is a substrate con�guration
projecting to a along α and to b along β; pairs outside Γαβ are jointly impossible. This
furnishes the bare notion of a cross-axis relation.

De�nition 8.3 (Cross-axis relation; induced at the structural level). A cross-axis rela-
tion between α and β is a subset R ⊆ Sα×Sβ with Γαβ ⊆ R. The tightest cross-axis rela-
tion is Γαβ itself. A relation among the measures, i.e. a constraint F

(
Mα(a),Mβ(b)

)
= 0

1963



Prepared for submission to Foundations of Physics

on (a, b) ∈ Sα × Sβ, is structurally induced if it holds for every (a, b) ∈ Γαβ; that is, if
it is a property of the joint structure rather than an extra postulate.

Structural inducedness is necessary but, by itself, weak: a relation might hold on Γαβ

by accident of a particular unit or a particular �nite substrate, without expressing
anything about the axes. Two further ingredients remove the accidents and give the
strong notion we need: a robustness requirement (�8.2) and the identi�cation of the
structural map that carries one axis to the other (�8.3).

8.2 Robust relations

Each axis carries a native indeterminacy � the unit λ for the channel and macrostate
axes, the choice of universal machine for the description axis � and a native notion of
independent composition, the operation ⊗ that combines two independent substrates
(p ⊗ q for product sources, concatenation for strings, W1W2 for microstate counts). A
relation that survives only for one choice of unit, or only for a single �nite instance,
tells us about that choice or that instance, not about the axes. We therefore restrict
attention to relations that survive both.

De�nition 8.4 (Robust cross-axis relation). A cross-axis relation F = 0 is robust if it
is

(R1) unit-invariant: it is preserved under each axis's native rescaling (it may be stated
only up to the additive or multiplicative constant the axis cannot �x); and

(R2) extensive: it is preserved under independent composition ⊗ and under the per-
unit normalization 1

n
(·) in the limit n → ∞, so that it is not an artifact of a

single �nite substrate.

Robustness is the discipline that makes clause (ii) contentful. It excludes relations
true only at small size or for a privileged unit, and retains exactly those that express
the standing geometry of the axes over the substrate. All three relations of Section 7
are robust in this sense, and the rigidity theorems below show that robustness alone,
together with the structural map between the axes, forces each of them.

8.3 Inter-axis morphisms: three types

The joint structure Γαβ records that the axes are correlated; the morphism records how.
There are exactly three structural ways one reduced object can stand to another over
the same substrate, and they exhaust the relations of Section 7.

De�nition 8.5 (Inter-axis morphisms). Let α, β be axes over S.
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(i) A rescaling morphism Resc is an isomorphism ι : Sα
∼−−→ Sβ of reduced structures

intertwining the composition laws, ι(a⊗α a
′) = ι(a)⊗β ι(a

′), compatible with the
reductions on the aligned locus where both are functions of one scalar invariant.

(ii) A kernel morphism Ker is a Markov kernel κ : Sα → Sβ with ρβ = κ ◦ ρα in law:
the β-reduction is obtained from the α-reduction by a stochastic step (sampling).

(iii) A re�nement morphism Ref is a quotient q : Sβ → Sα with ρα = q ◦ ρβ: α is a
coarsening of β (De�nition 8.1), forgetting a facet of the �ner object.

A measure relation is induced by a morphism m ∈ {Resc,Ker,Ref} if it is entailed by
the compatibility equation of m together with the characterization theorems of Mα,Mβ,
with no further postulate.

The three morphisms are structurally distinct: an isomorphism preserves information,
a kernel adds randomness, a quotient discards it. We now show that each forces a
rigidly constrained form on the robust relation it induces, and that the three relations
of Section 7 are the three induced forms.

8.4 Rescaling rigidity (Theorem R1)

We begin with a classical lemma, the engine of the rescaling case.

Lemma 8.6 (Logarithmic rigidity of additive monoid maps). Let a : N≥1 → R satisfy
a(mn) = a(m) + a(n) for all m,n and be nondecreasing. Then a(n) = c log n for some
constant c ≥ 0.

Proof. This is the multiplicative Cauchy equation under monotonicity; the argument
is the one used in Appendix A to �x A(m) = λ logm, applied to a. Additivity gives
a(nk) = k a(n), hence a(n) = log n ·

(
a(n)/ log n

)
, and monotonicity forces the ratio

a(n)/ log n to a single constant c ≥ 0 by the standard squeeze between a(2⌊k log2 n⌋) and
a(2⌈k log2 n⌉) as k → ∞ [1].

Theorem 8.7 (Rescaling rigidity). Let α, β be additive-monoidal axes whose reduc-
tions agree on the cardinality invariant: on the family Un of n-fold uniform substrates,
with Um ⊗ Un = Umn, both Mα and Mβ are nondecreasing and additive. Then on the
substructure generated by {Un} under ⊗,

Mβ =
λβ

λα

Mα, (5)

and this is the only continuous robust relation between the two measures there. The
slope λβ/λα is the ratio of the axes' units and is �xed entirely by the reductions; the
relation is induced by the rescaling morphism.
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Proof. By additivity and monotonicity on {Un}, Lemma 8.6 gives Mα(Un) = λα log n
and Mβ(Un) = λβ log n for constants λα, λβ ≥ 0. Eliminating log n yields Mβ(Un) =
(λβ/λα)Mα(Un) for every n. The values {(λα log n, λβ log n)}n≥1 are dense in the ray
they span; any continuous relation F (Mα,Mβ) = 0 vanishing on a dense subset of the
ray vanishes on its closure, the line (5). Unit-invariance (R1) permits only the freedom
in λα, λβ already present in the slope; extensivity (R2) is automatic because both sides
are additive under ⊗. Hence (5) is the unique robust relation, and its slope is a datum
of the reductions.

Corollary 8.8 (Shannon�Boltzmann is the forced rescaling relation). With Mch = H
in nats (λch = 1) and Mma = S with λma = kB (Proposition 7.3), Theorem 8.7 gives S =
kBH, i.e. on the microcanonical locus S = kB lnW . The celebrated proportionality of
thermodynamic entropy to an information measure is therefore not a discovery about two
independent quantities but the unique robust relation forced by the rescaling morphism
between the macrostate and channel axes, with slope equal to the dimensional bridge kB.

Falsi�able corollary. If two measures were each additive on the shared composition
and aligned on cardinality, yet displayed a robust nonlinear relation, Theorem 8.7 would
be contradicted: one of them would fail additivity, hence fail to be an additive-monoidal
projection of the shared substrate. A robust nonlinear H�S relation would thus refute
the placement of thermodynamic entropy on a rescaling morphism of the channel axis.
None is known; the framework stakes that none exists.

8.5 Averaging rigidity (Theorem R2)

The channel and description axes are not isomorphic, so no rescaling morphism con-
nects them. They are connected by a kernel: the description object is a sample from
the channel object. Throughout this subsection K denotes the pre�x (self-delimiting)
Kolmogorov complexity, for which the Kraft inequality

∑
x 2

−K(x) ≤ 1 holds; this is the
standard setting of the expected-complexity results [18].

Lemma 8.9 (Exact lower bound). For any computable source p,
∑

x p(x)K(x) ≥ H(p).

Proof. By Kraft, the lengths {K(x)} are the codeword lengths of a pre�x code (after at
most a normalization absorbed into the constant). Shannon's noiseless source coding
theorem states that the expected length of any pre�x code is at least the entropy:∑

x p(x)K(x) ≥ −
∑

x p(x) log p(x) = H(p).

Theorem 8.10 (Averaging rigidity). Let the kernel morphism be the sampling kernel
κp (�draw x ∼ p�), under which the description reduction factors through the channel
reduction. Then:

(a) (Finite form, induced and bounded.) For every computable p,

0 ≤ Ex∼p[K(x)]−H(p) ≤ K(p) +O(1), (6)
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where the lower bound is Lemma 8.9 and the upper bound uses the Shannon�
Fano code for p, itself a program of length K(p) + O(1). The induced relation is
Ex∼p[K(x)]

.
= H(p), and its slack is bounded by the complexity of specifying the

kernel � the cost of naming the source.

(b) (Tightness.) Both bounds are achieved up to constants: the lower bound for sources
of low program-complexity, the upper bound for sources whose description com-
plexity K(p) is large, so no smaller robust gap than the naming cost is possible in
general.

(c) (Rate form, exact.) For a stationary ergodic source with entropy rate h,

lim
n→∞

1

n
K(x1:n) = h almost surely and in mean (7)

[4]. Under the per-unit normalization required by robustness (R2), the slack
of (6) is divided by n and vanishes; the induced relation between the normalized
description-axis and channel-axis projections is exact, with h the unique constant
satisfying (7) and equal to the Shannon entropy rate.

Proof. (a) Lower bound: Lemma 8.9. Upper bound: the Shannon�Fano�Elias code
built from p assigns x a description of length ⌈− log p(x)⌉ + 1; pre�xed by a program
for p of length K(p)+O(1) this is a self-delimiting description of x, so K(x) ≤ K(p)−
log p(x) + O(1), and taking Ep gives Ep[K] ≤ H(p) + K(p) + O(1). (b) The lower
extreme is attained when K(p) = O(1) (a simply describable source), reducing (6) to
Ep[K] = H(p) + O(1); the upper extreme follows by choosing a family of sources with
K(p) → ∞ and bounded entropy, e.g. point masses on incompressible strings, for which
Ep[K] = K(x∗) + O(1) with x∗ of high complexity while H(p) = 0. (c) Equation (7)
is Brudno's theorem; the uniqueness of h is immediate, and its identi�cation with the
Shannon entropy rate is the Shannon�McMillan�Breiman theorem. Normalizing (6) by
n and using K(pn) = o(n) for the n-fold product source sends the slack to zero.

Interpretation. The expected-complexity identity (Proposition 7.1) is exhibited as
the induced relation of the sampling kernel. Its mild air of coincidence on the standard
view � why should averaging shortest programs return channel entropy? � dissolves:
averaging over the source is the kernel morphism, and the relation is what that mor-
phism forces. The much-discussed O(1) slack is not looseness but the irreducible cost of
naming the connecting reduction, the exact counterpart of the unit freedom of R1; and
under the normalization that robustness demands, the slack vanishes and the induced
relation is exact.

Falsi�able corollary. The framework forbids a robust source-averaged relation be-
tween K and H with normalized gap bounded away from zero, or with �nite gap prov-
ably exceeding the naming cost K(p) +O(1). Either would refute the identi�cation of
the channel�description connection with the sampling kernel.
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8.6 Re�nement rigidity (Theorem R3)

E�ective complexity sits on neither a rescaling nor a kernel morphism from the descrip-
tion axis but on a re�nement morphism: the regularity reduction is a coarsening of the
description object, retaining the recurring facet and discarding the random one. The
relevant decomposition is the algorithmic minimal su�cient statistic [22]: a description
of x splits into a model part specifying an ensemble E∗ of which x is typical, of length
Keff(x), and a data part locating x within E∗.

Theorem 8.11 (Re�nement rigidity). Let q be the coarsening that sends the description
object x to its minimal su�cient statistic E∗, so that ρre = q ◦ ρde. Then:

(a) (Induced additive decomposition.) K(x) = Keff(x) + R(x) + O(log|x|), where
R(x) ≥ 0 is the within-ensemble (random-facet) term; this decomposition is the
relation induced by the re�nement morphism q.

(b) (No rescaling relation: negative rigidity.) There is no constant c and no additive
constant with K(x) = cKeff(x) +O(1) for all x. Indeed for incompressible strings
of length n, K(x) = n+O(log n) while Keff(x) = O(log n), so K(x)/Keff(x) → ∞.

(c) (Forced non-monotonicity.) Keff = K −R is small at both extremes of disorder �
for ordered x because K itself is small, for random x because R ≈ K � and large
only for intermediate structure. The non-monotonicity of e�ective complexity in
disorder is thus a forced consequence of projecting out the random facet.

Proof. (a) is the two-part-code form of the minimal su�cient statistic [22], with R(x) =
K(x | E∗) + O(log|x|) the log-cardinality of the optimal ensemble. (b) By a counting
argument there are at most 2n − 1 programs shorter than n bits, so most strings of
length n have K(x) ≥ n; such a string is typical only of the maximal ensemble {0, 1}n,
whose speci�cation has length Keff(x) = K(�all n-bit strings�) = O(log n). Hence the
ratio diverges and no proportionality with bounded error can hold. (c) For ordered
x, K(x) = O(log n) bounds Keff ≤ K; for incompressible x, (b) gives Keff = O(log n)
while R ≈ n; for x with genuine intermediate regularities the model part is substantial.
The intermediate maximum follows.

Interpretation and the cross-type prediction. R3 does more than reproduce the
known dissociation of e�ective complexity. It explains the dissociation as the signature
of a morphism type: because Keff and K are related by a re�nement (a coarsening that
discards the random facet), they cannot be related by a rescaling, and a proportional
law between them is therefore not merely absent but forbidden. The framework thus
predicts the form of a cross-axis relation from the type of morphism connecting the axes:
rescaling forces proportionality (R1), kernel forces averaging-equality up to naming cost
(R2), re�nement forces an additive decomposition that excludes proportionality (R3).

Falsi�able corollary. A robust proportional lawK ∝ Keff would refute the re�nement
placement of e�ective complexity; conversely, a robust additive decomposition of the
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Shannon�Boltzmann pair (rather than the proportionality of R1) would indicate they
are not related by a rescaling after all. The morphism type and the relation form are
tied, and each can falsify the other.

8.7 The re�ned clause (ii) and what remains conjectural

The three rigidity theorems convert clause (ii) of Theorem 4.1 from a slogan into a
proved correspondence over the relations actually at issue.

Theorem 8.12 (Re�ned inducedness). Each of the three robust cross-axis relations
established in Section 7 is induced by exactly one inter-axis morphism type and is rigidly
constrained to the corresponding functional form:

Axis pair Morphism Forced form

channel �macrostate Resc (R1) proportional, S = kBH
channel � description Ker (R2) averaging-equal, exact per unit

description � regularity Ref (R3) additive split, no proportion

Each entry is a theorem (Corollary 8.8, Theorem 8.10, Theorem 8.11); none is an
additional postulate beyond the morphism and the measures' characterizations.

What remains open is no longer whether the relations are induced � they are proved
to be � but whether the morphism typology is complete.

Morphism-Completeness Conjecture. Every robust cross-axis relation
between projection measures of the substrate is induced by a composite of
the three morphism types Resc, Ker, Ref.

This is now a precise and falsi�able statement, in sharp contrast to the slogan it replaces.
It is refuted by exhibiting a single robust cross-axis relation that provably cannot be
obtained as such a composite; it is supported by every case so far examined, in which
the relation is induced by one of the three types alone. We mark the conjecture as
conjecture in the ledger of Section 10, but the content it now carries is the content
clause (ii) was always meant to have.

8.8 Counterarguments and Responses

Objection 1 (the rigidity theorems are repackaged classical results).
Lemma 8.6 is Cauchy's, Theorem 8.10(c) is Brudno's, the decomposition in R3 is
the minimal su�cient statistic. Response. The imported items are the inputs ; the
contribution is the classi�cation of inter-axis morphisms and the demonstration that
each morphism type forces a single relation form, so that the three famous relations
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are not three coincidences but three instances of one structural law. No classical
source states that proportionality, averaging-equality, and additive-decomposition are
the rigidities of rescaling, kernel, and re�nement morphisms over a common domain;
that statement, and its falsi�able completeness conjecture, are the framework's. The
novelty is not a new theorem of information theory but a theorem about information
measures, available only once they are seen as projections.

Objection 2 (the aligned-locus restriction in R1 is a cheat). R1 proves pro-
portionality only on the substructure generated by the uniform family. Response. The
restriction is principled, not evasive. O� the aligned locus the two measures depend
on data their reductions do not share (the full probability vector versus the macrostate
count), and there is then no robust relation to force � which is correct, since thermody-
namic entropy and channel entropy do diverge o� the microcanonical locus. R1 forces
the relation exactly where a robust relation exists and is silent exactly where none does;
the locus marks the boundary of the induced relation rather than a gap in the proof.

Objection 3 (three types look as gerrymandered as the axis list did). Re-
sponse. The three types are not chosen to �t the relations; they are the three structural
possibilities for a map between quotients of a common object � isomorphism, stochas-
tic extension, deterministic coarsening � corresponding to preserving, adding, and re-
moving distinction. Their exhaustiveness as primitive morphisms is a clean structural
claim; what is genuinely open, and �agged as such, is only whether every robust relation
reduces to a composite of them, which is the Morphism-Completeness Conjecture.

8.9 Section Result and Implications

Clause (ii) of the Projection Theorem is now a result, not a slogan. We de�ned the
lattice of reductions and the joint structure, isolated the robust relations as the ones
that express the standing geometry of the axes, classi�ed the inter-axis morphisms
into rescaling, kernel, and re�nement, and proved a rigidity theorem for each: propor-
tionality with unit-ratio slope (R1, forcing S = kBH), averaging equality exact under
normalization (R2, forcing the Zvonkin�Levin/Brudno identity), and additive decompo-
sition without proportionality (R3, forcing the e�ective-complexity dissociation). The
three relations of Section 7 are thereby shown to be the three induced forms, each
rigidly determined by its morphism type. The remaining ambition � that these three
types exhaust the ways a robust relation can arise � is stated as the precise, falsi�able
Morphism-Completeness Conjecture. This is the sense, promised but not delivered in
Section 7, in which the substrate sees the relations among projections that each pro-
jection conceals: it sees them as the rigidities of the morphisms between reductions of
one di�erentiated whole.
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9 Empirical Illustration: The Operational Face of the

Identity E[K] ≃ H

Proposition 7.1 is exact but invokes the uncomputable K. Its operational shadow is
testable with a real compressor used as an upper proxy for K, by the source-coding
theorem: for a stationary source a good lossless compressor approaches the entropy rate,
so the average compressed length per symbol of sequences drawn from a Bernoulli(θ)
source should track the binary entropy H(θ) = −θ log2 θ−(1−θ) log2(1−θ), descending
toward it as the sequence length grows. This is the per-symbol, rate-level face of
the averaging rigidity of Theorem 8.10: under normalization the slack of (6) vanishes
(Brudno's theorem, Eq. (7)), so the description-axis proxy and the channel-axis value
should coincide in the limit.

Figure 1 shows this for a standard general-purpose compressor (bz2) applied to bit-
packed i.i.d. Bernoulli sequences. Panel (a) plots, across the source parameter θ, the
entropy curve (the channel-axis projection) against the average compressed bits per
symbol at n = 106 (the description-axis proxy); the proxy tracks the curve across the
full range. Panel (b) �xes θ = 0.20 (H = 0.7219 bits) and shows the proxy decreasing
from 1.376 bits per symbol at n = 103 toward 0.828 bits per symbol at n = 106 as
the sequence lengthens. The residual o�set of order 0.1 bit is expected and is reported,
not hidden: a general-purpose compressor is an upper bound on K, carries block and
dictionary overhead, and is not an ideal entropy coder; the underlying relation (4)
holds only up to the additive K(p) + O(1), which the proxy realizes as a positive gap.
The point of the �gure is the direction and robustness of the convergence, which is
the operational signature that averaging the description-axis projection over the source
returns the channel-axis projection. The generating code is given in Appendix C.

10 Epistemic Status: Proved, Derived, Conjectured

In the manner of the series, we close the technical development with an explicit ledger.
Three statuses are distinguished. Proved marks results established by theorems im-
ported from the cited literature, whose truth does not depend on IST. Derived marks
the IST identi�cations � that a given measure is the projection of the substrate along
a named axis � which are sound given the imported theorems and the de�nitions of
Section 3. Conjectured marks claims the framework advances but has not established.

Claim Status Rests on

Shannon�Khinchin uniqueness of H Proved Faddeev [6], Khinchin [12]
Invariance theorem for K Proved Kolmogorov [13], Li and

Vitányi [18]∑
x p(x)K(x) = H(p) +O(1) Proved Grünwald and Vitányi [9],

Zvonkin and Levin [26]

continued on next page
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Epistemic-status ledger (continued)

Claim Status Rests on

E�ective-complexity dissociation (low at
both extremes)

Proved Gell-Mann and Lloyd [7,
8]

Per-symbol K → entropy rate (ergodic
sources)

Proved Brudno [4]

Algorithmic minimal su�cient statistic de-
composition

Proved Vereshchagin and Vitányi
[22]

Shannon = channel-axis projection Derived Cor. 5.2
Kolmogorov = description-axis projection Derived Cor. 6.3
Boltzmann�Gibbs = macrostate-axis pro-
jection

Derived Prop. 7.3

Keff= regularity-axis projection of x Derived Prop. 7.2
Rescaling rigidity: Resc ⇒ S = kBH Proved (IST fram-

ing)
Thm. 8.7, Cor. 8.8

Averaging rigidity: Ker ⇒ E[K]
.
=H, exact

per unit
Proved (IST fram-
ing)

Thm. 8.10

Re�nement rigidity: Ref ⇒ split, no pro-
portion

Proved (IST fram-
ing)

Thm. 8.11

Each �7 relation induced by one morphism
type

Derived Thm. 8.12

Landauer bound located on a cost axis Derived (located) �7.4
Bateson �di�erence� on a receiver axis Located only �7.4
Regular facet = algorithmic minimal su�-
cient statistic exactly

Conjectured open in cited literature

The axis family A is complete / canonical Conjectured �4.3
Morphism typology is complete (every ro-
bust relation a composite)

Conjectured (falsi-
�able)

�8.7

The ledger is the article's guard against the manifesto register. The load-bearing deriva-
tions � Shannon and Kolmogorov as projections � are sound, and the inducedness
of each cross-axis relation of Section 7 is now proved by the rigidity theorems of Sec-
tion 8 rather than asserted. What remains conjectural has correspondingly narrowed:
not whether the relations are induced, but whether the axis family and the morphism
typology are complete. Both residual conjectures are precise and falsi�able, and neither
is asserted as established.

11 Discussion

The result of this article is narrow by design and consequential in proportion. It does
not announce a new ontology, place information among the fundamental constituents,
or rank the substrate with the programs of Wheeler [25] and his successors. It makes
the smaller claim that the recognized measures of information are projections of one
structure along di�erent axes, and it backs the claim by deriving the two principal mea-
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Figure 1: The operational face of Proposition 7.1. (a) The Shannon entropy H(θ)
(channel-axis projection, solid) and the average compressed bits per symbol (a com-
putable upper proxy for the description-axis projection K, points) coincide across the
source parameter θ at n = 106. (b) At �xed θ = 0.20 the proxy descends toward
H(θ) = 0.7219 bits as the sequence length n increases. The residual gap is the compres-
sor's overhead and the additive constant of (4), and is reported rather than suppressed.
Values are illustrative of the trend, not a precise estimate of K, which is uncomputable.

sures from explicit reductions using characterization theorems that long predate the
framework. The payo� is the predictive content of the Projection Theorem's second
clause, which Section 8 discharges in full: relations among the measures that each mea-
sure, taken as primitive, can only record as brute fact become, on the substrate reading,
the rigidities of the morphisms between reductions of one di�erentiated whole. We did
not merely indicate that the three relations are induced; we proved it, classifying the
inter-axis morphisms into rescaling, kernel, and re�nement, and showing that each type
forces a single functional form � proportionality S = kBH, averaging-equality exact
under normalization, and additive decomposition without proportionality, respectively.
This also answers the natural worry that IST merely repackages imported uniqueness
theorems. The characterization theorems of Khinchin, Kolmogorov, and Brudno are in-
puts; the theorem that proportionality, averaging-equality, and additive-decomposition
are the rigidities of three structural morphism types over a common domain � and the
falsi�able conjecture that these three exhaust the robust relations � are statements
about information measures that only the substrate picture makes available, and that
no projection-level theory can formulate.

The reading also clari�es a tension that has accompanied the series. The prior volumes
argued that information is a spectator-relative, dimensionless, and multiply de�ned
word that should not be admitted as a fundamental physical concept, and recommended
constraint in its place. The present volume is titled for information. There is no reversal.
IST does not promote information to a fundamental concept; it identi�es information
with di�erentiatedness, which is not a thing the world contains but a feature it cannot
lack, and then shows that every quantitative notion of information is a projection
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requiring a prior choice of axis � the very spectator-relativity the earlier volumes
�agged, now exhibited as the choice of ρα. The dimensionality of thermodynamic
entropy is isolated as an external bridge (λ = kB), con�rming rather than contradicting
the claim that the bits themselves are dimensionless. The volume thus continues the
discipline of the series: it says less than the manifesto and proves what it says.

11.1 Limitations

Four limitations are material. First, the axis family A is not shown to be complete or
canonical; the framework would be strengthened by an independent principle generating
the axes rather than a curated list, and weakened by the discovery of a bona �de
measure �tting no axis. Second, the regularity-axis identi�cation inherits the unresolved
de�nitional questions of e�ective complexity, and is conditional on their resolution.
Third, the central theorem is a schema whose content is its instances; it is not a closed-
form law, and readers seeking a single generating equation will �nd the structural
uni�cation less satisfying than a formulaic one � though we have argued the structural
form is the honest one. Fourth, the empirical illustration of Section 9 uses a computable
compressor as a proxy for an uncomputable quantity, and exhibits a trend rather than a
precise estimate; it corroborates the direction of Proposition 7.1 but cannot, in principle,
measure K itself.

11.2 Future Directions

Three directions follow. The �rst is the search for an axis-generating principle: if the
admissible reductions of a di�erentiation structure can be classi�ed intrinsically (for
instance, by the algebraic type of the equivalence the reduction respects), the axis-
completeness conjecture in the ledger would become a theorem or be refuted. The
second is the analogous question one level up, now that the induced-relations claim
has been made precise and proved in the three cases at hand (Section 8): to settle
the Morphism-Completeness Conjecture by either deriving the three morphism types
� rescaling, kernel, re�nement � as the exhaustive primitive maps between quotients
of a common object, or exhibiting a robust cross-axis relation induced by none of their
composites. This would convert the last remaining slogan of clause (ii) into a theorem.
The third is the worked case promised to Article 9: the thermodynamic projection
applied to a physical dataset, where the cosmic-web analysis of DESI DR1 furnishes
a concrete instance of mistaking a projection (the thermodynamic-cost axis) for the
substrate, and where the apparatus of the present article supplies the diagnosis. These
directions are pursued in the later articles of the volume; the present article supplies
the foundation on which they stand.

30 74



Prepared for submission to Foundations of Physics

Acknowledgments

The author thanks colleagues of the Information Physics Institute and the Institute of
Integrative and Interdisciplinary Research for sustained discussion of the foundations
of the series.

3175



Prepared for submission to Foundations of Physics

References

[1] J. Aczél and Z. Daróczy. On Measures of Information and Their Characterizations.
Academic Press, New York, 1975.

[2] G. Bateson. Steps to an Ecology of Mind. Chandler Publishing, San Francisco,
1972.

[3] C. H. Bennett. The thermodynamics of computation�a review. International
Journal of Theoretical Physics, 21(12):905�940, 1982.

[4] A. A. Brudno. Entropy and the complexity of the trajectories of a dynamical
system. Transactions of the Moscow Mathematical Society, 44:127�151, 1983.

[5] G. J. Chaitin. On the length of programs for computing �nite binary sequences.
Journal of the ACM, 16(3):407�422, 1969.

[6] D. K. Faddeev. On the concept of entropy of a �nite probabilistic scheme. Uspekhi
Matematicheskikh Nauk, 11(1):227�231, 1956.

[7] M. Gell-Mann and S. Lloyd. Information measures, e�ective complexity, and total
information. Complexity, 2(1):44�52, 1996.

[8] M. Gell-Mann and S. Lloyd. E�ective complexity. In M. Gell-Mann and C. Tsal-
lis, editors, Nonextensive Entropy: Interdisciplinary Applications, pages 387�398.
Oxford University Press, 2004.

[9] P. Grünwald and P. Vitányi. Algorithmic information theory. In P. Adriaans and
J. van Benthem, editors, Philosophy of Information, pages 281�320. North-Holland,
Amsterdam, 2008.

[10] E. T. Jaynes. Information theory and statistical mechanics. Physical Review,
106(4):620�630, 1957.

[11] E. T. Jaynes. Information theory and statistical mechanics. II. Physical Review,
108(2):171�190, 1957.

[12] A. I. Khinchin. Mathematical Foundations of Information Theory. Dover Publica-
tions, New York, 1957.

[13] A. N. Kolmogorov. Three approaches to the quantitative de�nition of information.
Problems of Information Transmission, 1(1):1�7, 1965.

[14] B. Kriger. Di�erentiation as the ontological condition of actualization. Zenodo,
2026. doi:10.5281/zenodo.18268520.

[15] B. Kriger. Testing nothingness and evaluating the inevitability of life: a
deductive chain from being to persistence, intelligence, and the limits of in-
quiry. Institute of Integrative and Interdisciplinary Research. Zenodo, 2026.
doi:10.5281/zenodo.18764754.

[16] B. Kriger. Structural Persistence and Coherence Analysis: A Topological�
Dissipative Method Across Physical Scales. Monograph series, Volume VI. Zenodo,
2026. doi:10.5281/zenodo.20455316.

[17] R. Landauer. Irreversibility and heat generation in the computing process. IBM
Journal of Research and Development, 5(3):183�191, 1961.

[18] M. Li and P. Vitányi. An Introduction to Kolmogorov Complexity and Its Appli-

32 76

https://doi.org/10.5281/zenodo.18268520
https://doi.org/10.5281/zenodo.18764754
https://doi.org/10.5281/zenodo.20455316


Prepared for submission to Foundations of Physics

cations. Springer, 4th edition, 2019.

[19] C. E. Shannon. A mathematical theory of communication. Bell System Technical
Journal, 27(3):379�423, 1948.

[20] R. J. Solomono�. A formal theory of inductive inference. Part I. Information and
Control, 7(1):1�22, 1964.

[21] G. Spencer-Brown. Laws of Form. Allen & Unwin, London, 1969.

[22] N. K. Vereshchagin and P. M. B. Vitányi. Kolmogorov's structure functions and
model selection. IEEE Transactions on Information Theory, 50(12):3265�3290,
2004.

[23] M. M. Vopson. The mass-energy-information equivalence principle. AIP Advances,
9(9):095206, 2019.

[24] M. M. Vopson. The second law of infodynamics and its implications for the simu-
lated universe hypothesis. AIP Advances, 12(7):075310, 2022.

[25] J. A. Wheeler. Information, physics, quantum: the search for links. In W. H.
Zurek, editor, Complexity, Entropy, and the Physics of Information, pages 3�28.
Addison-Wesley, 1990.

[26] A. K. Zvonkin and L. A. Levin. The complexity of �nite objects and the devel-
opment of the concepts of information and randomness by means of the theory of
algorithms. Russian Mathematical Surveys, 25(6):83�124, 1970.

3377



Prepared for submission to Foundations of Physics

A Proof of the Shannon�Khinchin Uniqueness Theo-

rem

We recall the classical argument �xing (2); full treatments are in Khinchin [12] and
Aczél and Daróczy [1]. Write A(m) = Hm(um) for the value on the uniform vector
of size m. Applying the grouping axiom (K4) repeatedly to decompose a uniform
distribution on mn outcomes into m groups of n uniform outcomes gives the functional
equation

A(mn) = A(m) + A(n).

By (K2) the value A(m) is non-decreasing in m (a uniform distribution on more out-
comes is at least as di�erentiated), and continuity (K1) extends the Cauchy-type equa-
tion to its only non-decreasing solutions, A(m) = λ logm with λ > 0. For a rational
distribution pi = ki/N with

∑
i ki = N , group N uniform outcomes into m groups of

sizes ki; (K4) gives

A(N) = Hm(p) +
m∑
i=1

pi A(ki),

whence

Hm(p) = λ logN − λ
∑
i

pi log ki = −λ
∑
i

pi log
ki
N

= −λ
∑
i

pi log pi.

Continuity (K1) extends the identity from rational to all p, and expansibility (K3)
guarantees consistency under adjoining zero-probability outcomes. This is (2); the
constant λ (equivalently the logarithm base) is the unit and is the native indeterminacy
of the channel axis. □

B Proof Sketch of Proposition 7.1

Lower bound. The pre�x Kolmogorov complexity satis�es the Kraft inequality∑
x 2

−K(x) ≤ 1, so 2−K(·) is (up to normalization) a sub-probability and, being lower-
semicomputable and dominating every computable measure up to a multiplicative
constant, gives K(x) ≤ − log p(x) + K(p) + O(1); taking expectations under p and
using

∑
x−p(x) log p(x) = H(p) yields

∑
x p(x)K(x) ≤ H(p) + K(p) + O(1). Upper

bound for the other side of (4). The Shannon�Fano�Elias code for p assigns x a
codeword of length ⌈− log p(x)⌉ + 1; since this code is itself a program of length
K(p) + O(1), no shorter description can have smaller expected length than H(p),
giving

∑
x p(x)K(x) ≥ H(p)−O(1). Combining,

∣∣∑
x p(x)K(x)−H(p)

∣∣ ≤ K(p)+O(1).
Full detail, including the pre�x-freeness bookkeeping, is in Li and Vitányi [18], �8, and
Grünwald and Vitányi [9]. □
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C Code for Figure 1

The following Python script generates Figure 1. It uses a real lossless compressor (bz2)
on bit-packed i.i.d. Bernoulli sequences as a computable upper proxy for Kolmogorov
complexity, and compares the average compressed length per symbol with the binary
Shannon entropy.

import bz2

import numpy as np

rng = np.random.default_rng(20260530)

def binary_entropy(theta):

t = np.clip(theta, 1e-12, 1 - 1e-12)

return -(t*np.log2(t) + (1-t)*np.log2(1-t))

def packed_bits(bits):

pad = (-len(bits)) % 8

if pad:

bits = np.concatenate([bits, np.zeros(pad, dtype=np.uint8)])

return np.packbits(bits).tobytes()

def bits_per_symbol(theta, n, reps=1):

vals = []

for _ in range(reps):

bits = (rng.random(n) < theta).astype(np.uint8)

comp = bz2.compress(packed_bits(bits), 9)

vals.append(8.0 * len(comp) / n)

return float(np.mean(vals))

# Panel (a): bits/symbol vs theta at n = 1e6

thetas = np.linspace(0.02, 0.5, 13)

proxy_a = [bits_per_symbol(t, 1_000_000, reps=2) for t in thetas]

# Panel (b): convergence vs n at theta = 0.20

theta_b = 0.20

ns = [1_000, 3_000, 10_000, 30_000, 100_000, 300_000, 1_000_000]

proxy_b = [bits_per_symbol(theta_b, n, reps=4) for n in ns]

H_b = binary_entropy(theta_b) # = 0.7219 bits

3579



The Categorial Boundary:

On Predicates That Do Not Cross the Block

The boundary of the describable as the boundary of predicate

applicability, and the discipline of an apophasis without negation

Boris Kriger1,2

1 Information Physics Institute
boris.kriger@informationphysicsinstitute.net

2 Institute of Integrative and Interdisciplinary Research, Toronto
boriskriger@interdisciplinary-institute.org

ORCID: https://orcid.org/0009-0001-0034-2903

The Information Substrate Theory (IST) � Volume VII, Article 4
Part I: The Substrate � foundations of the volume

https://orcid.org/0009-0001-0034-2903


Prepared for submission to Foundations of Physics

Abstract

The preceding articles of this volume hold that within the describable the universe
is a completed, invariant structure � a block � and that beyond the describable
the theory is silent, silent not only of entities but of categories. This article
makes that boundary precise and shows what kind of limit it is. It is not a wall
in space with a further region behind it, nor a horizon of present ignorance, nor a
mystical threshold guarding an ine�able ground. It is the boundary of predicate
applicability: every predicate we possess � temporal, causal, metric, and, we
argue, existential � is de�ned on a projection of the substrate, and there is no
predicate whose domain is �the beyond,� because a domain is a projection and the
beyond is, by construction, not one. Questions of the form �what is before, outside,
or beyond the block, and what caused it� apply an axis-bound predicate to an
argument outside its domain; they are ill-typed, not false, and to decline them
is type-correction, which is distinct both from denial and from agnosticism. We
turn the discipline on the article's own vocabulary: �completed� and �invariant�
are themselves time-facet predicates and apply to the substrate only by courtesy,
the substrate being strictly a-temporal rather than unchanging. We show why
the beyond cannot be furnished with a simulator, a creator, or a multiverse �
positing an existent beyond the block predicates existence outside its domain �
and we are careful that even the apophasis avoids negation: the thesis is not that
nothing lies beyond but that �beyond� is not a domain over which something and
nothing range. We distinguish the position sharply from negative theology, locate
Parmenides, Kant, Wittgenstein, Carnap, and the relativistic block universe as
partial apprehensions of it, and mark what is here established as categorial fact
and what is imported.

Keywords: categorial boundary; block universe; apophasis; predicate applicability;
category error; internal and external questions; eternalism; foundations of physics; phi-
losophy of information.
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1 Introduction

A foundational theory must say where it stops, and the saying is itself a test of the
theory's discipline. A theory that stops by positing a �nal entity � a �rst cause, a
ground of being, a containing void � has not stopped at all but has taken one more
step and called it the last. A theory that stops by professing ignorance � �beyond this
we cannot know� � has left a well-formed question standing with its answer withheld,
and invites the perpetual return of the question. The Information Substrate Theory
stops in neither way. It stops at a boundary that is not a frontier between two regions
but the edge of the applicability of its predicates, and it holds that the questions which
seem to point past the boundary are not unanswered but ill-formed.

The thesis was stated in the opening article and relied upon in the second [5, 6]: within
the describable, the universe is a completed, invariant structure � a block whose change
lives on its time-facet without the whole being in time � and beyond the describable
the theory is silent of categories, the boundary of the describable being the boundary
of predicate applicability. The present article is devoted to that boundary. It asks, and
answers, what kind of limit it is; it shows why it forbids furnishing the beyond with
any entity; and it disciplines, with some care, the very words � �block,� �completed,�
�invariant� � in which the thesis is naturally expressed, for those words are themselves
drawn from a facet and must be applied to the whole only by courtesy.

The di�culty of the topic is that it is easy to violate the boundary in the act of
describing it. To say �there is nothing beyond the block� is already to have furnished
the beyond with an absence, predicating non-existence of a region one has thereby
treated as a possible bearer of existence. To say �the beyond is unknowable� is to
have classi�ed it as a knowable-in-principle whose knowledge we lack. The disciplined
statement is harder and stranger: that �beyond� is not a domain over which �something�
and �nothing,� �knowable� and �unknowable� range at all � that the locative �beyond
the block� fails to denote, not because its referent is hidden but because the predicates
that would �x a referent are facets of the block and have no application outside it.
Making this precise, and keeping it precise even in its own statement, is the work of
the article.

We proceed by �xing the block and disciplining its description (Section 3), stating the
categorial boundary and the distinction between the ill-typed, the false, and the open
(Section 4), showing why the beyond cannot be furnished and how this di�ers from
negative theology (Section 5), and locating the predecessors who apprehended part of
the position (Section 6). Throughout, the discipline is the one the volume requires: to
say less, and to keep the saying well-formed.

2 Logical Structure of the Argument

The argument �xes an object, draws a boundary, derives a prohibition, and locates its
ancestry.
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Step 1 (Section 3): The block, and its self-discipline.
We �x the block as the di�erentiated whole available to predication, and show that
the predicates by which we naturally describe it as �completed� and �invariant�
are time-facet predicates that apply to it only by courtesy (Proposition 3.2). The
substrate is strictly a-temporal, neither complete-at-a-time nor changing.

Step 2 (Section 4): The categorial boundary.
Every predicate we possess is de�ned on a projection (Proposition 4.2); the bound-
ary of the describable is therefore the boundary of predicate applicability (Propo-
sition 4.3). A question that applies an axis-bound predicate beyond its domain
is ill-typed, which is distinct both from being false and from being open (Proposi-
tion 4.4).

Step 3 (Section 5): Why we do not furnish the beyond.
Existence-predication is internal to the block (Proposition 5.1); positing a simulator,
creator, or multiverse beyond it predicates existence outside its domain and is ill-
typed. The apophasis is itself stated without negation (Proposition 5.2), and is
distinguished from negative theology (Remark 5.3).

Step 4 (Section 6): Locating the predecessors.
Parmenides, Kant, Wittgenstein, Carnap, and the relativistic block universe are
placed as partial apprehensions of the categorial boundary, each generously and
each with its over-reading marked.

Step 5 (Section 7): Epistemic status.
An explicit ledger separates what is here established as categorial fact, what is
imported, and what is deferred.

The dependencies are linear: Step 2 presupposes the substrate�projection apparatus
of Step 1 and of Article 1; Step 3 applies Step 2 to the existence-predicate; Steps 4�5
locate and audit. The thesis advanced by the totality is that the limit of the theory is
a categorial limit, internal to the structure of predication, and that respecting it is a
matter of type-correctness rather than of modesty or of reverence.

3 The Block and Its Self-Discipline

3.1 What the block is

We �x the object whose boundary is at issue.

De�nition 3.1 (The describable and the block). The describable is the totality of
what can be predicated by means of the axes of the substrate: the projections Sα

and the composites built from them. The block is the substrate S together with all
its projections � the di�erentiated whole as available to predication. Within the
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block, change is real on the time-facet Sαt , and the physics of process proceeds there
untouched.

The block is realist. Its di�erentiatedness does not depend on being projected, and the
projection measures report facts about its facets rather than artifacts of the reporting;
this realism was �xed in the opening article and is presupposed here [5]. The block is
also, in the loose and natural way of speaking, completed and invariant : it is not a
thing still in the making, and it does not, as a whole, change. But �completed� and
�invariant� are exactly the kind of words this article must handle with care, and we
handle them at once, for if we do not discipline our own description we shall have
violated the boundary before reaching it.

3.2 �Completed� and �invariant� hold only by courtesy

Proposition 3.2 (Self-discipline of the descriptive vocabulary). �Completed� (not still
becoming across time) and �invariant� (constant across time) are time-facet predicates:
their evaluation requires the time-coordinate. By the categorial inapplicability of tempo-
ral predicates to the substrate, established in Article 1, they do not strictly apply to the
block-as-substrate. They describe the block faithfully only from within the time-facet,
where change is real and the whole that contains it does not itself change. Strictly, the
substrate is a-temporal: neither complete-at-a-time nor changing, since both predicates
require a time the substrate is not in.

Proof. �Completed� contrasts a �nished state with an earlier un�nished one and so in-
dexes times; �invariant� asserts equality of a quantity across times; both take arguments
in the time-projection Sαt . The substrate is not in the time-projection but is the un-
reduced structure of which it is one facet [5]; applying a time-indexed predicate to it is
ill-typed. Hence the words apply to the substrate not literally but by courtesy � as the
best the time-bound describer can do � while strictly the substrate is a-temporal.

This is not a quibble but the method of the article in miniature, applied �rst to itself.
We will go on speaking of �the block,� of its �completeness� and �invariance,� because
the time-bound describer has no better words; but the reader should hear these words
throughout as courtesies extended from within the time-facet, not as literal temporal
predications of a timeless whole. The same caution attaches to the spatial metaphor in
�block� and to the locative in �boundary�: they are facet-drawn �gures for a structure
that is not literally a solid in space with an edge. The �gures are serviceable; their
literal reading is the error the article exists to forestall.

3.3 Counterarguments and Responses

Objection 1 (if even �invariant� fails to apply, the block is being described in
self-undermining terms). Response. It is being described in acknowledged courtesy
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terms, which is not self-undermining but candid. A time-bound describer must use
time-facet words; the discipline is not to abandon them � there are no others � but
to �ag their status, so that they are not pressed into literal claims about the substrate.
A description that marks its own �gurative reach is more rigorous than one that does
not, not less.

Objection 2 (this reduces to the trivial point that the substrate is outside
time, already made in Article 1). Response. It extends that point in a way
the article needs: it shows that the vocabulary of the boundary itself � �completed,�
�invariant,� �block,� �beyond� � is facet-drawn, and therefore that stating the boundary
correctly requires constant courtesy-marking. Article 1 established the timelessness of
the substrate; the present proposition turns that result on the act of description, which
is what makes a disciplined statement of the boundary possible at all.

3.4 Section Result and Implications

We have �xed the block as the di�erentiated whole available to predication (De�ni-
tion 3.1) and shown that the predicates by which we describe it as completed and
invariant apply to it only by courtesy, the substrate being strictly a-temporal (Propo-
sition 3.2). The implication is that the description of the boundary must everywhere
mark the �gurative status of its facet-drawn vocabulary. With the block �xed and our
own words disciplined, we can state the boundary.

4 The Categorial Boundary

4.1 Predicates are projection-internal

De�nition 4.1 (Axis-bound predicate). A predicate P is axis-bound if its domain is
an axis-projection Sα or a composite of such projections: P is meaningfully applied
only to arguments that are elements or tuples of some Sα.

Proposition 4.2 (Every predicate we possess is projection-internal). The predicates
available to a describer � temporal (before, after, during), causal (produces, depends
on), metric (near, far, how much), and the existential (exists, obtains), treated in Sec-
tion 5 � are axis-bound: each is de�ned on a projection of the substrate. None is
de�ned on a region �beyond� the block, because a domain of predication is a projection,
and �beyond the block� is, by construction, not a projection of the block.

Proof. By survey of the kinds. Temporal predicates take arguments in the time-
projection (Article 1); metric predicates take arguments in the relevant geometric pro-
jection; causal predicates relate states across the time-projection and so are likewise
time-indexed; the existential predicate is shown projection-internal in Proposition 5.1.
In each case the domain is a projection Sα. A putative argument �beyond the block�
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is, by De�nition 3.1, not an element of any Sα, since the projections exhaust the de-
scribable; hence no axis-bound predicate has it in its domain, and there is no further,
non-axis-bound predicate available to a describer whose every predicate is drawn from
a facet.

The proposition does not claim that the list of axes is closed or that no further predicate
could ever be introduced; it claims that every predicate we have is projection-internal,
and that any predicate introduced in the future, being a predicate of a describer, would
be de�ned on some projection and so would inherit the same limitation. The boundary
is thus not a contingent gap in our current vocabulary but a structural feature of
predication as such, on the substrate account of it.

4.2 The boundary of the describable is the boundary of predi-

cate applicability

Proposition 4.3 (The categorial boundary). A question of the form �what is P be-
yond / before / outside the block?�, where P is any axis-bound predicate, applies P
to an argument outside its domain. Such a question is ill-typed: it does not express
a proposition with a truth-value. The boundary of the describable coincides with the
boundary of predicate applicability.

Proof. By Proposition 4.2, P is de�ned only on a projection Sα, and �beyond the block�
denotes no element of any Sα. The application P (beyond) is therefore the application
of a function to an argument outside its domain, which is unde�ned; the resulting string
is not a false proposition but a non-proposition. Since this holds for every axis-bound
predicate, and all our predicates are axis-bound, no well-formed proposition concerns
the beyond, and the describable � the range of well-formed predication � terminates
exactly where predicate applicability does.

4.3 Ill-typed, false, and open are three di�erent things

The single most important distinction in this article is the one that keeps the categorial
boundary from collapsing into either denial or agnosticism.

Proposition 4.4 (Ill-typed ̸= false ̸= open). An ill-typed question has no truth-value.
It is therefore not false: falsity is a property of well-formed propositions, and an ill-
typed string expresses none. It is also not open: an open question has a determinate
truth-value that is merely unknown, whereas an ill-typed question has no truth-value
to be known or unknown. To decline an ill-typed question is type-correction, a third
response distinct from both asserting its negation and suspending judgment on it.
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The describable block

substrate
(a-temporal)

time-facet:
before/after

cause-facet:
produces/depends

metric-facet:
near/far/how

much

existence-
facet:

exists/obtains

beyond the block:
not a domain �

no predicate applies
(ill-typed, not false;

not �nothing�)

Figure 1: The boundary as the edge of predicate applicability. Within the block, every
predicate � temporal, causal, metric, existential � is de�ned on a projection (facet)
of the a-temporal substrate. The rectangle's edge is not a wall in space with a region
behind it but the limit beyond which no predicate has a domain. �Beyond the block�
fails to denote: questions that apply a facet-predicate there are ill-typed, not false, and
the disciplined statement is not that nothing lies beyond but that �beyond� is not a
domain over which something and nothing range (Proposition 5.2).

Proof. Falsity, truth, and openness presuppose a proposition: to be false is to be a
proposition that fails to hold; to be open is to be a proposition whose holding is unde-
termined for the inquirer. An ill-typed string, by Proposition 4.3, is not a proposition,
so none of these statuses applies. The appropriate response is neither assertion of a
negation (which would be a further ill-typed string, �P does not hold beyond the block�)
nor suspension of judgment (which presupposes a proposition to suspend judgment on)
but the diagnosis that the string fails to express a proposition � type-correction.

The distinction does real work against two opposite misreadings. Against the read-
ing that IST denies a beyond � asserts that nothing lies beyond the block � the
proposition shows that the denial would itself be ill-typed, predicating non-existence
of a non-domain; IST asserts no such thing. Against the reading that IST is merely
agnostic � that there may be a beyond about which we cannot know � it shows that
agnosticism presupposes a well-formed question whose answer is withheld, which is pre-
cisely what the beyond does not supply. IST is neither denying nor withholding; it is
correcting the type of the question.

4.4 Counterarguments and Responses

Objection 1 (this is veri�cationism in new dress: �what cannot be checked
is meaningless�). Response. It is not veri�cationism, and the di�erence is principled.
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Veri�cationism ties meaning to a method of con�rmation and founders on its own
statement and on well-formed-but-uncon�rmable claims. The present boundary is not
epistemic but categorial: a question past the boundary is ill-typed not because we lack
a method to settle it but because its predicate has no domain there. A claim can be
perfectly unveri�able and yet well-formed, if its predicate has a domain; and a claim can
be ill-typed independently of any method of checking. Meaning here turns on predicate
domains, not on veri�cation.

Objection 2 (declaring questions ill-typed is a convenient way to dodge hard
metaphysics). Response. It would be, if the ill-typing were asserted rather than shown.
The article does not stipulate that boundary-questions are malformed; it derives their
malformedness from the projection-internal character of predicates (Proposition 4.2),
which is in turn grounded in the substrate apparatus of Article 1. A reader who would
resist the conclusion must contest that apparatus, not merely accuse the conclusion
of convenience. The diagnosis is a result, with premises that can be attacked, not a
refusal.

4.5 Section Result and Implications

We have established that every predicate we possess is projection-internal (Proposi-
tion 4.2), that the boundary of the describable is therefore the boundary of predicate
applicability (Proposition 4.3, Figure 1), and that questions past the boundary are
ill-typed � a status distinct from both falsity and openness (Proposition 4.4). The
implication, drawn out next, is that the beyond cannot be furnished with any entity,
because to furnish it would be to predicate existence across the very boundary that
existence-predication does not cross.

5 Why the Beyond Cannot Be Furnished

5.1 Existence-predication is block-internal

The temptation a foundational theory must resist is to take one more step past its
boundary and install an entity there: a �rst cause, a creator, a containing multiverse, a
simulator running the world. The categorial boundary forbids this, and not as a matter
of taste or parsimony but as a matter of type.

Proposition 5.1 (Existence-predication is internal to the block). Within the describ-
able, for a thing to exist is for it to be a di�erentiated part of the block � to �gure
among the con�gurations or projected entities of S. The predicate �exists� is thus de-
�ned on the block; it is axis-bound in the sense of De�nition 4.1, its domain being
the projections that constitute the describable. There is no further, framework-external
sense of �exists� available to a describer. Consequently, to assert that some entity ex-
ists beyond the block is to apply �exists� to an argument outside its domain, which is
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ill-typed.

Proof. On the substrate account, to be is to be di�erentiated (Article 1); to exist, for
a particular, is to be a di�erentiated part of the whole, registered along some axis as a
con�guration or a projected entity. The predicate �exists� therefore has the describable
as its domain. A would-be entity �beyond the block� is, by De�nition 3.1, not a di�er-
entiated part of the block, hence not in the domain of �exists�; predicating existence
of it applies the predicate outside its domain and is ill-typed by Proposition 4.3. No
second sense of �exists,� detached from the block, is available, for any sense a describer
commands is drawn from the projections that constitute the describable.

This is the precise reason the beyond cannot be furnished. A simulator, a creator, a
multiverse beyond the block are all existents posited beyond the block, and the positing
predicates existence across a boundary that existence-predication does not cross. The
prohibition is therefore not the modest �we have no evidence for such entities� nor the
parsimonious �we should not multiply them�; it is the categorial �the assertion that they
exist is ill-typed.� One cannot furnish a region that is not a domain.

5.2 Apophasis without negation

The boundary must be stated without committing, in the statement, the very error it
diagnoses. This requires a discipline �ner than ordinary denial.

Proposition 5.2 (The apophasis is stated without negation). The disciplined state-
ment of the boundary is not �nothing exists beyond the block� but �the question of exis-
tence beyond the block is ill-typed.� The former predicates non-existence of the beyond
and so treats �beyond� as a domain over which existence and its absence range, re-
committing the error of Proposition 5.1. The latter makes no predication of the beyond
at all; it classi�es a string as failing to express a proposition.

Proof. �Nothing exists beyond the block� has the logical form ¬∃x (x is beyond the block),
which quanti�es over a domain �beyond the block� and denies it has members; it
thereby treats the beyond as a domain, contrary to Proposition 4.3. The disciplined
statement instead ascends one level: it does not quantify over the beyond but evaluates
the type of the string �x is beyond the block,� �nding it ill-formed. Ascending from
object-level predication to the typing of the string avoids any predication of the
beyond, which is the only way to state the boundary without crossing it.

The point is delicate and worth dwelling on, because it is where careless apophasis
fails. To say �there is nothing beyond� feels like the maximally modest claim, but it
is in fact a substantive and ill-typed one: it pictures a beyond and reports it empty.
The genuinely modest � and the only well-formed � move is to decline to picture the
beyond at all, by noting that the words purporting to picture it do not, on inspection,
express a proposition. The boundary is held not by asserting the emptiness of the
beyond but by declining the locative �beyond� as non-denoting.

1190



Prepared for submission to Foundations of Physics

5.3 Distinction from negative theology, and the relocation of

the simulator

Remark 5.3 (Not negative theology). Negative theology approaches a real ground
� the divine, the Absolute � by the denial of predicates, holding that the ground
exceeds all of them while nonetheless being, and being the source of, the world. The
present position is its categorial opposite. It does not approach a ground that exceeds
predication; it denies that �beyond the block� names a domain at all, and so denies
that there is a ground-entity behind the block to be approached, whether by negation
or otherwise. The apophasis here is anti-metaphysical, not reverent: it removes the
beyond as a subject of discourse rather than honoring it as an ine�able one. Where
negative theology says �the ground is, but no predicate captures it,� IST says �there is
no well-formed question to which a ground would be the answer.�

Remark 5.4 (Why the simulator must live in the model). The categorial boundary
settles, in advance, the form any defensible version of the simulation hypothesis must
take. A simulator posited outside the block is an existent beyond the block and is
ill-typed by Proposition 5.1; the beyond cannot house it. If the simulation hypothesis
is to be well-formed at all, the simulation must be located within the block, in a model-
building subsystem � which is exactly the relocation that the later articles of this
volume carry out, placing the simulation in the model and not in the world [7]. The
boundary does not refute the simulation hypothesis; it constrains where a coherent
version of it may live, and the only available place is inside the block.

5.4 Counterarguments and Responses

Objection 1 (surely it is coherent to wonder what caused the universe;
physics asks this). Response. Physics asks, and answers, causal questions within
the time-projection: it relates earlier states to later ones, including very early ones.
That inquiry is well-formed and is untouched here. What is ill-typed is the extrapola-
tion of the causal predicate to �the cause of the block as a whole,� which would relate
the whole to something outside the time-projection it constitutes � a causal predica-
tion with no domain for its second argument. The boundary forbids the extrapolation,
not the physics; cosmology within the time-facet is as legitimate as ever.

Objection 2 (declining to furnish the beyond is indistinguishable in practice
from asserting the block is all there is, which is a substantive metaphysical
claim). Response. The two are distinguishable exactly where it matters. �The block
is all there is� quanti�es over a totality and excludes a remainder, predicating non-
existence of the remainder � ill-typed by Proposition 5.2. Declining to furnish the
beyond makes no such quanti�cation; it neither a�rms nor denies a remainder but
classi�es the locative �beyond� as non-denoting. In practice this means IST will not
assert �and there is nothing else,� any more than it asserts �and there is something else�;
it asserts neither, because both are ill-typed.
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5.5 Section Result and Implications

We have shown that existence-predication is internal to the block (Proposition 5.1),
so that furnishing the beyond with any entity � simulator, creator, multiverse � is
ill-typed rather than merely unwarranted; that the boundary must be stated without
negation, on pain of re-committing the error (Proposition 5.2); and that the position is
the categorial opposite of negative theology (Remark 5.3), with the consequence that a
coherent simulation hypothesis must locate its simulation inside the block (Remark 5.4).
The implication is that the theory's refusal to overreach is enforced by its own type-
discipline, not by a policy of restraint. We turn to the predecessors who saw part of
this.

6 Locating the Predecessors

The categorial boundary has a long ancestry, and the stance of this volume is to locate
each ancestor as a partial apprehension rather than to claim novelty against them.
Several saw the boundary clearly in one respect and over-read it in another; the locating
notes both.

Kirk et al. [4] report the argument of Parmenides that what-is is one, ungenerated,
and complete, and that coming-to-be and perishing are names without application
to it. This is an early and remarkable apprehension of the a-temporal whole � of
Proposition 3.2's point that becoming does not apply to the whole. Parmenides over-
read it into the denial of plurality and change altogether; IST keeps change and plurality
where they live, on the facets, and reserves the a-temporality for the whole. The insight
is the timelessness of being-as-a-whole; the over-reading is the erasure of the facets in
which time and multiplicity are real.

Kant [3] diagnosed, in the antinomies of pure reason, that questions such as whether
the world has a beginning in time or a limit in space generate contradiction because
they extend the categories � causality, magnitude � beyond the conditions of their
legitimate use. This is the nearest classical statement of the present boundary: a cate-
gory misapplied beyond its domain yields not a hard truth but a malformed question.
IST's debt to Kant here is direct. The di�erence is that Kant grounds the limit in
the conditions of possible experience, within a transcendental idealism; IST grounds
it in the axis�projection structure of di�erentiatedness, and the block is realist, not a
phenomenon constituted by the knower. The diagnosis of category-misapplication is
shared; its foundation is relocated from the knower to the structure.

Wittgenstein [9] drew the limit at language: the limits of language are the limits of the
world, and whereof one cannot speak, thereof one must be silent. This is the apophatic
insight in its purest modern form, and IST shares its conclusion that the boundary is a
limit of sense rather than a frontier between regions. IST speci�es what the Tractatus
leaves gnomic: the silence is categorial, owed to the projection-internal character of
predicates, and its discipline is type-correction rather than mystical gesture. Where
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Wittgenstein's silence can read as reverence before the unsayable, IST's is the �at
observation that the unsayable strings are not propositions.

Carnap [1] is the closest methodological ancestor. His distinction between questions
internal to a linguistic framework, which have answers, and external questions about
the framework as a whole, which are pseudo-questions or at most practical, is almost
exactly the present distinction between projection-internal predication and the ill-typed
locative �beyond the block.� IST re�nes Carnap in one respect that matters: where
Carnap grounds the internal/external line in a conventional choice of framework, so that
the line could have been drawn elsewhere, IST grounds it in the substrate�projection
structure, so that the line is not a convention but a categorial fact about predication.
The internal/external distinction is inherited; its status is upgraded from convention
to structure.

Finally, the block universe of relativity � the completed four-dimensional spacetime of
Minkowski [8], and the eternalism Gödel [2] drew from it � is a genuine apprehension
of the block, and a physical one. On the present reading it is the block seen along
the time-facet taken whole: spacetime as a completed four-dimensional structure is
the time-projection rendered total, and it is correctly completed and invariant in the
courtesy-sense of Proposition 3.2. IST locates it as such and adds only that this four-
dimensional block is itself a projection � the time-facet writ large � of the axis-free
substrate, of which it is one rendering among the facets. The relativistic block is the
deepest physical apprehension of the boundary; the substrate block is the structure of
which even it is a facet.

6.1 Counterarguments and Responses

Objection 1 (claiming Kant and Carnap as ancestors while rejecting their
foundations is to take the conclusion and discard the argument). Response.
It is to take a diagnosis and supply it a di�erent foundation, which is a normal and
legitimate move when the diagnosis is sound but its original grounding is contestable.
Kant's diagnosis of category-misapplication and Carnap's internal/external distinction
survive detachment from transcendental idealism and from framework-conventionalism
respectively; IST supplies them the substrate�projection grounding and claims only
that grounding as its own, crediting the diagnoses to their authors.

Objection 2 (the relativistic block is a substantive physical theory, not a
�facet,� and subsuming it understates it). Response. The subsumption under-
states nothing. The four-dimensional block is a�rmed in full as the correct physical
rendering of the time-facet taken whole; calling it the time-facet writ large is not a
demotion but a placement. IST adds a claim � that this block is a projection of
an axis-free substrate � which is contentful and defended elsewhere in the volume
(Article 3); it subtracts nothing from the physics of spacetime.
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6.2 Section Result and Implications

We have located Parmenides, Kant, Wittgenstein, Carnap, and the relativistic block
universe as partial apprehensions of the categorial boundary � the a-temporal whole,
the misapplied category, the limit of sense, the internal/external distinction, and the
completed four-dimensional structure � crediting each insight and marking each over-
reading or relocation. The implication is that the boundary is not an idiosyncrasy of
this volume but a recurring discovery, here given a foundation in the substrate and a
discipline in type-correctness. We close with the ledger.

7 Epistemic Status: Established, Imported, Deferred

In the manner of the series, we close with an explicit ledger. Established (here) marks
the categorial results proved in this article; Established (imported) marks premises and
results taken from prior articles and not re-argued; Located marks the placement of a
predecessor; Deferred marks a claim handled in a named later article.

Claim Status Locus

Temporal predicates inapplicable to substrate Established (imported) Kriger [5]
Substrate�projection apparatus; realism of the
block

Established (imported) Kriger [5]

�Completed,� �invariant� hold only by courtesy Established (here) Prop. 3.2
Every predicate we possess is projection-
internal

Established (here) Prop. 4.2

Boundary of describable = boundary of predi-
cate applicability

Established (here) Prop. 4.3

Ill-typed ̸= false ̸= open Established (here) Prop. 4.4
Existence-predication is block-internal Established (here) Prop. 5.1
The beyond cannot be furnished (ill-typed, not
unwarranted)

Established (here) Prop. 5.1

Apophasis stated without negation Established (here) Prop. 5.2
Position is not negative theology Established (here) Rem. 5.3
Predecessors (Parmenides, Kant, Wittgenstein,
Carnap, block)

Located �6

A coherent simulation lives in the model, not
the beyond

Deferred Article 13

Known measures descend from the substrate Imported / deferred Article 3

The ledger marks the article's discipline. It proves categorial facts � that predicates are
projection-internal, that the boundary is the boundary of their applicability, that the
beyond cannot be furnished, and that the apophasis must be stated without negation.
It imports the timelessness and realism of the substrate from Article 1. It locates its
ancestors. And it defers to the later articles the positive relocation of the simulation
into the model, which the boundary makes not optional but required.
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8 Discussion

The result of this article is a clari�cation of the theory's own limit. The boundary at
which the Information Substrate Theory stops is not a frontier with a region behind it,
not a horizon of present ignorance, and not a mystical threshold; it is the boundary of
predicate applicability, �xed by the projection-internal character of every predicate a
describer commands. Questions that seem to point past it � what is before, outside,
or beyond the block, and what caused it � are ill-typed, a status the article is at pains
to distinguish from both falsity and openness. The beyond cannot be furnished with
a simulator, a creator, or a multiverse, because to furnish it would be to predicate
existence across the boundary that existence-predication does not cross; and even the
statement of the boundary must avoid negation, since �nothing lies beyond� would itself
treat the beyond as a domain.

It is worth marking the relation between this boundary and the impossibility of nothing
on which the volume's descent began [5]. The two are di�erent and must not be
con�ated. The impossibility of nothing concerns the null state � the absence of all
being � and rules it out as a pseudo-alternative to there being something; it is a modal
claim about a candidate state. The categorial boundary concerns the locative �beyond
the block� and �nds it non-denoting; it is a claim about the type of a string. The
null is a would-be state shown impossible; the beyond is a would-be region shown to
be no region. A reader who runs them together will hear the boundary as the claim
that �there is nothing beyond,� which is exactly the ill-typed negation Proposition 5.2
forbids. The discipline of the volume requires holding the two apart: being cannot fail
to be di�erentiated, and �beyond the di�erentiated whole� does not denote.

The boundary is, �nally, what keeps the substrate honest. A theory that grounds the
world in a substrate is under permanent temptation to let the substrate swell into a
metaphysical entity behind the world � a ground in the theological sense, a thing on
which the block rests. The categorial boundary forecloses the swelling: the substrate is
the axis-free di�erentiatedness of the describable block, and there is, in the strict sense
the article has labored to make precise, no place for it to rest and nothing for it to rest
on, because �place� and �rest on� are facet-predicates with no application beyond the
block. The substrate is not a deeper entity; it is the whole, taken without any axis,
and the boundary is the guarantee that it stays that and does not become a god by
another name.

8.1 Limitations

Three limitations are material. First, the categorial results rest on the projection-
internal character of predicates (Proposition 4.2), which is grounded in the substrate ap-
paratus of Article 1; a reader who rejects that apparatus may grant the internal/external
form of the boundary, after Carnap, while denying its upgrade from convention to cate-
gorial fact. Second, the claim that every predicate a describer commands is projection-
internal is defended by survey and by the structural observation that any new predicate
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would be a describer's predicate and so projection-bound; it is not a closed-form the-
orem, and a predicate genuinely de�ned on no projection, were one exhibited, would
bound the result. Third, the article makes no positive claim whatever about the beyond,
and is therefore, by design, unable to satisfy a reader who wants the boundary either
crossed or declared empty; that dissatisfaction is the intended e�ect of type-correction
and not a defect to be remedied.

8.2 Future Directions

The article's sequels are internal to the volume and to its programme. The positive
relocation of the simulation hypothesis into a model-building subsystem, which the
boundary makes mandatory rather than optional, is carried out in Part III [7]; the
present article supplies the categorial reason the relocation is forced. Beyond the vol-
ume, the open question the boundary bequeaths is whether the projection-internal
character of predicates can be established other than by survey � whether there is
a structural theorem to the e�ect that any predicate de�nable by a subsystem of the
block has a projection for its domain. Such a theorem would convert Proposition 4.2
from a well-supported survey into a result, and with it would harden the categorial
boundary from a disciplined stance into a demonstrated feature of predication on the
substrate. That question is stated here and left to the work that can address it.
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A A Typology of Malformed Boundary-Questions

The diagnoses of this article can be collected as a typology of the questions that appear
to point past the boundary, with the predicate each misapplies and the type-correction
each receives. The table is o�ered not to dismiss the questions � they are natural and
recur � but to make their category explicit, so that the di�erence between an ill-typed
question and an open one is visible at a glance.

Question Predicate misap-

plied

Type-correction

�What was there before the
block?�

temporal (before) �Before� indexes the time-facet; the
block is not in it (Prop. 3.2). Ill-
typed, not open.

�What is outside the block?� metric / locative
(outside)

�Outside� indexes a spatial projec-
tion; �beyond the block� is no element
of any projection (Prop. 4.3). Non-
denoting.

�What caused the block?� causal (produces) Causation relates states across the
time-facet; the whole has no second
argument outside it (Prop. 4.2). Ill-
typed.

�Does anything exist beyond
it?�

existential (exists) �Exists� is block-internal; predicating
it beyond the block applies it outside
its domain (Prop. 5.1). Ill-typed.

�Is there nothing beyond
it?�

existential (negated) Denying existence beyond still treats
�beyond� as a domain (Prop. 5.2).
Equally ill-typed; the apophasis takes
no such form.

�What simulates the block?� existential + causal A simulator beyond the block is an ex-
istent posited beyond it (Prop. 5.1); a
coherent simulation lives in a subsys-
tem (Rem. 5.4).

The typology exhibits the uniform structure of the malformed questions: each takes
a predicate at home on some facet � before, outside, caused, exists � and applies it
to the whole or to a would-be region beyond the whole, where the predicate has no
domain. The correction is in each case the same: not an answer, and not a confession of
ignorance, but the observation that the question fails to express a proposition. The last
two rows are the ones most easily mistaken: �is there nothing beyond?� looks like the
safe, modest question, but it is as ill-typed as its a�rmative twin, and �what simulates
the block?� is well-formed only when its simulator is sought inside the block, never
beyond it.
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Abstract

This article opens the classi�catory part of the volume by locating Shannon's the-
ory of information on the channel axis of the substrate. The Projection Theorem
of Article 3 already derived Shannon entropy as the channel-axis projection, �xed
up to the choice of unit by the Shannon�Khinchin characterization; the present
article develops that placement in full and shows that the entire apparatus of
classical information theory � joint and conditional entropy, mutual information,
relative entropy, channel capacity, and the source and channel coding theorems
� consists of constructs on the channel reduction. The channel reduction retains
the statistics of repetition of distinguished outcomes and discards their identity
and the individual realized on a given draw; Shannon's measure is the registered
di�erentiation per draw of the source so reduced. We exhibit the shape of the
axis: its native indeterminacy is the unit, its composition law is additivity, and
the Rényi and Tsallis families are deformed channel axes that collapse to Shan-
non at their additive point, their relation to Shannon being a relation among
channel reductions in the sense of Article 3. We then dissolve a long debate: the
celebrated observer-dependence of Shannon entropy is not a subjectivity of the
functional but the dependence of the channel reduction on a prior choice of which
outcomes count as distinct; given the reduction, the entropy is objective, and the
spectator is spent in selecting the reduction, not in evaluating the measure. The
data-processing inequality is identi�ed as the channel-axis face of the lossiness of
reduction. Finally we mark what the channel axis cannot see � the relations to
the description and macrostate axes that Article 3 supplies � and locate Shan-
non's theory generously as the complete and correct theory of one facet, not a
rival to be demoted but a projection to be placed.

Keywords: Shannon entropy; channel axis; mutual information; relative entropy;
channel capacity; Rényi and Tsallis entropy; maximum entropy; data-processing in-
equality; foundations of physics.
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1 Introduction

Of all the measures that carry the name of information, Shannon's is the one whose
theory is most complete. Where Kolmogorov complexity is uncomputable and e�ective
complexity de�nitionally contested, Shannon's entropy comes with a settled axiomatic
characterization, a pair of operational coding theorems, and a rich apparatus � con-
ditional entropy, mutual information, relative entropy, channel capacity � that has
organized communication engineering for three quarters of a century [1, 7]. A classi�ca-
tory account of the information measures that did not do justice to the completeness of
Shannon's theory would be worthless. The aim of this article is to do that justice while
making good on the central claim of the volume: that Shannon's theory, complete as
it is, is the complete theory of one facet � the channel axis � and that locating it as
such subtracts nothing from it and adds the relations it cannot, from within, see.

The placement itself is already established. The Projection Theorem of Article 3
[4] derived Shannon entropy as the channel-axis projection of the substrate: the
channel reduction sends the di�erentiated source to a probability vector, and
the Shannon�Khinchin characterization then �xes the only continuous, additive,
re�nement-respecting measure of registered di�erentiation on that vector, up to the
choice of unit. The present article does not re-prove that derivation; it takes it as the
point of departure and develops the channel axis in the detail a dedicated treatment
permits. We ask what the channel reduction retains and discards, exhibit the full
Shannon apparatus as constructs on the reduced object, describe the shape of the axis
� its unit, its composition law, and the deformed families that surround Shannon's
additive point � and then turn to two matters on which the substrate reading makes
a genuine contribution beyond the derivation.

The �rst is a debate as old as the theory: whether Shannon entropy is objective or
observer-relative. The objectivist points to the determinacy of H given a distribution;
the subjectivist, following the maximum-entropy tradition [2], points to the inelim-
inable role of the modeler's choice of variables and constraints. The substrate reading
resolves the dispute by locating the observer precisely: the observer-dependence is the
dependence of the channel reduction on a prior choice of which outcomes count as dis-
tinct and how the source is modeled, and given that reduction the functional H adds no
further observer and is objective. The spectator is spent in choosing the reduction, not
in evaluating the measure. The second contribution is to identify the data-processing
inequality � that processing cannot increase mutual information � as the channel-
axis face of the lossiness of reduction, connecting Shannon's theory to the asymmetric
bridge that the later articles of the volume develop.

We close by marking, without complaint, what the channel axis cannot see. Shannon's
theory is complete within its axis and silent about the relations of the channel projection
to the others � to the description axis of Kolmogorov complexity, to the macrostate
axis of thermodynamic entropy. Those relations are exactly the rigidities the Projection
Theorem supplies, and they are invisible to a theory that takes the channel measure as
primitive. This is the sense in which the substrate frame holds Shannon's theory rather
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than rivals it: it assigns the theory its facet and explains why the facet relates to the
others as it does.

2 Logical Structure of the Argument

The argument places the channel reduction, builds the apparatus on it, describes the
shape of the axis, makes two contributions, and marks the limit.

Step 1 (Section 3): The channel reduction.
We make precise what the channel reduction retains � the statistics of repetition of
distinguished outcomes � and what it discards � the identity of outcomes and the
individual realized on a draw. The source-as-ensemble is the channel projection.

Step 2 (Section 4): The channel-axis apparatus.
Shannon entropy is recalled as the channel-axis projection, unique up to unit (Ar-
ticle 3); we then exhibit joint and conditional entropy, mutual information (Propo-
sition 4.2), relative entropy (Proposition 4.3), capacity, and the coding theorems as
further constructs on the channel reduction.

Step 3 (Section 5): The shape of the axis.
The native indeterminacy is the unit and the composition law is additivity; the
Rényi and Tsallis families are deformed channel axes collapsing to Shannon at the
additive point (Proposition 5.1, Figure 1), their relation to Shannon being induced
in the sense of Article 3.

Step 4 (Section 6): Reduction-relativity.
The observer-dependence of H is the dependence of the channel reduction on a prior
choice (Proposition 6.1); given the reduction, H is objective. The data-processing
inequality is the channel-axis face of the lossiness of reduction (Proposition 6.2).

Step 5 (Section 7): What the channel axis cannot see.
Shannon's theory is complete within its axis and blind to the cross-axis relations
the Projection Theorem supplies; we locate the theory generously as the complete
theory of one facet.

Step 6 (Section 8): Epistemic status.
An explicit ledger separates what is proved here, what is imported, and what is
a�rmed as standard information theory.

The dependencies are linear: Steps 2�4 operate on the reduction of Step 1; Step 5
sets the whole within the cross-axis frame of Article 3. The thesis advanced is that
Shannon's theory is the complete and correct theory of the channel facet, and that
seeing it so locates its observer-relativity, its deformed relatives, and its limits without
diminishing it.
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3 The Channel Reduction

3.1 What the channel reduction retains and discards

We begin from the reduction that de�nes the axis, stated in Article 3 and developed
here.

De�nition 3.1 (Channel reduction). The channel reduction ρch sends the di�erentiated
source S to a �nite probability vector p = (p1, . . . , pm) on its m distinguished outcomes,
retaining how often each outcome is distinguished from the rest under repetition and
discarding everything else. The channel projection Sch is the simplex of �nite probability
vectors.

Two things are discarded by ρch, and naming them �xes the character of the axis.
The �rst is the identity of the outcomes: the channel projection records that there
are m distinguished outcomes with weights p1, . . . , pm, but not which con�guration is
which; relabeling the outcomes leaves the channel projection unchanged, which is why
Shannon entropy is a symmetric function of the pi. The second is the individual realized
on a given draw: the channel projection is a property of the source as a repeatable
ensemble, not of any single emission. These two discardings distinguish the channel
axis sharply from the description axis of Kolmogorov complexity, which retains exactly
the individual that the channel axis discards (Article 3); the two axes are reductions of
the same substrate along orthogonal coordinates, one toward the statistics of repetition,
the other toward the speci�cation of an individual.

3.2 The source as a repeatable ensemble

The channel reduction presupposes that the source is the kind of thing that repeats
� that �how often� has application. This is not a trivial presupposition, and it is the
substantive content of choosing the channel axis. To take the channel reduction is
to treat the di�erentiated source as an ensemble: a population of distinguishable out-
comes whose relative frequencies, in the limit of repetition, are the weights pi. Where
the source genuinely repeats � a transmitter emitting symbols, a physical system sam-
pled many times � the channel reduction is natural and the frequencies are empirical.
Where it does not, the weights are supplied by a model, and the modeler's role, exam-
ined in Section 6, is exactly the supply of the ensemble the channel reduction requires.
Either way, the channel projection is the source-as-ensemble, and the measure built on
it measures a property of the ensemble, never of the substrate behind it (Article 2).

3.3 Counterarguments and Responses

Objection 1 (the channel reduction simply is a probability space; the sub-
strate talk is idle). Response. The probability vector appears only after ρch; it is
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the output of the reduction, not the substrate. The point of locating it as a reduction
is precisely that a di�erent reduction of the same source � the description reduction,
the macrostate reduction � yields an object with no probabilities in it, or di�erent
ones, and that the relations among these reductions are the content of Article 3. The
substrate is what is common to the reductions and is poorer than any of them; the
channel probability space is one of its images.

Objection 2 (discarding outcome identity is a defect, since real channels
care which symbol is which). Response. Real communication systems care about
identity, and they recover it with structure the channel reduction does not by itself
supply � a codebook, a semantics. That recovery is a further construction, and where
it matters it is added explicitly (as in the joint reductions of Section 4). The symmetry
of H under relabeling is not a defect but an exact record of what the bare channel
reduction retains: the statistics of repetition, not the labels.

3.4 Section Result and Implications

We have �xed the channel reduction as the map to the source-as-ensemble, retaining
the statistics of repetition and discarding outcome identity and the individual draw
(De�nition 3.1). The implication is that every quantity built on the channel projection is
a property of an ensemble, symmetric under relabeling and indi�erent to the individual
� a pro�le that the Shannon apparatus exhibits exactly, as we now show.

4 The Channel-Axis Apparatus

4.1 The functional, recalled

The functional native to the channel axis is �xed, up to unit, by characterization. We
recall the result of Article 3 without re-proving it.

Proposition 4.1 (Shannon as channel-axis projection; 4). The unique family of func-
tionals on �nite probability vectors that is continuous, maximal at the uniform vector,
expansible, and additive under re�nement (the Shannon�Khinchin conditions) is

H(p) = −λ

m∑
i=1

pi log pi, λ > 0, (1)

and Shannon information is H ◦ ρch, the channel-axis projection of the substrate, with
λ (equivalently the logarithm base) the native unit of the axis.

The interpretation, established in Article 3 and presupposed here, is that H measures
the registered di�erentiation per draw of the source-as-ensemble: it is large when the
ensemble is richly distinguished (many outcomes of comparable weight) and small when
it is nearly settled (one outcome dominant). Everything that follows is built on this
functional and on the joint and conditional reductions of two or more sources.
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4.2 Joint, conditional, and mutual constructs

Two channel reductions of a joint source S � one to a variable X, one to a variable Y
� yield a joint probability vector p(x, y) and its marginals. The standard constructs
follow.

Proposition 4.2 (Mutual information as cross-reduction shared di�erentiation). For
two channel sub-reductions X, Y of a joint source, the mutual information

I(X;Y ) = H(X) +H(Y )−H(X, Y ) =
∑
x,y

p(x, y) log
p(x, y)

p(x)p(y)
(2)

satis�es I(X;Y ) ≥ 0, with equality i� the two sub-reductions are independent. It is the
registered di�erentiation shared between the two channel projections.

Proof. Non-negativity is the non-negativity of relative entropy (Proposition 4.3) applied
to p(x, y) against p(x)p(y); equality holds i� p(x, y) = p(x)p(y), i.e. independence. The
identity with H(X) +H(Y )−H(X, Y ) is algebraic [1].

On the substrate reading, mutual information is a quantity within the channel axis that
relates two of its sub-reductions: it measures how much the di�erentiation registered by
X overlaps that registered by Y . It is not a cross-axis relation in the sense of Article 3
� both X and Y are channel reductions � but it is the channel axis's own way of
comparing two of its projections, and it is the quantity on which the operational theory
of communication is built.

4.3 Relative entropy as reduction-mismatch

Proposition 4.3 (Relative entropy as the cost of the wrong reduction-reference). For
probability vectors p, q on the same outcomes,

DKL(p ∥ q) =
∑
i

pi log
pi
qi

≥ 0, (3)

with equality i� p = q [5]. It measures the excess channel-axis cost � in bits per draw
� of describing the source p as though its ensemble were q.

Proof. Non-negativity is Gibbs' inequality, a convexity consequence of log [1]; equality
holds i� the distributions coincide. The operational reading as excess code length
follows from the source coding theorem (Section 4.4): coding for q when the source is
p costs H(p) +DKL(p∥q) bits per symbol instead of H(p).

Relative entropy is the channel axis's measure of a mismatch between reductions : q is a
candidate channel reduction (a model of the ensemble) and DKL(p∥q) is the penalty, in
the axis's own units, for using it when the true ensemble is p. This makes it the natural
channel-axis instrument for the modeler's situation of Section 6, where the reduction
is supplied rather than read o�.
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4.4 Capacity and the operational theorems

The operational heart of Shannon's theory is two theorems, which we state as the
content that makes the channel axis a theory of communication and not merely of a
functional.

The source coding theorem states that the source-as-ensemble can be encoded, with
vanishing error, at an average rate approaching H bits per symbol and no lower; this is
the operational meaning of the entropy as the registered di�erentiation per draw. The
channel coding theorem states that information can be transmitted reliably over a noisy
channel at any rate below the capacity

C = max
p(x)

I(X;Y ), (4)

the maximum mutual information over input distributions, and not above it [1, 7]. Both
theorems are statements about what the channel reduction permits: the �rst about
how far the source-as-ensemble can be compressed, the second about how much shared
di�erentiation can be forced through a noisy reduction. On the substrate reading they
are the operational characterization of the channel axis, and they make no reference to,
and need none of, the other axes.

4.5 Counterarguments and Responses

Objection 1 (mutual information is surely a cross-axis relation, since it re-
lates two variables). Response. It relates two channel reductions, X and Y , both
of which live on the channel axis; it is a comparison internal to the axis, not a relation
between the channel axis and another axis such as the description or macrostate axis.
The cross-axis relations of Article 3 relate H to K or to S; mutual information relates
H(X) to H(Y ). The distinction matters because the rigidity theorems of Article 3
govern the former, while mutual information is governed by the ordinary identities of
the channel axis.

Objection 2 (presenting the coding theorems without proof understates
them). Response. The coding theorems are landmarks and we do not slight them;
we state them as the operational content of the channel axis and refer to the standard
treatments for proof [1], because the article's task is classi�cation, not re-derivation of
established information theory. Their role here is to show that the channel axis carries
not only a functional but a complete operational theory, which is exactly what makes
Shannon's the most developed of the projections.

4.6 Section Result and Implications

We have exhibited the Shannon apparatus � entropy, joint and conditional entropy,
mutual information (Proposition 4.2), relative entropy (Proposition 4.3), capacity, and

10108



Prepared for submission to Foundations of Physics

the coding theorems � as constructs on the channel reduction, all internal to the
channel axis and all indi�erent to the other axes. The implication is that the channel
axis is not a bare functional but a complete operational theory of one facet. We now
describe the shape of that axis: its unit, its composition law, and the family of deformed
axes that surround it.

5 The Shape of the Axis

5.1 Unit and composition law

Two structural features of the channel axis were used in Article 3 and are made explicit
here. The native indeterminacy of the axis is the unit λ of Equation (1), equivalently
the base of the logarithm: bits, nats, or any other choice. No fact about the channel
projection �xes the unit, because the reduction discards the scale along with the labels;
the unit is supplied externally, and its choice is the channel-axis analogue of the choice
of universal machine on the description axis (Article 3). The composition law of the
axis is additivity: for independent sources, H(p ⊗ q) = H(p) + H(q), which is the
content of the grouping axiom in the characterization and the property that singles out
Shannon's functional among its deformed relatives. These two features � a free unit
and an additive composition � are what the rescaling rigidity of Article 3 used to force
the proportionality of thermodynamic to channel entropy, S = kBH, with kB the unit
ratio.

5.2 The deformed channel axes

Shannon's functional is the additive member of a family. Relaxing the additive compo-
sition law while keeping continuity, maximality, and expansibility yields one-parameter
families of channel-type measures, and locating them is part of placing the channel axis.

Proposition 5.1 (Deformed channel axes collapse to Shannon at the additive point).
The Rényi entropy [6]

Hα(p) =
1

1− α
log

∑
i

pαi , α ≥ 0, α ̸= 1, (5)

and the Tsallis entropy [8] Sq(p) =
1

q−1

(
1−

∑
i p

q
i

)
each de�ne a one-parameter family

of channel-type measures with a deformed composition law, and each recovers Shannon's
H in the additive limit: Hα → H as α → 1 and Sq → H (in nats) as q → 1. The
Rényi family is non-increasing in α, with H0 = logm the Hartley (maximum) entropy
and H∞ = − logmaxi pi the min-entropy.

Proof. The limits are standard: applying l'Hôpital's rule to (5) as α → 1 gives
−
∑

i pi log pi, and likewise for Sq as q → 1 [6, 8]. Monotonicity of Hα in α and
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The deformed channel axes: the Rényi family and the Shannon point
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near-uniform source p = (. 28, . 26, . 24, . 22)

Figure 1: The deformed channel axes. The Rényi family Hα(p) for two sources, as
a function of the order α. Shannon entropy sits at the additive point α = 1 (black
dots), where the deformed composition law becomes additive; the Hartley maximum
H0 = log2 4 = 2 bits is shared by all four-outcome sources, and the family decreases
monotonically toward the min-entropy as α → ∞. The one-parameter family is a
family of channel reductions whose composition law is deformed away from additivity,
all collapsing to Shannon's reduction at α = 1; their relation to Shannon is a relation
among channel reductions, induced in the sense of Article 3.

the endpoint values H0, H∞ are elementary properties of (5). The deformed com-
position laws � additive for Rényi of independent sources, q-additive for Tsallis �
replace the Shannon grouping axiom, which is what removes these families from the
characterization of Proposition 4.1 and leaves Shannon as the additive member.

On the substrate reading, the deformed families are not rivals to Shannon's measure
but neighboring channel axes : each takes the same channel reduction � the source-as-
ensemble � but measures its registered di�erentiation under a deformed composition
law. Article 3's clause (ii) anticipated exactly this: the convergence of the Rényi family
to Shannon as α → 1 is a relation among channel reductions, the one-parameter family
collapsing to the additive point, and so is induced rather than coincidental. Where
a deformed measure is the natural one � as the Tsallis entropy is for certain long-
range-correlated systems � the substrate frame locates it as the channel axis under
a non-additive composition, neither privileging nor demoting it relative to Shannon's
additive member.
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5.3 Counterarguments and Responses

Objection 1 (if the deformed families are equally good channel measures,
the characterization of Shannon is arbitrary). Response. It is not arbitrary;
it is conditional on the composition law. Shannon's functional is the unique channel
measure that is additive under independent composition; the deformed families are the
unique channel measures under their respective deformed laws. The characterization
selects Shannon once additivity is �xed, and the choice of additivity is the choice of
the additive channel axis among the family. Article 3's rescaling rigidity shows why
the additive axis is the one that relates by proportionality to the macrostate axis; the
deformed axes relate di�erently, which is itself informative.

Objection 2 (Tsallis entropy is controversial in physics; endorsing it over-
reaches). Response. We endorse nothing about the physical domains in which a
deformed entropy is appropriate; that is an empirical question outside this article. We
claim only the structural fact that the deformed families are channel-type measures with
non-additive composition laws collapsing to Shannon at the additive point. Where they
are physically apt and where they are not is for the physics of the system to decide; the
substrate frame locates them structurally without adjudicating their domains.

5.4 Section Result and Implications

We have exhibited the shape of the channel axis: its native indeterminacy is the unit, its
composition law is additivity, and the Rényi and Tsallis families are deformed channel
axes collapsing to Shannon's additive member (Proposition 5.1, Figure 1), with their
convergence to Shannon induced in the sense of Article 3. The implication is that
Shannon's measure occupies a distinguished � the additive � point on a family of
channel measures, and that its distinction is structural, not arbitrary. We turn to the
role of the observer.

6 Reduction-Relativity

6.1 Observer-relativity is reduction-relativity

The longest-running dispute about Shannon entropy is whether it is an objective prop-
erty of a system or a subjective measure of an observer's ignorance. The substrate
reading dissolves the dispute by locating the observer exactly.

Proposition 6.1 (The observer-dependence of H is the reduction-dependence of ρch).
The value of H ◦ ρch depends on the observer only through the channel reduction ρch:
the prior choice of which con�gurations count as the distinguished outcomes and what
weights the source-as-ensemble carries. Given ρch � given the partition and the dis-
tribution � the functional H is determined and contains no further observer. The
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spectator is spent in selecting the reduction, not in evaluating the measure.

Proof. H ◦ ρch(S) is the composition of a �xed functional H (Proposition 4.1) with
the reduction ρch. Any dependence on the observer must enter through one of the two
factors. The functional H is �xed up to the unit by characterization and admits no
observer parameter; hence all observer-dependence enters through ρch, which encodes
the choice of distinguished outcomes and their weights. Fixing ρch �xes p, and H(p) is
then determined.

This is the resolution. The objectivist is right that H is objective: given the reduction,
the entropy is a determinate number, not a matter of opinion. The subjectivist is right
that a choice is ineliminable: the reduction must be selected, and di�erent reductions
of the same source yield di�erent entropies. Both are right because they are speaking
of di�erent factors of the same composition. The maximum-entropy tradition [2] is
located precisely: choosing the distribution of maximum entropy subject to constraints
is choosing the least committal channel reduction compatible with what one has �xed,
and Jaynes's principle is a principle for selecting the reduction, not for evaluating the
functional. The apparent subjectivity of entropy is the necessity of choosing a reduction;
the objectivity is the determinacy of the functional once the reduction is chosen.

6.2 The data-processing inequality as the lossiness of reduction

A second feature of the channel axis connects it to the asymmetric bridge of the volume.

Proposition 6.2 (Data-processing inequality as reduction-lossiness). If X → Y → Z
is a Markov chain � Z obtained from Y by further processing, independent of X given
Y � then I(X;Z) ≤ I(X;Y ) [1]. Processing cannot increase the shared di�erentiation;
a further reduction can only lose, never create, mutual information.

Proof. Standard: the chain rule for mutual information gives I(X;Y, Z) = I(X;Z) +
I(X;Y | Z) = I(X;Y )+I(X;Z | Y ), and the Markov condition makes I(X;Z | Y ) = 0;
non-negativity of I(X;Y | Z) then yields I(X;Z) ≤ I(X;Y ) [1].

On the substrate reading, the data-processing inequality is the channel-axis face of a
theme that runs through the whole volume: reduction loses. A processing step Y → Z
is a further reduction of the channel projection, and the inequality states that such a
reduction cannot increase the di�erentiation Y shares with X � it can only preserve
or discard it. This is the channel-axis instance of the asymmetry that Part III of the
volume develops into the arrow of time and the incompleteness of measurement: physi-
cal projection loses, and the data-processing inequality is the precise, proved statement
of the loss within the channel axis. The model that would recover what processing
discarded must, as the bridge articles argue, add structure by hypothesis; the channel
axis by itself only records that the loss cannot be undone by further processing.
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6.3 Counterarguments and Responses

Objection 1 (locating the observer in the reduction just relabels the subjec-
tivity, it does not remove it). Response. It does not claim to remove the choice; it
claims to locate it, and the location is the resolution of the dispute, not its evasion. The
dispute was whether H is objective or subjective, and the answer is that it is objective
given the reduction and that the reduction requires a choice � a precise division that
neither disputant had drawn. Relabeling that makes a long-standing dispute dissolve
into two compatible truths is explanatory, not cosmetic.

Objection 2 (the data-processing inequality is elementary; calling it the
�lossiness of reduction� dresses it up). Response. The inequality is elementary,
and we prove it in two lines. What the substrate reading adds is not di�culty but con-
nection: it identi�es the inequality as the channel-axis instance of the lossy-projection
asymmetry that organizes the whole volume, so that the arrow of time (Part III) and
the data-processing inequality are seen as the same asymmetry on di�erent axes. The
value is the uni�cation, not a complication of the proof.

6.4 Section Result and Implications

We have located the observer-dependence of Shannon entropy as the reduction-
dependence of the channel projection, dissolving the subjective/objective dispute
(Proposition 6.1), and identi�ed the data-processing inequality as the channel-axis
face of the lossiness of reduction (Proposition 6.2). The implication is that the two
features of Shannon's theory most often read as philosophical embarrassments � its
observer-relativity and the irreversibility of processing � are, on the substrate reading,
exact structural facts about the channel reduction and its further reductions. We close
by marking what the axis cannot see.

7 What the Channel Axis Cannot See

The channel axis is a complete operational theory of one facet, and its completeness is
real: within the axis, entropy, mutual information, capacity, and the coding theorems
answer the questions the axis can pose. But a theory that takes the channel measure as
primitive is, by that very choice, blind to the relations between the channel projection
and the others.

It cannot see, from within, why the expected shortest description length of a source
equals its entropy � the agreement of the channel axis with the description axis �
because the description axis does not appear in it; that agreement is the averaging
rigidity of Article 3, visible only from the substrate. It cannot see why thermodynamic
entropy is kB times an information measure � the proportionality of the channel axis
to the macrostate axis � because the macrostate axis does not appear in it; that
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proportionality is the rescaling rigidity of Article 3. It records these agreements, where
it meets them, as fortunate coincidences or as bridges to other theories; it cannot derive
them, because the common domain that induces them is exactly what a single-axis
theory omits.

This is the precise sense in which the substrate frame holds Shannon's theory rather
than competes with it. The frame assigns the theory its facet � the channel axis, with
its ensemble reduction, its additive functional, its operational theorems � and a�rms
its completeness there. It then supplies what the facet cannot: the relations to the
other facets, as the rigidities of the morphisms between reductions. Shannon's theory
is not a rival to be demoted but a projection to be placed, and placing it is the whole
of the present article. We locate Shannon, with the generosity the volume owes its
predecessors, as the author of the complete and correct theory of the channel facet �
the most developed of the projections, and the one whose very completeness made the
substrate behind it easy to overlook.

7.1 Counterarguments and Responses

Objection 1 (if Shannon's theory is complete within its axis, the substrate
adds nothing a working scientist needs). Response. It adds nothing within the
channel axis, and that is the point of calling the axis complete. It adds what a working
scientist needs precisely when crossing axes: when relating a compression bound to an
entropy, or an erasure cost to a bit count, or a thermodynamic entropy to a channel
entropy. Those cross-axis relations are where single-axis theories report coincidences,
and they are where the substrate frame supplies derivations (Article 3). The addition
is not within the channel axis but at its borders with the others.

Objection 2 (calling Shannon's completeness a reason the substrate was
�overlooked� is rhetorical). Response. It is a historical observation with a structural
basis. A facet whose own theory is complete and self-contained gives no internal prompt
to look beneath it; the very success of the channel axis as a closed operational theory
is why the question �what is it a projection of?� did not press itself. The observation
explains, without disparaging anyone, why the substrate reading is a late rather than
an early move.

7.2 Section Result and Implications

We have marked what the channel axis cannot see � the cross-axis relations to the
description and macrostate axes that Article 3 supplies � and located Shannon's theory
as the complete and correct theory of the channel facet, held by the substrate frame
rather than rivaled by it. The implication, carried to the rest of Part II, is that each
projection is to be treated as Shannon's has been here: as a complete theory of its facet,
located on its axis, with its relations to the other facets reserved for the substrate. The
next articles do for the description, regularity, and macrostate axes what this one has
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done for the channel.

8 Epistemic Status: Proved, Imported, A�rmed

In the manner of the series, we close with an explicit ledger. Proved (here) marks results
established in this article; Imported marks results taken from prior articles, chie�y the
derivation and rigidity theorems of Article 3; A�rmed (standard) marks established
information theory the article endorses and locates without re-deriving.

Claim Status Locus

Shannon = channel-axis projection, unique up
to unit

Imported Kriger [4] (Art. 3)

Rescaling / averaging rigidities (cross-axis rela-
tions)

Imported Kriger [4] (Art. 3)

Channel reduction retains repetition, discards
identity/individual

Proved (here) Def. 3.1

Mutual information as cross-reduction shared
di�erentiation

Proved (here) Prop. 4.2

Relative entropy as reduction-mismatch cost Proved (here) Prop. 4.3
Deformed families collapse to Shannon at addi-
tive point

Proved (here) Prop. 5.1

Observer-dependence is reduction-dependence Proved (here) Prop. 6.1
Data-processing inequality as reduction-
lossiness

Proved (here) Prop. 6.2

Entropy / capacity / coding theorems A�rmed (standard) Cover and Thomas
[1], Shannon [7]

Maximum-entropy principle (located as
reduction-selection)

A�rmed (standard) Jaynes [2]

Rényi and Tsallis entropies A�rmed (standard) Rényi [6], Tsallis
[8]

Cross-axis relations invisible to a single-axis
theory

Proved (here) �7

The ledger marks the division of labor. The article imports the derivation and the cross-
axis rigidities from Article 3; it proves the structural facts about the channel reduction,
the apparatus built on it, the deformed families, and the two reduction-facing results;
and it a�rms, without re-deriving, the established information theory it locates.

9 Discussion

The result of this article is a placement, not a new theorem of information theory.
Shannon's theory is located on the channel axis as the complete operational theory of
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one facet: the channel reduction sends the di�erentiated source to a repeatable ensem-
ble, the Shannon functional measures the registered di�erentiation per draw, and the
apparatus of mutual information, relative entropy, capacity, and the coding theorems
are constructs on that reduction. The placement does two things a working informa-
tion theorist may value beyond the bookkeeping. It dissolves the subjective/objective
dispute about entropy by locating the observer in the reduction and the objectivity
in the functional, showing the disputants to have been speaking of di�erent factors of
one composition. And it identi�es the data-processing inequality as the channel-axis
instance of the lossy-projection asymmetry that the volume develops elsewhere into the
arrow of time, so that an elementary inequality and a cosmological arrow are seen as
one asymmetry on di�erent axes.

The placement also continues the discipline of the volume. It does not demote Shan-
non's theory; it a�rms its completeness within its axis and reserves only the cross-axis
relations for the substrate. It does not promote the channel measure to the ground, as
the rei�cation pictures of Article 2 would; the bit is located as a channel-axis quantity,
and the source-as-ensemble as a projection, never as the substrate. And it marks hon-
estly the limit of the axis: that a theory which takes the channel measure as primitive
cannot see why its measure agrees, where it does, with the measures of the other axes,
because the common domain that induces the agreement is exactly what a single-axis
theory omits.

9.1 Limitations

Three limitations are material. First, the article imports the derivation of Shannon as
the channel-axis projection and the cross-axis rigidities from Article 3 and does not re-
establish them; a reader who doubts those results will �nd the placement only as secure
as its source. Second, the treatment of the deformed families is structural, locating
Rényi and Tsallis entropies as channel axes under deformed composition laws without
adjudicating the physical domains in which a deformed measure is the appropriate
one, which is an empirical matter outside the article's scope. Third, the operational
theorems are stated and located but not proved, the article's task being classi�cation
rather than the re-derivation of established information theory; their landmark status
is acknowledged and referred to the standard treatments.

9.2 Future Directions

The article is the �rst of Part II, and its sequels do for the other projections what it has
done for the channel axis: the description axis of Kolmogorov complexity, the regularity
axis of e�ective complexity, and the macrostate axis of thermodynamic entropy each
receive the same located treatment in the articles that follow. Beyond the volume, the
placement of the deformed families invites a precise question continuous with Article 3:
whether the convergence of the Rényi and Tsallis families to Shannon, here described
as a relation among channel reductions collapsing to the additive point, is induced by a
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morphism of the kind the Projection Theorem classi�es � a one-parameter deformation
morphism � and whether such deformation morphisms belong in the typology of inter-
axis maps alongside rescaling, kernel, and re�nement. That question connects the
present located treatment to the open completeness conjecture of Article 3 and is left
to the work that can address it.
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A Code for Figure 1

The following Python script generates Figure 1, computing the Rényi entropy family
Hα(p) =

1
1−α

log2
∑

i p
α
i for two four-outcome sources and marking the Shannon value

at the additive point α = 1.

import numpy as np

def shannon(p):

p = np.asarray(p, float); p = p[p > 0]

return -np.sum(p * np.log2(p))

def renyi(p, alpha):

p = np.asarray(p, float); p = p[p > 0]

if abs(alpha - 1.0) < 1e-9:

return shannon(p)

return (1.0 / (1.0 - alpha)) * np.log2(np.sum(p ** alpha))

p_skew = np.array([0.55, 0.25, 0.13, 0.07]) # Shannon H_1 = 1.6256 bits

p_near = np.array([0.28, 0.26, 0.24, 0.22]) # Shannon H_1 = 1.9942 bits

alphas = np.concatenate([np.linspace(0.02, 0.98, 60),

np.linspace(1.02, 5.0, 80)])

H_skew = [renyi(p_skew, a) for a in alphas] # H_0 = 2 (Hartley), decreasing

H_near = [renyi(p_near, a) for a in alphas] # toward the min-entropy as a->inf
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Abstract

Where Shannon's theory is the complete theory of the channel facet, Kolmogorov
complexity is the complete theory of the description facet: the measure not of
a source as a repeatable ensemble but of an individual object as something to
be speci�ed. This article, the second of the classi�catory part of the volume,
locates the algorithmic theory of information on the description axis of the sub-
strate. The Projection Theorem of Article 3 already derived Kolmogorov com-
plexity as the description-axis projection, �xed up to an additive constant by
the invariance theorem; here we develop that placement in full. The description
reduction retains the full individual and discards the ensemble, exactly the or-
thogonal complement of the channel reduction, and the algorithmic apparatus �
plain and pre�x complexity, conditional and joint complexity, the chain rule, al-
gorithmic mutual information with its symmetry, the universal distribution, and
Solomono� induction � consists of constructs on the retained individual. We
exhibit the shape of the axis: its native indeterminacy is the additive machine
constant, and its composition law is subadditivity up to a logarithmic term rather
than the exact additivity of the channel axis, a di�erence that explains why the
channel�description relation is a kernel (averaging) morphism and not a rescaling.
Levin's coding theorem, − logm(x) = K(x)+O(1), is identi�ed as the per-object
face of that averaging relation, and randomness is located as incompressibility:
the individual the description axis cannot compress. We then treat the charac-
teristic limitation of the axis � uncomputability � as the price of retaining the
whole individual: the shortest description of a retained individual is upper semi-
computable but not computable, a structural feature bearing on evaluation, not
on the derivation of the measure. Finally we mark what the description axis can-
not see and locate Kolmogorov, Solomono�, Chaitin, and Levin as the authors of
the complete theory of one facet.

Keywords: Kolmogorov complexity; algorithmic information; description axis; pre-
�x complexity; universal distribution; algorithmic randomness; Solomono� induction;
uncomputability; foundations of physics.
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1 Introduction

The companion article on the channel axis located Shannon's theory as the complete
theory of one facet: the source taken as a repeatable ensemble, with entropy the reg-
istered di�erentiation per draw [6]. There is a second theory of information, as deep
and as complete, that measures something the channel theory discards entirely. Kol-
mogorov complexity is not a property of a source but of an individual object: the length
of the shortest program that, run on a �xed universal machine, outputs that object and
halts [2, 3, 10]. Where Shannon's entropy answers �how much di�erentiation does this
source register per draw,� Kolmogorov's complexity answers �how much speci�cation
does this individual require.� The two questions are about orthogonal things � an
ensemble and an individual � and the present article locates the algorithmic theory on
the description axis of the substrate, as the complete and correct theory of the second.

The placement is established. The Projection Theorem of Article 3 [5] derived Kol-
mogorov complexity as the description-axis projection: the description reduction sends
the di�erentiated substrate to a single con�guration regarded as a �nite object to be re-
constructed, and the invariance theorem then �xes the measure � the shortest descrip-
tion � up to an additive constant depending only on the choice of universal machine.
As with the channel axis, this article does not re-prove the derivation but develops the
axis in the detail a dedicated treatment permits. We ask what the description reduc-
tion retains and discards, exhibit the full algorithmic apparatus as constructs on the
retained individual, describe the shape of the axis, and then treat the feature that most
sharply distinguishes the description axis from the channel axis: not observer-relativity
but uncomputability.

Two contributions go beyond the bare derivation, paralleling the two that the channel ar-
ticle made. The �rst concerns the composition law. The channel axis is exactly additive
� the entropy of independent sources adds � and Article 3 used that exact additivity
to force the proportionality of thermodynamic to channel entropy by a rescaling. The
description axis is additive only up to a logarithmic term: the complexity of a pair is
the sum of the complexities plus an O(log) correction, never exactly. We show that this
inexactness is not a blemish but the structural reason the channel�description relation
is a kernel (averaging) morphism rather than a rescaling: the description axis does not
enter a proportionality with the channel axis, it enters an expectation, and Levin's cod-
ing theorem is the per-object statement of that expectation. The second contribution
concerns uncomputability. We locate it as the price of the axis's de�ning choice: the
description reduction retains the whole individual, and the shortest speci�cation of a
whole individual is not e�ectively �ndable. This is the description axis's characteristic
limitation, the structural counterpart of the channel axis's observer-relativity, and like
it a feature to be located rather than a defect to be apologized for.

We close, as the channel article did, by marking what the description axis cannot see �
the relations to the channel and regularity axes that the substrate supplies � and by
locating the theory's authors generously. Kolmogorov, Solomono�, Chaitin, and Levin
built the complete theory of the individual object; the substrate frame assigns it its
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facet and explains why that facet relates to the others as it does.

2 Logical Structure of the Argument

The argument parallels that of the channel article, axis for axis.

Step 1 (Section 3): The description reduction.
We make precise what the description reduction retains � the full individual � and
discards � the ensemble � and show it to be the orthogonal complement of the
channel reduction.

Step 2 (Section 4): The algorithmic apparatus.
Kolmogorov complexity is recalled as the description-axis projection, unique up
to an additive constant (Article 3); we then exhibit pre�x complexity, conditional
and joint complexity and the chain rule, algorithmic mutual information and its
symmetry (Proposition 4.2), the universal distribution and Levin's coding theorem
(Proposition 4.3), and Solomono� induction.

Step 3 (Section 5): The shape of the axis.
The native indeterminacy is the additive machine constant; the composition law is
subadditivity up to a logarithmic term (Proposition 5.1), which explains why the
channel�description relation is a kernel morphism, not a rescaling. Randomness is
located as incompressibility (Proposition 5.2, Figure 1).

Step 4 (Section 6): Uncomputability.
K is upper semi-computable but not computable (Proposition 6.1); the shortest
description of a retained individual is not e�ectively �ndable. This bears on eval-
uation, not on the derivation of the measure, and is read as the inverse of a lossy
projection.

Step 5 (Section 7): What the description axis cannot see.
The axis is complete within itself and blind to its relations to the channel axis
(the averaging rigidity) and the regularity axis (the re�nement decomposition); we
locate the theory's authors generously and forward the regularity decomposition to
Article 7.

Step 6 (Section 8): Epistemic status.
An explicit ledger separates what is proved here, what is imported, and what is
a�rmed as standard algorithmic information theory.

The dependencies are linear: Steps 2�4 operate on the reduction of Step 1; Step 5
sets the whole within the cross-axis frame of Article 3. The thesis advanced is that
Kolmogorov complexity is the complete and correct theory of the description facet, and
that seeing it so locates its composition law, its randomness, and its uncomputability
without diminishing it.
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3 The Description Reduction

3.1 What the description reduction retains and discards

We begin from the reduction that de�nes the axis, stated in Article 3 and developed
here.

De�nition 3.1 (Description reduction). The description reduction ρde sends the dif-
ferentiated substrate S to a single con�guration x, regarded as a �nite object to be
reconstructed: a binary string, retaining the entire individual and discarding every-
thing about the source from which it was drawn. The description projection Sde is the
set of �nite objects, and the measure on it is the length of the shortest program that
outputs x.

Two things are discarded by ρde, and they are exactly the two things the channel
reduction retained. The �rst is the ensemble: the description projection records the
individual x in full but says nothing about how often x, or any alternative, would occur
under repetition; there is no probability vector in Sde. The second is repetition itself:
the description axis is a property of one object, not of a population, and �how often�
has no application to it. Conversely, the description reduction retains precisely what
the channel reduction discarded � the identity of the individual, in full detail, down
to the last bit. The two axes are reductions of the same substrate along orthogonal
coordinates: the channel axis toward the statistics of repetition with the individual
erased, the description axis toward the individual with the statistics erased.

Remark 3.2 (Orthogonality of the two axes). The orthogonality is not a metaphor
but a statement about what each reduction is a function of. The channel projection is
invariant under relabeling the outcomes and depends only on the multiset of weights; the
description projection is invariant under nothing � every bit of the individual matters
� and depends on no weights at all. A quantity that is a function of one projection
is, in general, not a function of the other, and the relation between them is therefore
not an identity but a morphism, the averaging morphism of Article 3, developed in
Section 5.

3.2 The object as speci�cand

To take the description reduction is to treat the di�erentiated object as a speci�cand :
something whose reconstruction from a shortest instruction is the quantity of interest.
This presupposes a �xed means of reconstruction � a universal machine � just as the
channel reduction presupposed a �xed sense in which the source repeats. The machine
is to the description axis what the ensemble model is to the channel axis: the structure
the reduction requires, supplied externally, and contributing to the measure only an
additive constant (Section 5). The measure built on the description projection is a
property of the individual relative to that machine, never of the substrate behind it
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(Article 2): the substrate is not a long string with a shortest program; the string is one
of its projections.

3.3 Counterarguments and Responses

Objection 1 (the description reduction is just �encode x as a string�; the
substrate talk is idle). Response. The string appears only after ρde, and the point
of locating it as a reduction is that the same substrate admits a channel reduction with
no individual in it and a macrostate reduction with neither the full individual nor the
source. The relations among these reductions are the content of Article 3; the substrate
is what is common to them and poorer than any. The algorithmic measure is one of its
images, not its intrinsic size.

Objection 2 (retaining �the whole individual� is what makes the measure
uncomputable, so the reduction is ill-chosen). Response. Retaining the whole
individual is exactly the choice that de�nes the description axis, and its uncomputability
(Section 6) is the price of that choice, not a sign that the choice is wrong. A theory of
the individual object that refused to retain the individual would not be a theory of the
description facet at all. The uncomputability is located as the characteristic limitation
of the axis, on a par with the observer-relativity of the channel axis, and is not a reason
to abandon the reduction.

3.4 Section Result and Implications

We have �xed the description reduction as the map to the individual-as-speci�cand, re-
taining the whole individual and discarding the ensemble and repetition (De�nition 3.1),
and shown it to be the orthogonal complement of the channel reduction (Remark 3.2).
The implication is that every quantity built on the description projection is a property
of an individual, sensitive to every bit and indi�erent to any source � a pro�le the
algorithmic apparatus exhibits exactly, as we now show.

4 The Algorithmic Apparatus

4.1 The functional, recalled

The functional native to the description axis is �xed, up to an additive constant, by
the invariance theorem. We recall the result of Article 3 without re-proving it.

Proposition 4.1 (Kolmogorov complexity as description-axis projection; 5). For a
�xed universal machine U , the complexity KU(x) is the length of the shortest program
p with U(p) = x. For any two universal machines U, V there is a constant cU,V , in-
dependent of x, with |KU(x) −KV (x)| ≤ cU,V . Kolmogorov complexity is K ◦ ρde, the
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description-axis projection of the substrate, with the machine constant the native inde-
terminacy of the axis.

Throughout we use the pre�x complexity K(x), de�ned with respect to a universal
machine whose set of valid programs is pre�x-free (no program is a pre�x of another).
The pre�x convention [2, 7] is preferred because it makes the programs satisfy the
Kraft inequality,

∑
x 2

−K(x) ≤ 1, so that 2−K(x) behaves like a sub-probability and the
apparatus of the next subsections � the chain rule, the universal distribution, the
coding theorem � holds cleanly. The plain complexity C(x) di�ers from K(x) by
at most a logarithmic term and shares the invariance property; we use K unless the
distinction matters.

4.2 Conditional, joint, and the chain rule

Relative to a �xed machine, one de�nes the conditional complexity K(x | y) � the
length of the shortest program that outputs x given y � and the joint complexity
K(x, y) of a pair. These satisfy the chain rule up to a logarithmic term:

K(x, y) = K(x) +K(y | x∗) +O(1) = K(x) +K(y | x) +O(logK(x, y)), (1)

where x∗ is a shortest program for x [8]. The logarithmic term is the �rst appearance of
the inexactness that distinguishes the description axis from the exactly additive channel
axis (Section 5); it is the cost of describing where one object ends and the next begins,
which the pre�x convention controls but does not eliminate.

4.3 Algorithmic mutual information and its symmetry

The description axis has its own analogue of Shannon's mutual information.

Proposition 4.2 (Symmetry of algorithmic information). De�ne the algorithmic mu-
tual information IA(x : y) = K(x) − K(x | y∗) = K(x) + K(y) − K(x, y) + O(1).
Then

IA(x : y) = IA(y : x) +O(logK(x, y)), (2)

the shared algorithmic information of two individuals, symmetric up to a logarithmic
term [8].

Proof. Substituting the chain rule (1) into K(x)−K(x | y∗) and into K(y)−K(y | x∗)
gives both equal to K(x) +K(y)−K(x, y) + O(1), whence the two conditional forms
agree up to the logarithmic terms carried by the chain rule. The result is due to Gács
and to Levin [8].

On the substrate reading, the symmetry of algorithmic information is the description
axis's own way of comparing two of its objects: how much of the speci�cation of x is
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already contained in y, and vice versa, the two being equal up to the logarithmic slack
that the inexact additivity of the axis imposes. It is, like Shannon's mutual information,
a quantity internal to its axis � a comparison of two description projections, not a cross-
axis relation � and the logarithmic slack is the description-axis signature, absent from
the exact identities of the channel axis.

4.4 The universal distribution and the coding theorem

The deepest construct on the description axis, and the one that links it to the channel
axis, is the universal distribution.

Proposition 4.3 (Levin's coding theorem). Let m(x) =
∑

p:U(p)=x 2
−|p| be the algorith-

mic probability of x � the probability that the universal pre�x machine outputs x on
random program bits. Then

− logm(x) = K(x) +O(1) : (3)

the negative logarithm of the algorithmic probability equals the pre�x complexity up to
a constant [7, 8].

Proof. That − logm(x) ≤ K(x) is immediate, since the single shortest program con-
tributes 2−K(x) to the sum de�ning m(x). The reverse inequality, K(x) ≤ − logm(x) +
O(1), is the substantive direction: it constructs a pre�x code for x of length − logm(x)+
O(1) from the semimeasure m, using the Kraft inequality guaranteed by the pre�x con-
vention [7, 8].

The coding theorem is the per-object face of the relation between the description axis
and the channel axis. It says that the shortest description of an individual and the
algorithmic probability of that individual are the same quantity, up to a constant; and
since the algorithmic probability is a genuine (semi-)distribution, averaging K over a
computable source returns the source's Shannon entropy up to a constant � the aver-
aging rigidity E[K] = H+O(1) of Article 3, exact at the rate level by Brudno's theorem
[1, 12]. We develop this link in Section 5; here it su�ces to mark that the universal
distribution is where the individual-facing description axis touches the ensemble-facing
channel axis.

4.5 Solomono� induction

The universal distribution also founds a theory of prediction. Solomono�'s universal
induction [10] predicts the continuation of a sequence by conditioning the universal dis-
tribution on the observed pre�x, weighting every computable hypothesis by 2−(its length)

� a formal rendering of Occam's razor in which shorter descriptions are a priori more
probable. On the substrate reading, Solomono� induction is the description axis turned
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toward prediction: it uses the shortest-description measure not to score a �xed individ-
ual but to extrapolate an un�nished one, and its celebrated optimality is the statement
that no computable predictor does essentially better than weighting by description
length. We locate it as the predictive employment of the description axis and return,
in Section 6, to the uncomputability it shares with the measure it is built on.

4.6 Counterarguments and Responses

Objection 1 (the logarithmic terms make the algorithmic apparatus messy
compared to Shannon's clean identities). Response. They make it inexact, not
messy, and the inexactness is informative rather than regrettable. The exact additivity
of the channel axis and the up-to-log additivity of the description axis are di�erent
structural facts about two di�erent reductions, and Section 5 shows that the di�erence
is exactly what determines the form of the morphism between the two axes. A theory
that hid the logarithmic terms would hide the feature that distinguishes the description
axis from the channel axis.

Objection 2 (the coding theorem already identi�es K with a probability, so
the description axis just is a channel axis in disguise). Response. It identi�es the
description measure of an individual with the negative log of a particular distribution,
but that distribution � the universal distribution � is itself de�ned from description
lengths, not from a source's repetition statistics. The coding theorem is a relation
between the axes, the per-object averaging morphism, not a collapse of one into the
other. The description axis remains the axis of the individual; the coding theorem says
how, averaged, it meets the axis of the ensemble.

4.7 Section Result and Implications

We have exhibited the algorithmic apparatus � pre�x complexity, conditional and
joint complexity with the chain rule, algorithmic mutual information with its symme-
try (Proposition 4.2), the universal distribution and Levin's coding theorem (Proposi-
tion 4.3), and Solomono� induction � as constructs on the retained individual. The
implication is that the description axis, like the channel axis, carries not a bare func-
tional but a complete theory, here a theory of the individual object and its prediction.
We now describe the shape of that axis.

5 The Shape of the Axis

5.1 Native indeterminacy and composition law

Two structural features parallel, and contrast with, those of the channel axis. The native
indeterminacy of the description axis is the additive machine constant of Proposition 4.1:
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no fact about the individual �xes the choice of universal machine, and di�erent machines
shift every complexity by a bounded amount. This is the description-axis analogue of
the channel axis's free unit, with one di�erence worth noting: the channel unit is a
multiplicative scale (a choice of logarithm base), while the machine constant is an
additive o�set. The composition law is where the axes diverge most sharply.

Proposition 5.1 (Subadditivity, not exact additivity). For all x, y,

K(x, y) ≤ K(x) +K(y) +O(log), (4)

and the inequality is in general strict: there is no exact additivity K(x, y) = K(x)+K(y)
even for �independent� individuals, because the description must encode, at logarithmic
cost, where x ends and y begins. The description axis is subadditive up to a logarithmic
term, not exactly additive.

Proof. Concatenating shortest pre�x programs for x and y yields a program for the
pair; the pre�x property allows the decoder to separate them at an additional cost
logarithmic in the lengths, giving (4) [8]. Strictness follows because shared structure
between x and y reduces K(x, y) below the sum, and even structureless pairs incur the
logarithmic separation cost; no choice of machine removes it for all pairs.

This is the structural fact behind a feature of Article 3's typology that might otherwise
look arbitrary. The channel axis, exactly additive, enters a rescaling rigidity with the
macrostate axis: thermodynamic entropy is kB times a channel entropy, a proportion-
ality, and exact additivity is what a proportionality requires. The description axis,
additive only up to log, cannot enter such a proportionality with the channel axis; it
enters instead an averaging relation, E[K] = H + O(1), in which the channel entropy
is the expectation of the description complexity over a source. The kernel morphism of
Article 3 � averaging the description projection over an ensemble to recover the chan-
nel projection � is the only relation the inexact additivity permits, and Levin's coding
theorem (Proposition 4.3) is its per-object statement. The shape of the axis thus pre-
dicts the shape of its relation to the channel axis: subadditive measures average, they
do not rescale.

5.2 Randomness as incompressibility

The description axis gives randomness its sharpest de�nition: an individual is random
when it has no shorter description than itself.

Proposition 5.2 (Incompressibility of the typical individual). Among the 2n binary
strings of length n, fewer than 2n−k have K(x) < n − k; hence the fraction of n-bit
strings compressible by more than k bits is less than 2−k. Almost every individual is
incompressible: for most x of length n, K(x) ≥ n−O(1).
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Figure 1: Randomness as incompressibility on the description axis. (a) The counting
bound of Proposition 5.2: the fraction of n-bit individuals compressible by more than
k bits is below 2−k and collapses exponentially, so almost every individual is incom-
pressible � the description axis cannot shorten the typical object. (b) The measure
is a property of the individual. Using a real lossless compressor (bz2) as a computable
upper proxy for K, the compressed bits per symbol of four n-bit individuals: the i.i.d.
uniform-random string is incompressible (proxy near the 1-bit ceiling), the biased and
periodic strings are progressively compressible, and the all-zeros string is maximally
compressible. The description-axis measure is maximal for the random individual and
small for the structured one, the signature of an axis that retains the individual rather
than the ensemble.

Proof. There are at most 2n−k − 1 programs of length less than n− k, so at most that
many strings have a description shorter than n − k; dividing by 2n gives a fraction
below 2−k [8]. The bound is independent of n.

On the substrate reading, the random individual is the one the description reduction
retains in full but can compress not at all: it is all individual and no regularity, so
its shortest description is itself. This is the opposite pole from the channel axis's
uniform source, which maximizes entropy by maximizing the ensemble's spread; here
maximality is a property of a single object, its incompressibility. The two notions of
�maximal information� � maximal entropy on the channel axis, maximal complexity
on the description axis � are maxima of di�erent reductions, and they coincide only
on average, through the coding theorem. Figure 1 shows both the exact counting
bound and an empirical con�rmation that real compressors leave the random individual
essentially uncompressed while collapsing the structured ones.

5.3 Counterarguments and Responses

Objection 1 (using bz2 as a proxy for K is illegitimate, since K is uncom-
putable). Response. The �gure uses bz2 only as a computable upper bound on K, and
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labels it as such. Any lossless compressor furnishes an upper proxy � it exhibits one de-
scription, not the shortest � so its output bounds K from above and can demonstrate
compressibility, though never incompressibility, of a given object. The incompressibility
claim of panel (a) is the exact counting bound of Proposition 5.2, not an empirical com-
pressor result; panel (b) illustrates only the uncontroversial direction, that structured
individuals admit short descriptions.

Objection 2 (if the description axis is subadditive and the channel axis ad-
ditive, one of them is the wrong measure). Response. Neither is wrong; they
measure di�erent reductions, and the composition law of each is correct for what it mea-
sures. Exact additivity is correct for an ensemble, where independent sources contribute
independently; subadditivity up to log is correct for individuals, where concatenation
incurs a separation cost and shared structure discounts the sum. The di�erence is a fact
about the reductions, and Section 5.1 shows it to be exactly what �xes the morphism
between them.

5.4 Section Result and Implications

We have exhibited the shape of the description axis: its native indeterminacy is the ad-
ditive machine constant, its composition law is subadditivity up to a logarithmic term
(Proposition 5.1), and that inexact additivity is the structural reason the channel�
description relation is a kernel (averaging) morphism rather than a rescaling. Random-
ness is located as incompressibility (Proposition 5.2, Figure 1). The implication is that
the form of the axis predicts the form of its relations. We turn to its characteristic
limitation.

6 Uncomputability

6.1 The price of retaining the whole individual

The channel axis's characteristic feature was observer-relativity, traced to the depen-
dence of the channel reduction on a prior choice. The description axis's characteristic
feature is uncomputability, and we trace it, likewise, to the de�ning choice of the axis.

Proposition 6.1 (K is upper semi-computable but not computable). The pre�x com-
plexity K is upper semi-computable: there is an algorithm that, given x, produces a non-
increasing sequence converging to K(x) from above (by running programs and recording
the shortest that has halted so far). But K is not computable: no algorithm, given x,
outputs K(x) exactly and halts for all x [8].

Proof. Upper semi-computability is the dovetailed search over programs, which can only
lower the current best bound. Non-computability follows from the halting problem: a
total algorithm for K would let one compute, for each n, the lexicographically �rst
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string of complexity at least n, an object of complexity ≥ n produced by a program
of length O(log n) � a contradiction for large n (a form of the Berry paradox made
rigorous) [2, 8].

The uncomputability is the price of the axis's de�ning choice. The description reduction
retains the whole individual (De�nition 3.1), and the shortest speci�cation of a whole
individual is not e�ectively �ndable: to know it one would have to rule out every
shorter program, which requires deciding which programs halt. An axis that retains the
entire individual must, by the halting problem, leave the minimal speci�cation of that
individual uncomputable. This is not a �aw in Kolmogorov's de�nition but a structural
consequence of measuring the individual rather than the ensemble: the channel axis,
measuring only repetition statistics, is computable from those statistics; the description
axis, measuring the individual, inherits the individual's full intractability.

6.2 Uncomputability bears on evaluation, not derivation

It is essential, and was already noted in Article 3, that the uncomputability of K bears
on the evaluation of the measure, not on its derivation or its standing as the description-
axis projection. That K is the shortest-description measure, �xed up to a constant by
invariance, is a theorem; that its value for a given x cannot be computed is a separate
fact about evaluability. The substrate reading respects the distinction: the description
axis is well-de�ned as a projection � the relations it enters with the other axes (the
averaging rigidity, the re�nement decomposition) are exact theorems � even though the
projection's value on a particular individual is not algorithmically accessible. A measure
can be derived, characterized, and related to others while remaining uncomputable;
algorithmic information theory is the standing proof that it can.

Remark 6.2 (Uncomputability as the inverse of a lossy projection). There is a read-
ing of the uncomputability that connects it to the asymmetric bridge of the volume.
Recovering the shortest description of an individual is the inverse problem of a lossy
projection: many programs produce the same output, the production map is many-
to-one and not e�ectively invertible, and �nding the minimal preimage is exactly the
search the halting problem obstructs. On this reading the uncomputability of K is the
description-axis instance of the theme that projection loses and the model must recover
by hypothesis (Part III): a subsystem that would compute K would have to invert a
lossy map, and cannot do so e�ectively. The channel axis met this asymmetry as the
data-processing inequality [6]; the description axis meets it as uncomputability. Both
are faces of the same lossiness, on di�erent axes.

6.3 Counterarguments and Responses

Objection 1 (an uncomputable measure is useless, so the description axis is
idle). Response. It is uncomputable but not useless, and the two are routinely con-
fused. Upper proxies (any compressor) furnish computable bounds; the measure's exact
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relations to other axes are theorems that hold without evaluating it; and Solomono�
induction's optimality is a statement about the measure, not a procedure requiring its
computation. Much of mathematics concerns objects that cannot be exhibited algorith-
mically; the description axis is a well-de�ned projection whose value is not computable,
which constrains its use without nullifying its theory.

Objection 2 (calling uncomputability �the characteristic limitation� over-
states a technicality). Response. It is not a technicality but the structural counter-
part, on the description axis, of the channel axis's observer-relativity: each axis has a
de�ning choice (the source model; the universal machine) and a characteristic limita-
tion that �ows from what it retains (relativity to the chosen reduction; uncomputability
of the minimal description). Presenting uncomputability as the description axis's sig-
nature feature is the parallel the classi�cation requires, and it earns its place by the
connection of Remark 6.2 to the volume's central asymmetry.

6.4 Section Result and Implications

We have located uncomputability as the price of the description axis's de�ning choice
� K is upper semi-computable but not computable (Proposition 6.1), because the
minimal speci�cation of a retained individual is not e�ectively �ndable � and we
have been careful that this bears on evaluation, not on the derivation of the measure
or its relations (Section 6.2), with the uncomputability read as the inverse of a lossy
projection (Remark 6.2). The implication is that the description axis, like the channel
axis, carries a characteristic limitation that the substrate reading locates rather than
laments. We close by marking what the axis cannot see.

7 What the Description Axis Cannot See

The description axis is a complete theory of the individual object, and its complete-
ness is real: within the axis, complexity, conditional and joint complexity, algorithmic
mutual information, the universal distribution, and Solomono� induction answer the
questions the axis can pose. But a theory that takes the description measure as primi-
tive is blind, from within, to the relations between the description projection and the
others.

It cannot see why the expected shortest description length of a source equals its entropy
� the agreement with the channel axis � because the source does not appear in it; the
individual K(x) knows nothing of the ensemble whose expectation recovers H. That
agreement is the averaging rigidity of Article 3, exact at the rate level by Brudno's
theorem [1, 12], and visible only from the substrate, where the description projection
and the channel projection are reductions of one source. And it cannot see why an
individual's complexity splits into a structural part and a random residue � the relation
to the regularity axis � because the regularity axis does not appear in it either; the
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two-part code K(x) ≈ K(model) + (bits given the model), and the minimal su�cient
statistic that realizes it [11], are the re�nement decomposition of Article 3, developed
for the regularity axis in Article 7 of this volume. The description axis records the
total; it does not, from within, split it.

This is the same sense in which the substrate frame held Shannon's theory: it assigns
the algorithmic theory its facet � the description axis, with its individual-retaining
reduction, its pre�x functional, its universal distribution � and a�rms its completeness
there, then supplies what the facet cannot, the relations to the other facets as the
rigidities of the morphisms between reductions. We locate the theory's authors with the
generosity the volume owes its predecessors. Solomono� [10] founded the algorithmic
theory of induction and the universal prior; Kolmogorov [3] gave the complexity of
the individual its de�nition and the invariance that makes it well-posed; Chaitin [2]
supplied the pre�x formulation that aligns it with information theory; Levin [7] proved
the coding theorem that links it to probability. Each saw the description facet truly,
and built the theory that the substrate frame now places beside the channel theory as
the second complete account of a projection.

7.1 Counterarguments and Responses

Objection 1 (if the description axis is complete within itself, the substrate
adds nothing a working theorist needs). Response. It adds nothing within the
description axis, which is what completeness means; it adds what is needed at the
borders � relating a complexity to an entropy through the coding theorem and the
averaging rigidity, or splitting a complexity into structure and residue through the
re�nement decomposition. Those cross-axis relations are where a single-axis theory
reports coincidences and where the substrate frame supplies derivations (Article 3).
The addition is at the borders, not within.

Objection 2 (the two-part code belongs to algorithmic information theory
already, so the regularity relation is not the substrate's to claim). Response.
The two-part code and the minimal su�cient statistic are indeed algorithmic construc-
tions [11], and we claim no priority over them. What the substrate frame contributes
is the reading of the decomposition as a re�nement morphism between the description
axis and the regularity axis � one of the classi�ed inter-axis maps of Article 3 � which
locates the construction within a typology and connects it to the rescaling and averag-
ing morphisms of the other axes. The construction is theirs; its place in the morphism
typology is the frame's.

7.2 Section Result and Implications

We have marked what the description axis cannot see � the averaging relation to
the channel axis and the re�nement decomposition toward the regularity axis, both
supplied by Article 3 � and located Kolmogorov, Solomono�, Chaitin, and Levin as
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the authors of the complete theory of the description facet. The implication, carried
forward in Part II, is that the regularity axis, whose decomposition the description
axis records but cannot split, receives its own located treatment next, in the article on
e�ective complexity.

8 Epistemic Status: Proved, Imported, A�rmed

In the manner of the series, we close with an explicit ledger. Proved (here) marks results
established in this article; Imported marks results taken from prior articles, chie�y
the derivation and the cross-axis rigidities of Article 3; A�rmed (standard) marks
established algorithmic information theory the article endorses and locates without
re-deriving.

Claim Status Locus

K = description-axis projection, unique up to
constant

Imported Kriger [5] (Art. 3)

Averaging rigidity E[K] = H+O(1); re�nement
decomposition

Imported Kriger [5] (Art. 3)

Description reduction retains the individual,
discards the ensemble

Proved (here) Def. 3.1

Orthogonality of description and channel reduc-
tions

Proved (here) Rem. 3.2

Symmetry of algorithmic information Proved (here) Prop. 4.2
Subadditivity up to log, not exact additivity Proved (here) Prop. 5.1
Inexact additivity ⇒ kernel morphism, not
rescaling

Proved (here) �5.1

Incompressibility of the typical individual Proved (here) Prop. 5.2
K upper semi-computable but not computable Proved (here) Prop. 6.1
Uncomputability bears on evaluation, not
derivation

Proved (here) �6.2

Pre�x complexity; invariance; chain rule A�rmed (standard) Chaitin [2], Li and
Vitányi [8]

Levin's coding theorem; universal distribution A�rmed (standard) Levin [7]
Solomono� induction and its optimality A�rmed (standard) Solomono� [10]
Algorithmic randomness (Martin-Löf) A�rmed (standard) Martin-Löf [9]
Two-part code / minimal su�cient statistic A�rmed (standard) Vereshchagin and

Vitányi [11]

The ledger marks the division of labor. The article imports the derivation and the
cross-axis rigidities from Article 3; it proves the structural facts about the description
reduction, the apparatus built on it, the shape of the axis, and its uncomputability;
and it a�rms, without re-deriving, the established algorithmic information theory it
locates.
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9 Discussion

The result of this article is a placement, the second of Part II. Kolmogorov complexity
is located on the description axis as the complete theory of the individual object: the
description reduction retains the whole individual and discards the ensemble, the pre-
�x functional measures the shortest speci�cation, and the apparatus of conditional and
algorithmic mutual information, the universal distribution, and Solomono� induction
are constructs on the retained individual. The placement makes two contributions be-
yond the bookkeeping, paralleling the channel article's two. It shows that the inexact
additivity of the description axis � subadditivity up to a logarithmic term, against
the exact additivity of the channel axis � is not a blemish but the structural reason
the two axes relate by averaging rather than rescaling, with Levin's coding theorem
the per-object statement of the average. And it locates the uncomputability of K as
the price of retaining the whole individual, the description axis's characteristic limita-
tion, connected through the inverse-of-a-lossy-projection reading to the asymmetry the
volume develops elsewhere.

The placement continues the discipline of the series. It does not demote the algorith-
mic theory; it a�rms its completeness within its axis and reserves only the cross-axis
relations for the substrate. It does not promote the description measure to the ground,
as the rei�cation pictures of Article 2 would; the shortest description of an individual is
a description-axis quantity, and the individual a projection, never the substrate. And
it marks honestly the limit of the axis: a theory that takes the description measure
as primitive cannot see why its measure agrees, on average, with the channel measure,
nor how it splits relative to the regularity measure, because the common domain that
induces both relations is exactly what a single-axis theory omits.

9.1 Limitations

Three limitations are material. First, the article imports the derivation of K as the
description-axis projection and the cross-axis rigidities from Article 3 and does not
re-establish them; a reader who doubts those results will �nd the placement only as
secure as its source. Second, the empirical panel of Figure 1 uses a real compressor
as a computable upper proxy for K and can therefore demonstrate compressibility but
never incompressibility; the incompressibility claim rests on the exact counting bound
of Proposition 5.2, not on the compressor. Third, the re�nement decomposition toward
the regularity axis is set up here but developed only in Article 7; the present article
records that the description axis carries the total complexity without, from within,
splitting it into structure and residue.
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9.2 Future Directions

The immediate sequel is Article 7, which does for the regularity axis of e�ective complex-
ity what this article and its predecessor did for the description and channel axes, and
which develops the two-part code the description axis here only records. Beyond the
volume, the contrast between the exactly additive channel axis and the up-to-log sub-
additive description axis invites a precise question continuous with Article 3: whether
the logarithmic slack of the description axis can be characterized as a controlled defor-
mation of an otherwise additive law � a deformation morphism, in the sense raised
for the Rényi and Tsallis families on the channel axis � and whether the typology of
inter-axis maps should include such within-axis deformations alongside the rescaling,
kernel, and re�nement morphisms between axes. That question connects the present
located treatment to the open completeness conjecture of Article 3 and is left to the
work that can address it.
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A Code for Figure 1

The following Python script generates Figure 1. Panel (a) plots the exact counting
bound 2−k of Proposition 5.2; panel (b) uses bz2 as a computable upper proxy for K
on four n-bit individuals.

import bz2

import numpy as np

rng = np.random.default_rng(20260531)

def packed(bits):

pad = (-len(bits)) % 8

if pad: bits = np.concatenate([bits, np.zeros(pad, dtype=np.uint8)])

return np.packbits(bits).tobytes()

def proxy_bits_per_symbol(bits): # computable UPPER bound on K/n

return 8.0 * len(bz2.compress(packed(bits), 9)) / len(bits)

ks = np.arange(0, 21)

bound = 2.0 ** (-ks) # fraction with K(x) < n-k is < 2^{-k}

n = 200_000

uniform = (rng.random(n) < 0.5).astype(np.uint8) # ~ 1.019 (incompressible)

biased = (rng.random(n) < 0.1).astype(np.uint8) # ~ 0.593

periodic = np.tile([1,1,0,1,0,0,0,1], n//8 + 1)[:n] # ~ 0.002 (period-8)

zeros = np.zeros(n, dtype=np.uint8) # ~ 0.002 (all zeros)
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Abstract

Shannon's entropy and Kolmogorov's complexity both rise with disorder: each is
small for a perfectly ordered object and large for a perfectly random one. E�ec-
tive complexity does neither. It is small at both extremes � the ordered object
has little structure to capture, the random object has none � and large only in
between, for the structured object whose regularities are themselves substantial.
This article, the third of the classi�catory part of the volume, locates e�ective
complexity on the regularity axis of the substrate as the complete theory of struc-
ture. The regularity reduction is a re�nement of the description reduction: it
splits the shortest description of an individual into a model of its regularities and
a random residue, and retains only the model. The Projection Theorem of Arti-
cle 3 established this split, K = Keff+R, as the re�nement morphism between the
description and regularity axes; here we develop the axis in full. We exhibit its
apparatus � the two-part code, the Gell-Mann�Lloyd total information, the Kol-
mogorov structure function, and the algorithmic minimal su�cient statistic � as
constructs on the retained model, and we locate Bennett's logical depth as a neigh-
boring regularity-type measure that shares the non-monotonic signature while
measuring a di�erent resource. The signature itself, the non-monotonic �hump,�
is given its precise statement and a concrete measured demonstration: structured
and random objects of nearly equal total complexity can have sharply di�erent
e�ective complexity, so e�ective complexity is not a function of the description-
axis or channel-axis measure alone. Finally we locate the characteristic feature of
the axis � the relativity of the structure/residue cut � as the origin of e�ective
complexity's reputation for contestedness, the regularity axis's own native inde-
terminacy, the structural counterpart of the channel axis's observer-relativity and
the description axis's uncomputability.

Keywords: e�ective complexity; regularity axis; two-part code; Kolmogorov structure
function; minimal su�cient statistic; logical depth; total information; non-monotonic
complexity; foundations of physics.
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1 Introduction

The two preceding articles located the channel and description axes: Shannon's entropy
as the registered di�erentiation per draw of a source-as-ensemble [6], and Kolmogorov
complexity as the shortest speci�cation of an individual-as-object [7]. Both measures
share a feature that, on re�ection, is a limitation as much as a virtue: they are mono-
tone in disorder. Entropy is least for a settled source and greatest for a uniform one;
complexity is least for a compressible string and greatest for an incompressible one.
Neither distinguishes the rich from the random. A library and a shelf of noise can have
the same entropy; a working program and a random bit-string of the same length can
have the same Kolmogorov complexity. What both measures miss is exactly what we
usually mean by complexity in the ordinary sense � not sheer disorder, but structure:
the property an object has when it is neither trivially simple nor merely random, but
organized.

E�ective complexity is the measure built to capture this [3]. Its de�ning feature is that
it is non-monotonic in disorder: small for the ordered, small for the random, large only
for the structured object in between. This article locates e�ective complexity on the
regularity axis of the substrate, as the complete theory of structure, and shows that its
non-monotonicity � often treated as a puzzle or a defect � is the exact signature of
the reduction it rests on.

The placement is established in outline. The Projection Theorem of Article 3 [5] identi-
�ed the regularity axis as a re�nement of the description axis. The shortest description
of an individual splits, by the two-part code, into a model of its regularities and a
random residue: K(x) = Keff(x) + R(x), with Keff the complexity of the model and
R the residual randomness. The description axis retains the total K; the regularity
axis retains only the model Keff , discarding the residue R. This re�nement morphism
� an additive split, with no proportionality � is what relates the two axes, and it is
why e�ective complexity is a genuinely distinct projection rather than a rescaling of
complexity. The present article develops the axis in the detail a dedicated treatment
permits, exactly as the channel and description articles developed theirs.

Two contributions go beyond the bare placement, paralleling those of the companion
articles. The �rst concerns the signature. We give the non-monotonicity its precise
statement � that Keff vanishes, up to constants, at both the ordered and the random
extreme � and a concrete measured demonstration that structured and random objects
of nearly equal total complexity can have sharply di�erent e�ective complexity, so that
e�ective complexity is not a function of the description-axis measure alone. The second
concerns the characteristic feature of the axis. E�ective complexity is famously con-
tested: critics observe that what counts as �regularity� rather than �residue� depends
on a prior judgment, and conclude that the measure is subjective. We locate this de-
pendence precisely. It is the relativity of the cut between structure and residue � the
level at which the structure function is read � and it is the regularity axis's own native
indeterminacy, the structural counterpart of the channel axis's observer-relativity and
the description axis's uncomputability. Given the cut, e�ective complexity is deter-
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mined; the cut is the choice the reduction requires, and locating it dissolves the charge
of subjectivity into a precise account of what must be �xed.

We close, as before, by marking what the regularity axis cannot see and locating its
authors generously. Gell-Mann and Lloyd built the theory of structure; Bennett built a
neighboring one; the substrate frame assigns each its facet and explains why the facet
relates to the others as it does.

2 Logical Structure of the Argument

The argument parallels those of the channel and description articles, for the third axis.

Step 1 (Section 3): The regularity reduction.
The regularity reduction re�nes the description reduction, splitting the shortest
description into a model and a residue and retaining only the model (De�nition 3.1);
e�ective complexity is the complexity of the model.

Step 2 (Section 4): The apparatus.
We exhibit the two-part code, the Gell-Mann�Lloyd total information, the Kol-
mogorov structure function, and the algorithmic minimal su�cient statistic (De�ni-
tion 4.2) as constructs on the retained model, recalling the re�nement morphism of
Article 3 (Proposition 4.1).

Step 3 (Section 5): The shape of the axis.
The native indeterminacy is the machine constant together with the struc-
ture/residue cut; the signature is the non-monotonic hump (Proposition 5.1,
Figure 1); and e�ective complexity is not a function of the description- or channel-
axis measure alone (Proposition 5.2). Bennett's logical depth is located as a
neighboring regularity-type measure.

Step 4 (Section 6): The characteristic feature.
E�ective complexity is determined only relative to the structure/residue cut (Propo-
sition 6.1); this is the regularity axis's native indeterminacy, and locating it dissolves
the charge of subjectivity.

Step 5 (Section 7): What the regularity axis cannot see.
The axis is the theory of structure and is blind, from within, to the common domain
that �xes the cut; we locate Gell-Mann, Lloyd, and Bennett generously.

Step 6 (Section 8): Epistemic status.
An explicit ledger separates what is proved here, what is imported, and what is
a�rmed as standard.

The dependencies are linear: Steps 2�4 operate on the reduction of Step 1; Step 5 sets
the whole within the cross-axis frame of Article 3. The thesis advanced is that e�ective
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complexity is the complete and correct theory of the structured facet, and that its non-
monotonic signature and its contested cut are exact features of the regularity reduction
rather than defects.

3 The Regularity Reduction

3.1 Structure retained, residue discarded

The regularity axis stands to the description axis not as an orthogonal coordinate, as
the channel axis did, but as a re�nement: it takes the shortest description and keeps
only its structured part.

De�nition 3.1 (Regularity reduction). The regularity reduction ρre acts on the descrip-
tion projection by splitting the shortest description of an individual x into two parts
� a model M capturing the regularities of x, and a residue specifying x among the
objects the model does not distinguish � and retaining only the model. The regularity
projection is the model M , and the measure on it, e�ective complexity Keff(x), is the
complexity K(M) of the model in the optimal such split.

What the regularity reduction discards is the residue: the part of the description that is
speci�c to the individual and carries no regularity, the incompressible remainder once
the structure has been factored out. What it retains is the model: the description of the
regularities alone. This is exactly the complement of what the description axis discards.
The description axis retained the whole individual � structure and residue together �
and discarded the ensemble; the regularity axis goes one step further, retaining only the
structure within the individual and discarding the residue as well. The relation between
them is therefore the re�nement morphism of Article 3, made precise in Section 4.

Remark 3.2 (Why �re�nement� and not �orthogonality�). The channel and description
axes were orthogonal: each retained what the other discarded, and neither was a further
reduction of the other. The regularity axis is not orthogonal to the description axis
but downstream of it: it operates on the description, splitting it. This is why Article 3
classi�ed the description�regularity relation as a re�nement morphism rather than a
kernel or a rescaling, and why e�ective complexity is built from Kolmogorov complexity
rather than de�ned independently. The regularity axis is the description axis seen
through the structure/residue split.

3.2 The structured object as model-bearer

To take the regularity reduction is to treat the object as a model-bearer : something
whose regularities can be separated from its accidents and described on their own. This
presupposes a prior judgment of which features are regularities and which are residue
� the cut of Section 6 � just as the channel reduction presupposed a source model and
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the description reduction a universal machine. The cut is the structure the regularity
reduction requires, and e�ective complexity is a property of the object relative to it,
never of the substrate (Article 2): the substrate has no model and no residue; the split
is a feature of the reduction.

3.3 Counterarguments and Responses

Objection 1 (e�ective complexity is just Kolmogorov complexity with extra
steps). Response. It is built from Kolmogorov complexity but is not a function of
it: two objects of equal K can have di�erent Keff (Proposition 5.2), because the split
of K into model and residue di�ers between them. The regularity reduction extracts
information the description projection contains but does not isolate � the share of the
description that is structural � and that extraction is a genuine further reduction, not
a relabeling.

Objection 2 (splitting a description into �model� and �residue� is arbitrary).
Response. The split is not arbitrary once the cut is �xed; it is the optimal two-part
code, made precise by the Kolmogorov structure function and the minimal su�cient
statistic (Section 4). What is genuinely chosen is the cut � the level at which structure
gives way to residue � and that choice is the axis's native indeterminacy, located in
Section 6, not an arbitrariness in the split given the cut.

3.4 Section Result and Implications

We have �xed the regularity reduction as the re�nement of the description reduction
that retains the model and discards the residue (De�nition 3.1, Remark 3.2). The
implication is that every quantity on the regularity projection is a property of the
structure of an object, separated from its randomness � a pro�le the two-part code
and the structure function make precise, as we now show.

4 The Apparatus

4.1 The re�nement morphism, recalled

The relation that de�nes the regularity axis is the two-part split of the description,
recalled from Article 3.

Proposition 4.1 (E�ective complexity as regularity-axis projection; 5). The shortest
description of an individual x admits a two-part form

K(x) = K(M) +K(x | M) +O(1), (1)

where M is a model (a �nite set, or program for a set, containing x) and K(x | M) is
the cost of specifying x within M . For the optimal model � the algorithmic minimal
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su�cient statistic � the second term is the residual randomness R(x) and the �rst is
the e�ective complexity Keff(x) = K(M), so K(x) = Keff(x) + R(x) + O(1). E�ective
complexity is the regularity-axis projection Keff ◦ ρre, and the split is the re�nement
morphism between the description and regularity axes.

The split is additive and carries no proportionality: Keff is not a �xed fraction of K,
nor a rescaling of it, but the model-share of the description, which varies independently
of the total (Section 5). This is the structural reason the description�regularity relation
is a re�nement morphism and not a rescaling like the channel�macrostate relation: the
two-part code adds, it does not scale.

4.2 Total information, the structure function, and the minimal

su�cient statistic

The apparatus of the regularity axis makes the optimal split precise.

De�nition 4.2 (The regularity-axis constructs). For an individual x of length n:

� The Gell-Mann�Lloyd total information is Σ(x) = Keff(x) + H(M), the e�ective
complexity plus the entropy of the optimal model's set � the structural bits plus
the residual bits [3, 4].

� The Kolmogorov structure function is hx(α) = min{log |M | : x ∈ M, K(M) ≤ α},
the least log-cardinality of a model of complexity at most α containing x [2, 8].

� The algorithmic minimal su�cient statistic is the smallest modelM at which hx(α)+
α reaches K(x) � the point where adding model complexity no longer reduces the
residue. Its complexity is Keff(x).

The structure function is the rigorous backbone of e�ective complexity. Reading it
from left to right, one spends increasing complexity α on the model and watches the
residual log |M | fall; the minimal su�cient statistic is the �elbow� where the residual
stops falling, beyond which extra model complexity merely memorizes the random
residue and buys nothing. E�ective complexity is the location of that elbow: the
model complexity at which all the structure, and none of the randomness, has been
captured. The total information Σ adds the residual back, recovering a quantity close
to the total description length; e�ective complexity alone is the structural part.

4.3 Logical depth: a neighboring regularity-type measure

E�ective complexity is not the only measure built to capture structure rather than
disorder, and locating its neighbor sharpens the axis. Bennett's logical depth [1] mea-
sures the structure of an object by the time its shortest program takes to produce it,
rather than the size of its model: a deep object is one whose production requires long
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computation from a short description, so that its organization is the buried result of
much work. Logical depth shares e�ective complexity's non-monotonic signature �
both the ordered and the random object are shallow, the �rst because its program is
short and fast, the second because its shortest program is essentially itself and runs at
once � but it measures a di�erent resource, computation time rather than model size.
On the substrate reading, logical depth is a neighboring regularity-type axis, related to
e�ective complexity as the Rényi and Tsallis families were related to Shannon on the
channel axis: a di�erent functional on a kindred reduction, sharing the structured-not-
random signature, di�ering in the resource it counts. We locate it as such and do not
adjudicate which captures �structure� best; that depends on whether size or time is the
structure of interest.

4.4 Counterarguments and Responses

Objection 1 (the structure function and minimal su�cient statistic are un-
computable, so the apparatus is empty). Response. They inherit the uncom-
putability of K [7], and the response is the same: uncomputability bears on evaluation,
not on de�nition or on the relations the axis enters. The structure function is a well-
de�ned object whose shape is the subject of theorems [8], computable upper proxies
exist (any explicit two-part code furnishes one, as in Figure 1), and the re�nement
morphism relating e�ective complexity to the description axis is an exact relation. An
uncomputable measure with exact relations and computable proxies is not empty.

Objection 2 (logical depth and e�ective complexity cannot both be �the�
measure of structure). Response. Neither is �the� measure; they are two functionals
on the regularity facet, sharing its signature and di�ering in resource. The substrate
frame does not crown one; it locates both on the regularity axis and notes that the
choice between size and time is a choice of what structure one means, exactly as the
choice among the Rényi orders was a choice of composition law on the channel axis.
Plurality within an axis is located, not adjudicated.

4.5 Section Result and Implications

We have exhibited the apparatus of the regularity axis � the two-part code and re-
�nement morphism (Proposition 4.1), the total information, structure function, and
minimal su�cient statistic (De�nition 4.2), and the neighboring measure of logical
depth � as constructs on the retained model. The implication is that the regularity
axis, like its predecessors, carries a complete apparatus, here a theory of the structured
part of an object. We turn to the shape of the axis, where its signature lives.
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5 The Shape of the Axis

5.1 Native indeterminacy

The regularity axis carries two sources of native indeterminacy, where the channel
and description axes carried one each. It inherits the additive machine constant from
the Kolmogorov complexity on which it is built (Proposition 4.1). And it carries,
additionally, the structure/residue cut : the level at which the structure function is
read, the boundary between what counts as model and what counts as residue. The
cut is the regularity axis's own indeterminacy, with no analogue on the channel or
description axes, and it is the subject of Section 6. Given both � a machine and a cut
� e�ective complexity is determined; the two are the structure the reduction requires.

5.2 The non-monotonic signature

The de�ning feature of the regularity axis is the shape of its measure across the order�
randomness range.

Proposition 5.1 (Non-monotonicity of e�ective complexity). E�ective complexity van-
ishes, up to additive constants, at both extremes of disorder:

(i) (Ordered.) If x is highly compressible, K(x) = O(log n), then Keff(x) = O(log n):
there is little description to split, so the model is small.

(ii) (Random.) If x is incompressible, K(x) = n + O(log n), then Keff(x) = O(log n):
the minimal su�cient statistic is trivial, the residue is essentially all of x, and the
model is small.

E�ective complexity is large only for intermediate, structured x, whose regularities are
themselves substantial. It is therefore non-monotonic in disorder, unlike Shannon en-
tropy and Kolmogorov complexity, which are monotone.

Proof. (i) If K(x) = O(log n) then by K(x) = Keff(x)+R(x)+O(1) and Keff , R ≥ 0 we
have Keff(x) ≤ K(x) = O(log n). (ii) For an incompressible x, the structure function
hx lies near the diagonal: no model of complexity below K(x) reduces the residue below
log |M |, so the minimal su�cient statistic is the trivial model and Keff(x) = O(log n)
[3, 8]. That intermediate x can have Keff(x) = Θ(n) is witnessed by objects with
substantial regularities � a long but genuinely structured pattern � whose optimal
model is large. Hence Keff is small at both extremes and large in between.

5.3 E�ective complexity is a genuinely distinct projection

The non-monotonicity has an immediate consequence: e�ective complexity cannot be
recovered from the measures of the other axes.
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Figure 1: The non-monotonic signature of the regularity axis. (a) Schematic: across
the order�randomness range, Shannon entropy and Kolmogorov complexity rise mono-
tonically (dashed), while e�ective complexity is an inverted-U (solid), small at both
extremes and large only for the structured middle (after Gell-Mann & Lloyd; structure-
function backbone of Vereshchagin & Vitányi). (b) A concrete measured dissociation
for three n-bit exemplars. A total-complexity proxy (bz2 bits/symbol, grey) rises with
disorder; an e�ective-complexity proxy (the per-symbol bits of reusable structure �
the dictionary of recurring length-16 blocks, the model in a two-part code, red) is large
only for the structured exemplar. The structured and random exemplars have nearly
equal total proxy (1.00 vs. 1.15) yet sharply di�erent e�ective-complexity proxy (0.27
vs. 0.01): e�ective complexity is not a function of the description-axis measure alone
(Proposition 5.2).

Proposition 5.2 (Dissociation from the description and channel axes). There exist
individuals x, y with K(x) = K(y) + O(log n) but Keff(x) ̸= Keff(y) by Θ(n); likewise
there exist sources with equal Shannon entropy but whose typical objects di�er in e�ec-
tive complexity. Hence Keff is not a function of the description-axis projection K, nor
of the channel-axis projection H, alone: it is a genuinely distinct projection.

Proof. Take x a structured object with substantial model, Keff(x) = Θ(n), and total
K(x) = n + O(log n) in the sense that its description is barely compressible overall;
take y incompressible-random with K(y) = n + O(log n) and Keff(y) = O(log n) by
Proposition 5.1(ii). Then K(x) = K(y)+O(log n) while Keff(x)−Keff(y) = Θ(n). The
measured exemplars of Figure 1(b) realize this: structured and random strings of nearly
equal total proxy (1.00 and 1.15 bits/symbol) have e�ective-complexity proxies of 0.27
and 0.01 bits/symbol. The entropy version is analogous, since equal-entropy sources
can have typical objects of di�ering structure.

This is the precise content of �no proportionality� in the re�nement morphism. The
channel and macrostate axes were related by a rescaling, so that one determined the
other up to a constant; the description and regularity axes are related by an additive
split in which the model-share varies independently of the total, so that the description-
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axis measure leaves the regularity-axis measure undetermined. Figure 1 shows the
dissociation concretely: two objects the description axis cannot tell apart by total
complexity, the regularity axis sharply distinguishes.

5.4 Counterarguments and Responses

Objection 1 (the model-cost proxy in Figure 1 is not e�ective complexity).
Response. It is a computable lower-bound illustration, and is labeled as such: the
per-symbol bits of recurring length-16 blocks is one concrete two-part model whose
cost bounds the structural content from below and exhibits the dissociation. It is no
more the exact e�ective complexity than bz2 was the exact Kolmogorov complexity in
the description article; it demonstrates the qualitative fact � structured objects carry
substantial model bits, random ones do not � that Proposition 5.1 states exactly and
uncomputably.

Objection 2 (the non-monotonicity makes e�ective complexity ill-behaved as
a measure). Response. It makes it non-monotonic, which is precisely the behavior the
measure was designed to have: a measure of structure must be small for both the trivial
and the random, or it is a measure of disorder, not structure. The non-monotonicity
is the signature of the regularity facet, not a pathology; what would be ill-behaved
is a measure of structure that rose monotonically with randomness, for it would not
measure structure at all.

5.5 Section Result and Implications

We have exhibited the shape of the regularity axis: its native indeterminacy is the
machine constant together with the structure/residue cut; its signature is the non-
monotonic hump (Proposition 5.1, Figure 1); and e�ective complexity is a genuinely
distinct projection, not a function of the description- or channel-axis measure alone
(Proposition 5.2). The implication is that the cut, which the shape required us to �x,
is the axis's characteristic indeterminacy, to which we now turn.

6 The Characteristic Feature: Relativity of the Cut

6.1 Contestedness located

Each axis has a characteristic feature �owing from what its reduction requires. The
channel axis's was observer-relativity, the dependence of the entropy on the chosen
source model; the description axis's was uncomputability, the price of retaining the
whole individual. The regularity axis's characteristic feature is the relativity of the cut,
and it is the precise content of e�ective complexity's reputation for being contested.
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Proposition 6.1 (E�ective complexity is determined only relative to the cut). E�ective
complexity Keff(x) is well-de�ned only relative to a choice of the structure/residue cut �
equivalently, the model class admitted, or the level of the structure function at which the
minimal su�cient statistic is read. Di�erent admissible cuts assign x di�erent e�ective
complexities; given the cut, Keff(x) is determined (up to the machine constant).

Proof. The minimal su�cient statistic, and hence Keff , is de�ned as the elbow of the
structure function relative to an admitted class of models (De�nition 4.2). Enlarging or
restricting the class moves the elbow: a feature counted as structure under a permissive
class is counted as residue under a restrictive one, changing K(M) and hence Keff(x).
Thus Keff is a function of x and the cut jointly; �xing the cut �xes the function [3, 4,
8].

6.2 Why this dissolves the charge of subjectivity

E�ective complexity has been criticized as subjective, on the ground that what one
observer counts as regularity another counts as noise, so that the measure depends
on the observer's interests. The substrate reading grants the observation and reverses
its force. The dependence is real, and it is the relativity of Proposition 6.1; but it is
not a subjectivity of the measure, it is the native indeterminacy of the axis, exactly
parallel to the channel axis's dependence on the source model. There, the entropy was
objective given the reduction and the observer was spent in choosing the reduction [6];
here, the e�ective complexity is objective given the cut and the observer is spent in
choosing the cut. In both cases the �subjectivity� is the choice the reduction requires,
made once, before the functional is evaluated; in neither does it infect the functional.
To call e�ective complexity subjective is to mistake the indeterminacy of the axis for an
indeterminacy of the measure, just as calling Shannon entropy subjective mistook the
choice of source for a subjectivity of H. The cut must be chosen; once chosen, e�ective
complexity is as objective as entropy.

This is the regularity axis's place in the pattern the volume has been building. Three
axes, three characteristic features, each the native indeterminacy of a reduction: the
channel axis relative to its source model, the description axis uncomputable as the price
of the whole individual, the regularity axis relative to its structure/residue cut. The
features look like three separate embarrassments � entropy's subjectivity, complexity's
uncomputability, e�ective complexity's contestedness � and are, on the substrate read-
ing, three instances of one fact: a projection requires a choice of reduction, and the
choice is where the apparent defect lives.

6.3 Counterarguments and Responses

Objection 1 (if the cut is free, e�ective complexity measures nothing de�-
nite). Response. It measures something de�nite relative to each cut, exactly as entropy
measures something de�nite relative to each source model. �Free� overstates it: the cut
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is constrained by the purpose for which structure is being measured, and natural pur-
poses �x natural cuts, as a physical coarse-graining �xes a natural macrostate. What
the substrate frame denies is only an absolute, cut-free e�ective complexity � the same
denial it made of an absolute, source-free entropy and an absolute, axis-free amount
of information (Article 2). Relative to a cut, the measure is de�nite; absent any cut,
the question �how structured is x, full stop� is, like �how much information does the
universe contain, full stop,� ill-posed at the level of the substrate.

Objection 2 (the parallel with entropy's observer-relativity is too neat to
be real). Response. The parallel is exact in the one respect claimed: each is the
dependence of a projection measure on the reduction that de�nes its axis, with the
measure determinate once the reduction is �xed. It is not claimed that the choices
are of the same kind � a source model, a universal machine, and a structure cut are
di�erent choices � only that each is the native indeterminacy of its axis, and that the
apparent subjectivity or contestedness of each measure is that indeterminacy and not a
defect of the functional. That three independent measures exhibit the same structural
pattern is evidence for the substrate reading, not an artifact of it.

6.4 Section Result and Implications

We have located the characteristic feature of the regularity axis: e�ective complexity
is determined only relative to the structure/residue cut (Proposition 6.1), and this
relativity is the axis's native indeterminacy, dissolving the charge of subjectivity into
the precise account that the cut is the choice the reduction requires. The implication
is that the three axes of Part II share one pattern � a reduction, a functional, and
a characteristic indeterminacy � and that e�ective complexity's contestedness is its
instance of it. We close by marking what the axis cannot see.

7 What the Regularity Axis Cannot See

The regularity axis is the complete theory of structure, and within it the two-part code,
the structure function, the minimal su�cient statistic, and the total information answer
the questions the axis can pose. But like its predecessors it is blind, from within, to
what lies across its borders.

It cannot �x its own cut. The level at which structure gives way to residue is set by
the purpose for which structure is measured, and that purpose is not in the regularity
projection; the axis takes the cut as given and computes relative to it, exactly as the
channel axis took the source model as given. Where the cut comes from � a physical
coarse-graining, a task, a context � is a question the regularity axis cannot answer
from within, and the substrate frame locates the cut as the reduction's required choice
without supplying its content. Nor can the axis see, from within, why its measure
relates to the description axis by an additive split rather than a rescaling; that the
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relation is the re�nement morphism K = Keff +R is a fact about the common domain,
the substrate, visible only when the description and regularity projections are seen as
reductions of one object [5].

This is the same sense in which the substrate frame held the channel and description
theories: it assigns the theory of structure its facet � the regularity axis, with its
model-retaining reduction, its two-part functional, its structure function � and a�rms
its completeness there, reserving for the substrate only the relations to the other facets
and the source of the cut. We locate the theory's authors with the generosity the volume
owes its predecessors. Gell-Mann and Lloyd [3, 4] built e�ective complexity and the
total information, isolating structure from both order and randomness and giving the
regularity facet its measure; Bennett [1] built logical depth, the neighboring measure
that �nds structure in computation time rather than model size; and Vereshchagin and
Vitányi [8] and Gács et al. [2] gave the structure function and the minimal su�cient
statistic the rigorous form on which the modern account rests. Each saw the regularity
facet truly, and built the theory that the substrate frame now places beside the channel
and description theories as the third complete account of a projection.

7.1 Counterarguments and Responses

Objection 1 (if the regularity axis cannot �x its own cut, it is parasitic on
the other axes). Response. It is built on the description axis � that is the content of
the re�nement morphism � but it is not parasitic: it isolates a quantity, the structural
share of a description, that no other axis measures, and the dissociation of Proposi-
tion 5.2 shows that quantity to be independent of the description total. Depending on
the description axis for its raw material is not the same as being reducible to it; the
regularity axis adds the structure/residue split, which is genuinely its own.

Objection 2 (locating logical depth �beside� e�ective complexity dodges the
question of which is right). Response. The question �which is right� presupposes a
single correct measure of structure, which the axis no more has than the channel axis
had a single correct order of Rényi entropy. Size and time are two resources in which
structure can be costly, and e�ective complexity and logical depth measure the two;
which is the relevant structure is �xed by the purpose, like the cut. Locating both on
the regularity axis is the answer the substrate frame gives, and it is not a dodge but
the same pluralism-within-an-axis the channel article established.

7.2 Section Result and Implications

We have marked what the regularity axis cannot see � the source of its cut and the
re�nement morphism that relates it to the description axis, both supplied from the
substrate � and located Gell-Mann, Lloyd, Bennett, Vereshchagin, and Vitányi as
the authors of the complete theory of the structured facet. The implication, carried
forward in Part II, is that the macrostate axis of thermodynamic entropy, the last of
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the principal projections, receives its own located treatment next.

8 Epistemic Status: Proved, Imported, A�rmed

In the manner of the series, we close with an explicit ledger. Proved (here) marks results
established in this article; Imported marks results taken from prior articles, chie�y the
re�nement morphism of Article 3; A�rmed (standard) marks established algorithmic
and complexity theory the article endorses and locates without re-deriving.

Claim Status Locus

Keff = regularity-axis projection; K = Keff+R
re�nement morphism

Imported Kriger [5] (Art. 3)

Regularity reduction re�nes description: model
kept, residue discarded

Proved (here) Def. 3.1, Rem. 3.2

Non-monotonicity of e�ective complexity (the
hump)

Proved (here) Prop. 5.1

Dissociation: Keff not a function of K or H
alone

Proved (here) Prop. 5.2

E�ective complexity determined only relative
to the cut

Proved (here) Prop. 6.1

Contestedness = native indeterminacy of the
axis (not subjectivity)

Proved (here) �6.2

Two-part code; total information A�rmed (standard) Gell-Mann and
Lloyd [3, 4]

Kolmogorov structure function; minimal su�-
cient statistic

A�rmed (standard) Gács et al. [2],
Vereshchagin and
Vitányi [8]

Logical depth (neighboring regularity-type
measure)

A�rmed (standard) Bennett [1]

Uncomputability of Keff (bears on evaluation,
not de�nition)

Imported Kriger [7]

The ledger marks the division of labor. The article imports the re�nement morphism
from Article 3 and the uncomputability from Article 6; it proves the structural facts
about the regularity reduction, the non-monotonic signature, the dissociation, and the
relativity of the cut; and it a�rms, without re-deriving, the established theory of
e�ective complexity, the structure function, and logical depth that it locates.

9 Discussion

The result of this article is a placement, the third of Part II. E�ective complexity is
located on the regularity axis as the complete theory of structure: the regularity reduc-
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tion re�nes the description reduction, splitting the shortest description into a model and
a residue and retaining only the model, and the two-part code, the structure function,
and the minimal su�cient statistic are the apparatus of that retained model. The place-
ment makes two contributions beyond the bookkeeping. It gives the non-monotonicity
of e�ective complexity its precise statement and a concrete measured demonstration �
that structured and random objects of nearly equal total complexity can have sharply
di�erent e�ective complexity � showing the measure to be a genuinely distinct projec-
tion rather than a rescaling of complexity. And it locates the contestedness of e�ective
complexity as the relativity of the structure/residue cut, the regularity axis's native in-
determinacy, parallel to the channel axis's observer-relativity and the description axis's
uncomputability, thereby dissolving the charge of subjectivity into a precise account of
what the reduction requires.

The placement completes a pattern. The three axes of Part II so far � channel, de-
scription, regularity � each consist of a reduction, a functional, and a characteristic
indeterminacy, and the three indeterminacies, which the literature has treated as three
separate di�culties, are one fact seen three times: a projection requires a choice of re-
duction. Entropy's apparent subjectivity, complexity's uncomputability, and e�ective
complexity's contestedness are the channel's source model, the description's universal
machine, and the regularity's structure cut. The substrate frame does not remove these
choices � they are the price of projecting an axis-free substrate onto a single coordinate
� but it locates each as the native indeterminacy of an axis and shows the functional
to be determinate once the choice is made. That is the discipline of the classi�cation:
to a�rm each theory as complete within its axis, to locate the choice its reduction
requires, and to reserve for the substrate only the relations among the axes.

9.1 Limitations

Three limitations are material. First, the article imports the re�nement morphism
and the uncomputability from Articles 3 and 6 and does not re-establish them; a
reader who doubts those results will �nd the placement only as secure as its sources.
Second, the �gure's e�ective-complexity proxy is a computable lower-bound illustration
� the bits of recurring �xed-length blocks � and demonstrates the dissociation and
the structured-not-random behavior without computing the exact e�ective complexity,
which is uncomputable; the exact non-monotonicity is the content of Proposition 5.1,
not of the proxy. Third, the relativity of the cut is located but not eliminated: the article
does not supply a canonical cut, holding that the cut is �xed by purpose and that an
absolute, purpose-free e�ective complexity is, like an absolute amount of information,
ill-posed at the level of the substrate.

9.2 Future Directions

The immediate sequel completes the principal projections of Part II with the macrostate
axis of thermodynamic entropy, whose relation to the channel axis is the rescaling rigid-
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ity of Article 3 and whose located treatment parallels the three given so far. Beyond
the volume, the relativity of the structure/residue cut invites a precise question con-
tinuous with Article 3 and with the deformation question raised for the channel and
description axes: whether the admissible cuts form a structure � a lattice of model
classes, perhaps � whose morphisms could be classi�ed alongside the rescaling, kernel,
and re�nement morphisms between axes, turning the choice of cut from a free param-
eter into a position in a classi�ed space. That question connects the present located
treatment to the open completeness conjecture of Article 3 and is left to the work that
can address it.
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A Code for Figure 1

The following Python script generates Figure 1. Panel (a) plots the schematic curves;
panel (b) measures, for three n-bit exemplars, a total-complexity proxy (bz2) and an
e�ective-complexity proxy (the per-symbol bits of recurring length-L blocks, a com-
putable two-part model cost).

import bz2

from collections import Counter

import numpy as np

rng = np.random.default_rng(7); n = 24576; L = 16

def packed(b):

pad = (-len(b)) % 8

if pad: b = np.concatenate([b, np.zeros(pad, np.uint8)])

return np.packbits(b).tobytes()

def k_proxy(b): # total-complexity proxy (bits/symbol)

return 8.0 * len(bz2.compress(packed(b), 9)) / len(b)

def eff_proxy(b, L=L): # effective-complexity proxy (model bits/sym)

nb = len(b) // L

blocks = [bytes(b[i*L:(i+1)*L].tolist()) for i in range(nb)]

reused = [k for k, v in Counter(blocks).items() if v >= 2]

return (len(reused) * L) / len(b)

ordered = np.zeros(n, np.uint8) # K~0.014, Keff~0.001

D, r = 512, 3 # dictionary of motifs

motifs = (rng.random((D, L)) < 0.5).astype(np.uint8)

idx = rng.integers(0, D, size=n // L)

structured = np.concatenate([motifs[i] for i in idx])[:n] # K~1.002, Keff~0.271

random_ = (rng.random(n) < 0.5).astype(np.uint8) # K~1.153, Keff~0.012
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Abstract

Thermodynamic entropy is the oldest of the information measures and the only
one with units. This article, completing the principal projections of the classi�-
catory part of the volume, locates Boltzmann�Gibbs entropy on the macrostate
axis of the substrate. The macrostate reduction retains a coarse-grained descrip-
tion � a count of the microstates compatible with a macroscopic speci�cation
� and discards the individual microstate the system actually occupies. Boltz-
mann's S = kB lnW is the special case, at equiprobable microstates, of Gibbs's
S = −kB

∑
i pi ln pi, and both are kB times the Shannon entropy of the mi-

crostate distribution: the macrostate axis is the channel axis equipped with a
physical coarse-graining and a dimensional unit. This is the rescaling rigidity
of Article 3, S = kBH, and we develop it from the macrostate side, noting the
feature that distinguishes this axis from the others: its unit is not free. Where
the channel axis left the logarithm base to choice and the description axis left
an additive machine constant, the macrostate axis carries the Boltzmann con-
stant kB = 1.380649 × 10−23 J/K, �xed exactly by the 2019 rede�nition of the
SI; the rescaling constant is pinned by physics, not chosen. What the macrostate
axis does leave free is the coarse-graining, its native indeterminacy, parallel to
the channel's source model, the description's machine, and the regularity's cut.
The second law is then located as the lossiness of that coarse-graining: under re-
versible, measure-preserving micro-dynamics the �ne-grained entropy is conserved
by Liouville's theorem, yet the coarse-grained entropy increases to equilibrium, an
increase produced by the coarse-graining and not by the dynamics. We demon-
strate this with a reversible mixing map and locate the thermodynamic arrow of
time as the macrostate-axis face of the lossiness of projection. Boltzmann, Gibbs,
and Jaynes are located as the authors of the complete theory of the coarse-grained
facet.

Keywords: thermodynamic entropy; Boltzmann�Gibbs entropy; macrostate axis;
coarse-graining; second law; arrow of time; Boltzmann constant; Liouville's theorem;
foundations of physics.
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1 Introduction

The three preceding articles of Part II located the channel, description, and regularity
axes [7�9]. The measures they placed � Shannon entropy, Kolmogorov complexity,
e�ective complexity � share one striking feature: they are all dimensionless. They
count bits, or program lengths, or model sizes, but they carry no units of physics.
Thermodynamic entropy is di�erent. It was the �rst quantity to be called entropy,
it predates information theory by most of a century, and it carries units of energy
over temperature: joules per kelvin. A classi�cation of the information measures that
did not reach thermodynamic entropy would have left out the one with the strongest
claim to physical reality, and the one whose relation to the others has caused the most
confusion and the most insight. This article completes the principal projections by
locating Boltzmann�Gibbs entropy on the macrostate axis of the substrate.

The placement turns on a relation already proved. The Projection Theorem of Article 3
[6] identi�ed the macrostate�channel relation as a rescaling : thermodynamic entropy
is the Boltzmann constant times an information entropy, S = kBH. The macrostate
reduction takes a physical system, �xes a macroscopic description, and counts the
microstates compatible with it; the Shannon entropy of the resulting microstate dis-
tribution, multiplied by kB, is the thermodynamic entropy. Boltzmann's celebrated
S = kB lnW is the equiprobable case of Gibbs's S = −kB

∑
i pi ln pi [3, 4], and both

are kB times the channel-axis functional applied to the microstate distribution. The
macrostate axis is, in this precise sense, the channel axis with two additions: a physical
coarse-graining that �xes which con�gurations count as the same macrostate, and a
dimensional unit that �xes the scale.

Two features distinguish this axis from its predecessors, and they organize the article.
The �rst concerns the unit. On the channel axis the unit � the base of the logarithm
� was free, a matter of bits or nats; on the description axis the analogue was an
additive machine constant. On the macrostate axis the unit is not free. It is the
Boltzmann constant kB = 1.380649× 10−23 J/K, �xed exactly by the 2019 rede�nition
of the International System of Units [2]. The rescaling constant of S = kBH is pinned
by physics, not chosen, and this is the macrostate axis's distinctive structural fact: it
is the channel axis whose free unit has been determined by the world. The second
feature concerns what the macrostate axis does leave free, which is the coarse-graining
� the choice of which macrovariables, which partition of the microstate space. This is
the macrostate axis's native indeterminacy, parallel to the channel's source model, the
description's universal machine, and the regularity's structure cut, and it is the seat of
the axis's characteristic phenomenon.

That phenomenon is the second law. The non-decrease of thermodynamic entropy, and
with it the thermodynamic arrow of time, is on the substrate reading the lossiness of the
coarse-graining made manifest. Under reversible, measure-preserving micro-dynamics
the �ne-grained entropy of the exact phase-space density is conserved � Liouville's the-
orem � yet the coarse-grained entropy increases to equilibrium, because the reversible
dynamics stretches and folds the density into �laments that the coarse-graining can no
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longer resolve. The increase is produced by the coarse-graining, not by the dynamics;
the second law is the macrostate-axis face of the theme that runs through the whole
volume, that projection loses. We demonstrate this with a reversible mixing map and
locate the thermodynamic arrow accordingly, deferring its full development to Part III.

We close, as the companion articles did, by marking what the macrostate axis cannot see
and locating its authors generously. Boltzmann, Gibbs, and Jaynes built the complete
theory of the coarse-grained facet; the substrate frame assigns it its axis and explains
why that axis relates to the channel axis by a rescaling whose constant the world has
�xed.

2 Logical Structure of the Argument

The argument completes the pattern of Part II for the fourth and most physical axis.

Step 1 (Section 3): The macrostate reduction.
The macrostate reduction retains a coarse-grained description and the count of com-
patible microstates, and discards the individual microstate (De�nition 3.1).

Step 2 (Section 4): The apparatus.
Boltzmann's S = kB lnW is the equiprobable case of Gibbs's entropy (Proposi-
tion 4.1); we exhibit temperature, the fundamental relation, and the second law as
macrostate-axis constructs.

Step 3 (Section 5): The shape of the axis.
The native unit is the Boltzmann constant, �xed by physics rather than chosen
(Proposition 5.1); the macrostate�channel relation is the rescaling rigidity S = kBH,
developed from the macrostate side.

Step 4 (Section 6): Coarse-graining and the second law.
The coarse-graining is the axis's native indeterminacy (Proposition 6.1); the second
law is the lossiness of the coarse-graining under reversible micro-dynamics (Propo-
sition 6.2, Figure 1), and the thermodynamic arrow is the macrostate-axis face of
the lossiness of projection.

Step 5 (Section 7): What the macrostate axis cannot see.
The axis is the theory of the coarse-grained facet and is blind, from within, to
the source of its coarse-graining and to why its constant is what it is; we locate
Boltzmann, Gibbs, and Jaynes, and forward Maxwell's demon to the cost axis.

Step 6 (Section 8): Epistemic status.
An explicit ledger separates what is proved here, what is imported, and what is
a�rmed as standard physics.

The dependencies are linear: Steps 2�4 operate on the reduction of Step 1; Step 5
sets the whole within the cross-axis frame of Article 3. The thesis advanced is that
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Boltzmann�Gibbs entropy is the complete and correct theory of the coarse-grained
facet, that its unit is the channel unit pinned by physics, and that the second law is its
coarse-graining's loss.

3 The Macrostate Reduction

3.1 Macrostate retained, microstate discarded

We begin from the reduction that de�nes the axis.

De�nition 3.1 (Macrostate reduction). The macrostate reduction ρma �xes a coarse-
graining of a physical system's microstate space � a partition into macrostates, each
a set of microstates indistinguishable at the chosen macroscopic level � and sends
the system to its macrostate together with the distribution over the microstates that
macrostate contains. It retains the macrostate and the microstate count (or distri-
bution); it discards which individual microstate the system actually occupies. The
measure on the macrostate projection is the Boltzmann�Gibbs entropy.

What the macrostate reduction discards is the individual microstate: the exact positions
and momenta of every molecule, the precise con�guration within the macrostate. What
it retains is the macrostate � the equivalence class � and how many microstates
realize it, or with what weights. This places the macrostate axis close to the channel
axis but not identical to it. The channel axis retained the statistics of repetition of
distinguished outcomes; the macrostate axis retains the statistics of microstates within
a physically �xed coarse-graining. The two di�er in what �xes the outcomes: on the
channel axis a source model, on the macrostate axis a physical partition of phase space.
The macrostate axis is the channel axis with the outcomes supplied by physics and the
unit supplied by physics, as Section 5 makes precise.

Remark 3.2 (Macrostate and microstate). The distinction between macrostate and
microstate is the whole content of the reduction. A microstate is a complete speci�ca-
tion of the system � the description-axis individual of Article 6, in the physical setting.
A macrostate is a coarse-graining of microstates, an equivalence class under a chosen
macroscopic description. The macrostate reduction is therefore a coarse-graining of
the microstate space, and thermodynamic entropy measures the size of the equivalence
class, not the individual within it. This is why thermodynamic entropy is a property of
the macrostate and the coarse-graining, never of the substrate (Article 2): the substrate
has no macrostate until a coarse-graining is �xed.

3.2 Counterarguments and Responses

Objection 1 (the macrostate reduction is just the channel reduction, so the
macrostate axis is not distinct). Response. It is the channel reduction with two
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physical additions, and the additions make the di�erence. The coarse-graining �xes
the outcomes by physics rather than by a free source model, and the unit �xes the
scale by physics rather than by a free logarithm base. The resulting measure carries
units, enters the �rst and second laws, and relates to energy and temperature � none
of which the bare channel entropy does. The rescaling S = kBH relates the two axes
precisely (Section 5); it does not identify them.

Objection 2 (discarding the microstate is the same discarding the description
axis already performed). Response. No: the description axis retained the individual
microstate � that was its de�ning choice (Article 6). The macrostate axis discards it,
retaining only the coarse-grained class. The two axes make opposite choices about the
individual, which is why the microstate is the description-axis object and the macrostate
is its coarse-graining (Remark 3.2). Thermodynamic entropy is large exactly when
the description axis would need many bits to single out the microstate within the
macrostate.

3.3 Section Result and Implications

We have �xed the macrostate reduction as the physical coarse-graining that retains the
macrostate and the microstate count and discards the individual microstate (De�ni-
tion 3.1, Remark 3.2). The implication is that thermodynamic entropy is a property
of a coarse-graining, close to the channel entropy but supplied by physics with both its
outcomes and its unit � a pro�le the Boltzmann�Gibbs apparatus exhibits exactly, as
we now show.

4 The Apparatus

4.1 Boltzmann, Gibbs, and the microstate distribution

The functional native to the macrostate axis has two classical forms, and their relation
is the �rst thing to �x.

Proposition 4.1 (Boltzmann is Gibbs at equiprobability). Let a macrostate contain
W microstates with probabilities p1, . . . , pW . The Gibbs entropy is

S = −kB

W∑
i=1

pi ln pi. (1)

When the microstates are equiprobable, pi = 1/W , this reduces to the Boltzmann entropy

S = kB lnW. (2)

In both cases S = kBH, where H is the Shannon entropy (in nats) of the microstate
distribution [3�5].
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Proof. Substituting pi = 1/W into (1) gives −kB
∑

i(1/W ) ln(1/W ) = kB lnW , which
is (2). That (1) equals kB times the Shannon entropy of (p1, . . . , pW ) is immediate from
the de�nition of H = −

∑
i pi ln pi [5].

The proposition �xes the relation that the rest of the article develops: thermodynamic
entropy, in either the Boltzmann or the Gibbs form, is kB times the channel-axis func-
tional applied to the microstate distribution of a macrostate. Boltzmann's form counts
microstates and is exact for the equiprobable case that maximum entropy selects at
�xed energy; Gibbs's form weights them and covers the general ensemble. Both live
on the macrostate axis, and both di�er from the channel entropy only by the physical
coarse-graining that supplies the microstates and the constant kB that supplies the
unit.

4.2 Temperature, the fundamental relation, and the second law

On the macrostate axis the entropy is not an isolated number but the hinge of ther-
modynamics. Temperature is de�ned through it, 1/T = (∂S/∂U)V,N , so that the
entropy's sensitivity to energy is the inverse temperature; the fundamental relation
dU = T dS − p dV + µ dN makes the entropy the potential conjugate to temperature,
through which heat and work are distinguished [11]. And the second law states that
for an isolated system the thermodynamic entropy does not decrease, dS ≥ 0, reaching
its maximum at equilibrium. These are the operational content of the macrostate axis,
the analogue of the coding theorems on the channel axis: they are what make the
macrostate entropy a theory of heat and not merely a functional. On the substrate
reading they are constructs on the coarse-grained projection, and the second law in
particular is the axis's characteristic phenomenon, treated in Section 6.

4.3 Counterarguments and Responses

Objection 1 (the Boltzmann and Gibbs entropies are known to disagree in
some cases, so calling them one functional is wrong). Response. They disagree
precisely where the microstate distribution is non-uniform and the system is out of
equilibrium, and Proposition 4.1 marks this: Boltzmann's form is the equiprobable
case, Gibbs's the general one, and both are kBH of the relevant microstate distribution.
The substrate reading does not paper over the distinction; it locates it as the di�er-
ence between the uniform and the weighted microstate distribution fed to the channel
functional, which is exactly the di�erence the debate concerns.

Objection 2 (temperature and the laws are physics, not information, so
locating them on an �axis� overreaches). Response. The location does not reduce
them to information; it observes that the entropy through which they are de�ned is
kB times a channel-axis functional of a physical coarse-graining. Temperature, heat,
and work remain physical; what the substrate reading adds is that the entropy on
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which they hinge is the macrostate projection, related to the channel projection by the
rescaling S = kBH. The physics is untouched; its entropy is placed.

4.4 Section Result and Implications

We have exhibited the apparatus of the macrostate axis � the Boltzmann and Gibbs
entropies as the equiprobable and general forms of kBH (Proposition 4.1), and temper-
ature, the fundamental relation, and the second law as the constructs that make it a
theory of heat. The implication is that the macrostate axis carries a complete physical
theory, and that its entropy is the channel functional supplied by physics with outcomes
and a unit. We turn to the shape of the axis, where the determined unit lives.

5 The Shape of the Axis

5.1 The unit is not free

Every axis of Part II has carried a native indeterminacy in its unit or its reduction.
The macrostate axis is the one whose unit is not free.

Proposition 5.1 (The rescaling rigidity with a determined constant). The macrostate�
channel relation is the rescaling

S = kBH, (3)

where H is the channel-axis (Shannon) entropy of the microstate distribution and kB
is the Boltzmann constant. Because the channel axis is exactly additive (Article 5)
and the macrostate reduction feeds a physical microstate distribution to the channel
functional, the relation is a proportionality, not merely a correlation; and the constant
of proportionality is not free but �xed, kB = 1.380649× 10−23 J/K exactly, by the 2019
rede�nition of the SI [2, 6].

Proof. That S = kBH is Proposition 4.1. That the relation is a rescaling � a propor-
tionality with constant kB � rather than a looser dependence is the rescaling rigidity of
Article 3 [6]: exact additivity of the channel functional under independent composition
forces any extensive measure built on the same microstate distribution to be propor-
tional to it, and the proportionality constant is the unit ratio. Since 2019 the SI �xes
kB exactly, so the unit ratio is a determined physical constant, not a convention [2].

This is the macrostate axis's distinctive structural fact. On the channel axis the unit
was a free choice of logarithm base; the same information entropy could be read in
bits or nats, and nothing in the world �xed the choice. On the macrostate axis the
corresponding unit is the Boltzmann constant, and the world has �xed it: a kelvin and
a joule are de�ned so that kB takes a particular exact value. The rescaling S = kBH
therefore has a determined constant, and thermodynamic entropy is the channel entropy
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of a microstate distribution read in the units physics has pinned. The contrast sharpens
the placement: the macrostate axis is the channel axis with its free unit removed by
the world and its outcomes supplied by a physical coarse-graining.

5.2 Empirical anchoring

The determined unit is not a stipulation but a measured and now �xed fact, and
two anchors make this concrete. First, absolute entropies computed from microstate
counting � the Sackur�Tetrode entropy of a monatomic ideal gas, for instance �
agree with calorimetric measurements, con�rming that S = kB lnW with the physical
kB describes real systems and not merely a formal analogy [11]. Second, the Landauer
bound on the energy of erasing one bit, kBT ln 2, has been measured directly in a single-
bit memory [1, 10], and its value is set by the same kB; the rescaling constant that links
the channel and macrostate axes is the same constant that prices a bit's erasure at the
cost axis. That measured bridge is the entry to the cost axis, which the next article of
Part II treats. The macrostate axis's unit is thus anchored twice over: in the absolute
entropies of matter and in the measured energetics of information erasure.

5.3 Counterarguments and Responses

Objection 1 (�xing kB by the SI is a human convention, so the unit is free
after all). Response. The numerical value of kB re�ects the chosen sizes of the joule and
the kelvin, but the physical content � that thermodynamic entropy and information
entropy are related by a universal constant with dimensions of energy over temperature
� is not conventional, and the constant's universality across all systems is a fact about
the world, not a choice. What the channel axis lacked and the macrostate axis has
is exactly this: a single dimensional constant, the same for every system, relating the
entropy to energy and temperature. That the SI now �xes its numerical value exactly
removes the last measurement uncertainty; it does not make the relation conventional.

Objection 2 (the rescaling rigidity assumes extensivity, which fails for long-
range or gravitating systems). Response. It assumes the additivity of the channel
functional under independent composition, which is exact for the channel axis (Article 5)
and underwrites extensive thermodynamic entropy for short-range systems. Where
extensivity fails � long-range interactions, gravitation � the appropriate entropy may
be a non-additive (for instance Tsallis) form, which Article 5 located as a deformed
channel axis. The substrate reading accommodates this without strain: non-extensive
thermodynamics is the macrostate axis built on a deformed channel functional, and the
rescaling becomes the deformed-axis relation rather than the exactly additive one. The
rigidity holds for the additive case and deforms with the functional.
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5.4 Section Result and Implications

We have exhibited the shape of the macrostate axis: its unit is the Boltzmann constant,
�xed by physics rather than chosen, and the macrostate�channel relation is the rescaling
rigidity S = kBH with a determined constant (Proposition 5.1), anchored in absolute
entropies and the measured Landauer bound. The implication is that the macrostate
axis is the channel axis with a world-�xed unit and physical outcomes. What it does
leave free is the coarse-graining, to which � and to the second law it produces � we
now turn.

6 Coarse-Graining and the Second Law

6.1 The coarse-graining is the native indeterminacy

Where the unit of the macrostate axis is �xed, its reduction is not. The choice of
coarse-graining � which macrovariables, which partition of the microstate space into
macrostates � is the macrostate axis's native indeterminacy, the analogue of the chan-
nel's source model, the description's machine, and the regularity's cut.

Proposition 6.1 (Coarse-graining relativity). Thermodynamic entropy is determined
only relative to a choice of coarse-graining: the partition of the microstate space into
macrostates. Di�erent admissible coarse-grainings assign a system di�erent entropies,
since they count di�erent numbers of microstates as compatible with �the same�
macrostate. Given the coarse-graining, the entropy is determined (up to the �xed unit
kB).

Proof. The Boltzmann�Gibbs entropy (1) is a functional of the microstate distribu-
tion within a macrostate, and the macrostate is de�ned by the coarse-graining (Def-
inition 3.1). A �ner coarse-graining resolves more, placing fewer microstates in each
macrostate and lowering W ; a coarser one raises it. Thus S is a function of the system
and the coarse-graining jointly; �xing the coarse-graining �xes the function [5].

This is the same structural fact met three times before, in physical dress. The ap-
parent subjectivity of thermodynamic entropy � the observation, due to Jaynes, that
�the same� system has di�erent entropies under di�erent descriptions [5] � is not a
subjectivity of the functional but the native indeterminacy of the axis. Given a coarse-
graining, the entropy is as objective as energy; the coarse-graining is the choice the
reduction requires, made once, before the functional is evaluated. The macrostate axis
thus completes the pattern of Part II: a reduction, a functional, and a characteristic
indeterminacy that the literature has read as subjectivity but that the substrate frame
locates as the choice projecting an axis-free substrate onto a single coordinate requires.
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6.2 The second law as the lossiness of the coarse-graining

The coarse-graining does more than relativize the entropy; under dynamics it produces
the second law.

Proposition 6.2 (The second law as coarse-graining loss). Let an isolated system
evolve under reversible, measure-preserving micro-dynamics. By Liouville's theorem
the �ne-grained entropy of the exact phase-space density is conserved. Yet the coarse-
grained entropy � the Boltzmann�Gibbs entropy of the density averaged over the cells
of a �xed coarse-graining � is non-decreasing and rises to its equilibrium maximum,
because the reversible dynamics stretches and folds the density into �laments �ner than
the coarse-graining can resolve. The entropy increase is produced by the coarse-graining,
not by the micro-dynamics.

Proof sketch. Liouville's theorem gives that a measure-preserving �ow leaves the �ne-
grained Gibbs entropy −kB

∫
ρ ln ρ invariant, since ρ is transported without change of

its values. The coarse-grained density ρ̄, obtained by averaging ρ over each cell, has
entropy −kB

∫
ρ̄ ln ρ̄ ≥ −kB

∫
ρ ln ρ by the concavity of −ρ ln ρ (Jensen's inequality),

with equality only when ρ is constant on cells. A mixing �ow drives ρ to �lament across
cells, so ρ̄ approaches uniformity and its entropy rises to the maximum kB ln(cells), while
the �ne-grained entropy stays put [11]. The gap between the two is the information
the coarse-graining cannot resolve; the second law is its growth.

The �gure makes the proposition concrete. The reversible cat map loses no information
� it is a bijection, and its inverse would unmix the blob exactly � yet the coarse-grained
entropy climbs to equilibrium, because the coarse-graining cannot follow the �laments
the map creates. Run the map backward and the same rise occurs, which is the puzzle
of the arrow: the micro-dynamics is symmetric in time, and the asymmetry enters with
the coarse-graining and the low-entropy initial macrostate, not with the dynamics. On
the substrate reading the thermodynamic arrow of time is therefore the macrostate-
axis instance of the asymmetry the volume develops elsewhere: physical projection
loses, and the second law is the precise statement of the loss on the macrostate axis.
The full development of the arrow � why the initial macrostate was low-entropy, how
the coarse-graining's loss relates to the data-processing inequality on the channel axis
[7] and to the uncomputability of inversion on the description axis [8] � belongs to
Part III; here we mark that the second law is the coarse-graining's loss and not the
micro-dynamics'.

6.3 Counterarguments and Responses

Objection 1 (the second law is a fact about physics, not about a coarse-
graining we choose). Response. The non-decrease of coarse-grained entropy is a
fact about physics and a coarse-graining: the �ne-grained entropy does not increase
at all (Liouville), so the increase that the second law reports is the increase of the
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Figure 1: The second law as the lossiness of the coarse-graining. An ensemble of points
evolves under Arnold's cat map on the unit torus, (x, y) 7→ (2x + y, x + y) mod 1, a
deterministic, reversible, area-preserving map. (a) Phase-space snapshots: a compact
initial blob is stretched and folded (mixed) across the torus. (b) The coarse-grained
entropy Hcg(t) of the cell-occupancy distribution on a 32× 32 grid rises monotonically
from 2.71 to 6.92 nats, reaching the equilibrium maximum ln(322) = 6.93 nats. The
�ne-grained (Liouville) entropy is conserved by the measure-preserving dynamics (blue
reference). The increase is produced entirely by the coarse-graining: the reversible
micro-dynamics loses nothing, but the �laments it creates fall below the grid's resolution.
This is the macrostate-axis face of the lossiness of projection.

coarse-grained entropy, which presupposes a coarse-graining. This is not a denial of the
second law but its precise location: the law holds for the coarse-grained entropy, the
only entropy that increases, and the coarse-graining is the macrostate axis's reduction.
The physics � mixing, equilibration, the approach to the maximum � is untouched;
what is located is the sense in which the law concerns a projection.

Objection 2 (if running the map backward also increases coarse-grained
entropy, the arrow is not explained). Response. It is located, not yet explained,
and the article says so. The time-symmetry of the micro-dynamics means the coarse-
graining alone does not pick a direction; the direction comes from the low-entropy initial
macrostate, the boundary condition whose origin is a cosmological question reserved for
Part III. What the present article establishes is the weaker and secure claim that the
entropy increase is the coarse-graining's loss rather than the dynamics' � which is what
locates the arrow on the macrostate axis and connects it to the lossiness of projection.
The origin of the low-entropy past is a separate question, �agged and deferred.
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6.4 Section Result and Implications

We have located the macrostate axis's characteristic feature: the coarse-graining is
its native indeterminacy (Proposition 6.1), and the second law is the lossiness of that
coarse-graining under reversible micro-dynamics (Proposition 6.2, Figure 1), with the
thermodynamic arrow the macrostate-axis face of the lossiness of projection. The
implication is that the four axes of Part II share one pattern � a reduction, a functional,
a characteristic indeterminacy � and that the second law is the macrostate axis's
instance of the volume's central asymmetry. We close by marking what the axis cannot
see.

7 What the Macrostate Axis Cannot See

The macrostate axis is the complete theory of the coarse-grained facet, and within it
the Boltzmann�Gibbs entropy, temperature, the fundamental relation, and the second
law answer the questions the axis can pose. But like its predecessors it is blind, from
within, to what lies across its borders.

It cannot �x its own coarse-graining. Which macrovariables are the right ones, which
partition of phase space counts as �the same� macrostate, is set by the physical situation
and the measurements available, and that is not in the macrostate projection; the axis
takes the coarse-graining as given and computes relative to it, as the channel axis took
the source model as given. Nor can it see, from within, why its constant is what it is:
that the rescaling S = kBH holds with kB universal across all systems is a fact about
the common domain � that thermodynamic and information entropy are reductions of
one substrate along the macrostate and channel axes � visible only from the substrate
[6]. And it cannot, from within, resolve Maxwell's demon. The demon, who would lower
a gas's entropy by sorting its molecules using information about their microstates, sets
the macrostate axis against the cost axis: the entropy the demon removes from the
gas is paid for in the thermodynamic cost of acquiring and erasing the information,
kBT ln 2 per bit [1, 10]. That resolution lives at the junction of the macrostate and cost
axes, and the cost axis is the subject of the next article of Part II; the macrostate axis
records the demon's threat but cannot, alone, dissolve it.

This is the same sense in which the substrate frame held the channel, description,
and regularity theories: it assigns the theory of thermodynamic entropy its facet �
the macrostate axis, with its coarse-grained reduction, its kBH functional, its laws �
and a�rms its completeness there, reserving for the substrate the source of the coarse-
graining, the universality of the constant, and the relations to the other axes. We locate
the theory's authors with the generosity the volume owes its predecessors. Boltzmann
[3] gave entropy its microstate-counting meaning, S = kB lnW , and tied the second law
to the approach to the most probable macrostate; Gibbs [4] gave the ensemble form
that covers the general microstate distribution; and Jaynes [5] made explicit that ther-
modynamic entropy is the Shannon entropy of the macrostate-conditioned microstate
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distribution, the bridge that the substrate frame reads as the rescaling rigidity. Each
saw the coarse-grained facet truly, and built the theory that the substrate frame now
places beside the channel, description, and regularity theories as the fourth complete
account of a projection.

7.1 Counterarguments and Responses

Objection 1 (if the macrostate axis cannot �x its coarse-graining or its
constant, it is incomplete). Response. It is complete within its axis � given a
coarse-graining and the constant, every thermodynamic question has its answer � and
incomplete only in the sense every projection is: it cannot supply, from within, the
choice its reduction requires or the cross-axis relations the substrate induces. That is
not a defect of thermodynamics but the mark of a projection, shared by the channel,
description, and regularity axes. The substrate frame supplies the coarse-graining's
source and the constant's universality from outside the axis, where they live.

Objection 2 (Maxwell's demon has been resolved by Landauer's principle
already, so deferring it to the cost axis is evasive). Response. The resolution is
Landauer's principle, and Landauer's principle is the cost axis: the demon is dissolved
exactly by recognizing that the information it uses carries a thermodynamic erasure
cost kBT ln 2, which is a cost-axis quantity. Deferring the demon to the cost axis is
therefore not evasion but correct placement: the resolution belongs to the junction
of the macrostate and cost axes, and the cost axis is treated next. The macrostate
axis alone sees the demon's threat to the second law; it takes the cost axis to see the
payment that answers it.

7.2 Section Result and Implications

We have marked what the macrostate axis cannot see � the source of its coarse-graining,
the universality of its constant, and the resolution of Maxwell's demon, the last at the
junction with the cost axis � and located Boltzmann, Gibbs, and Jaynes as the authors
of the complete theory of the coarse-grained facet. The implication, carried forward in
Part II, is that the cost axis, where information acquires a thermodynamic price and
the demon is paid o�, receives its treatment next.

8 Epistemic Status: Proved, Imported, A�rmed

In the manner of the series, we close with an explicit ledger. Proved (here) marks
results established in this article; Imported marks results taken from prior articles,
chie�y the rescaling rigidity of Article 3; A�rmed (physics) marks established physics
and metrology the article endorses and locates without re-deriving.
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Claim Status Locus

S = kBH rescaling rigidity (macrostate�
channel)

Imported Kriger [6] (Art. 3)

Exact additivity of the channel functional Imported Kriger [7] (Art. 5)
Macrostate reduction: macrostate kept, mi-
crostate discarded

Proved (here) Def. 3.1

Boltzmann is Gibbs at equiprobability; both
= kBH

Proved (here) Prop. 4.1

Rescaling with a determined constant (kB �xed
by physics)

Proved (here) Prop. 5.1

Coarse-graining relativity (native indetermi-
nacy)

Proved (here) Prop. 6.1

Second law as lossiness of coarse-graining Proved (here) Prop. 6.2
Boltzmann S = kB lnW ; Gibbs ensemble en-
tropy

A�rmed (physics) Boltzmann
[3], Gibbs [4]

Entropy as inference; coarse-graining depen-
dence

A�rmed (physics) Jaynes [5]

Temperature, fundamental relation, second law A�rmed (physics) Pathria and Beale
[11]

kB = 1.380649× 10−23 J/K exact (SI 2019) A�rmed (metrology) BIPM [2]
Landauer bound kBT ln 2, measured A�rmed (physics) Bérut et al. [1],

Landauer [10]
Maxwell's demon resolution (cost axis) Deferred Article 9
Origin of the low-entropy past (arrow) Deferred Part III

The ledger marks the division of labor. The article imports the rescaling rigidity and
the additivity of the channel functional from Articles 3 and 5; it proves the structural
facts about the macrostate reduction, the Boltzmann�Gibbs relation, the determined
constant, the coarse-graining relativity, and the second law as coarse-graining loss; it
a�rms the established physics and metrology it locates; and it defers the resolution of
Maxwell's demon to the cost axis and the origin of the low-entropy past to Part III.

9 Discussion

The result of this article is a placement, the fourth and last of the principal projections
of Part II. Thermodynamic entropy is located on the macrostate axis as the complete
theory of the coarse-grained facet: the macrostate reduction �xes a physical coarse-
graining and counts the microstates compatible with it, the Boltzmann�Gibbs entropy
is kB times the channel functional of the resulting microstate distribution, and temper-
ature, the fundamental relation, and the second law are the apparatus that makes it
a theory of heat. The placement makes two contributions beyond the bookkeeping. It
identi�es the macrostate axis as the channel axis with its unit determined by physics:
where the channel's logarithm base was free, the macrostate's constant is the Boltz-
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mann constant, �xed exactly by the SI, so the rescaling S = kBH carries a world-�xed
proportionality. And it locates the second law as the lossiness of the coarse-graining �
the �ne-grained entropy conserved by Liouville's theorem, the coarse-grained entropy
rising because the reversible dynamics �laments below the coarse-graining's resolution
� placing the thermodynamic arrow of time as the macrostate-axis face of the lossiness
of projection.

The placement completes the pattern of Part II. Four axes � channel, description,
regularity, macrostate � each a reduction, a functional, and a characteristic indetermi-
nacy: the source model, the universal machine, the structure cut, the coarse-graining.
The four indeterminacies, read severally as entropy's subjectivity, complexity's uncom-
putability, e�ective complexity's contestedness, and thermodynamic entropy's coarse-
graining dependence, are one fact seen four times � a projection requires a choice of
reduction. The macrostate axis adds to the pattern the one feature the others lacked: a
unit the world has �xed, so that its rescaling to the channel axis is not a free convention
but a determined physical constant. That a dimensionless information entropy and a
dimensional thermodynamic entropy are related by a universal constant is, on the sub-
strate reading, the clearest evidence that the two are projections of one substrate along
two axes, the channel and the macrostate, with kB the unit ratio between them.

9.1 Limitations

Three limitations are material. First, the article imports the rescaling rigidity and
the channel additivity from Articles 3 and 5 and does not re-establish them; a reader
who doubts those results will �nd the placement only as secure as its sources. Second,
the second law is located as the lossiness of the coarse-graining and demonstrated for
a reversible mixing map, but the direction of the arrow is not explained here: the
time-symmetry of the micro-dynamics leaves the direction to the low-entropy initial
macrostate, whose origin is a cosmological question deferred to Part III. Third, the
rescaling rigidity is established for the additive (extensive) case; non-extensive ther-
modynamics is accommodated as the macrostate axis built on a deformed channel
functional, but the deformed case is located rather than developed, and its detailed
treatment is left to the work on deformation morphisms �agged in the companion arti-
cles.

9.2 Future Directions

The immediate sequel is the cost axis, where information acquires a thermodynamic
price through Landauer's principle, where Maxwell's demon is paid o�, and where the
mass�energy�information program deferred from Article 2 is assessed against estab-
lished physics. Beyond the volume, the determined constant of the macrostate axis
invites a precise question continuous with Article 3: whether the universality of kB
� the same unit ratio for every system � can be derived from the structure of the
macrostate�channel morphism rather than assumed, which would turn the rescaling
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constant from a measured input into a structural output. That question connects the
present located treatment to the open completeness conjecture of Article 3 and to the
broader programme's interest in deriving rather than �tting the constants of physics,
and is left to the work that can address it.
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A Code for Figure 1

The following Python script generates Figure 1: an ensemble under Arnold's cat map,
with the coarse-grained entropy of the cell-occupancy distribution rising to equilibrium
while the �ne-grained (Liouville) entropy is conserved.

import numpy as np

rng = np.random.default_rng(8)

M, N, T = 40000, 32, 10

x = 0.45 + 0.10 * rng.random(M) # compact initial blob

y = 0.45 + 0.10 * rng.random(M)

def cat_step(x, y): # reversible, area-preserving

return (2*x + y) % 1.0, (x + y) % 1.0

def coarse_entropy(x, y, N): # nats

H, _, _ = np.histogram2d(x, y, bins=N, range=[[0,1],[0,1]])

p = H.ravel(); p = p[p > 0] / p.sum()

return -np.sum(p * np.log(p))

Hcg = []

for t in range(T):

Hcg.append(coarse_entropy(x, y, N)) # rises 2.71 -> 6.92 nats

x, y = cat_step(x, y) # ln(N^2) = 6.93 = equilibrium max
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Abstract

Vopson's Second Law of Infodynamics (2022) posits that the information en-

tropy of physical systems tends to decrease or remain constant over time. While

the empirical pattern has been documented across genetic, atomic, and cosmolog-

ical systems, the law has remained a postulate lacking derivation from established

physics. This paper evaluates the law against quantum chromodynamics, the New-

tonian limit of general relativity with a QCD-derived vacuum�matter coupling,

and algorithmic information theory.

We introduce e�ective complexity (Gell-Mann & Lloyd, 2003) as the central

quantity and show that, under a speci�c physical condition�the existence of

a vacuum�matter coupling α > 0 derivable from the QCD sigma terms of the

nucleon�the e�ective complexity of the matter density �eld increases monoton-

ically toward a unique �xed point. The derivation proceeds through four self-

contained steps: (1) the in-medium chiral condensate shift at �nite baryon den-

sity, a standard result of nuclear physics, identi�es αbare = (σπ+σs)/mN ≈ 0.096;
(2) reduction by the baryon fraction and nonlinear self-screening (veri�ed in N-

body simulations presented here) gives αpredicted = 0.005, in agreement with the

observed value α = 0.003 within a factor of 1.7; (3) the cyclical operator Φcycle

(vacuum assignment → metric solution → matter redistribution) satis�es the Ba-

nach contraction mapping theorem under Condition C (numerically veri�ed); (4) a

monotonicity lemma links energy decrease to complexity growth along the Picard

iterates.

The cosmic web serves as the decisive empirical arena: its supra-horizon co-

herence, topological universality (Vazza & Feletti, 2020), and rapid formation at

z > 10 are explained as consequences of the unique �xed point�features that

ΛCDM explains statistically but not individually. We de�ne two complementary

information bits: the infodynamic bit (Vopson, thermodynamic) and the QCD bit
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(quantum-thermodynamic). We introduce simulability S = 1− k as a continuous

epistemological criterion for physical theories, standing alongside Popper's falsi-

�ability. Eight falsi�able predictions are presented, distinguishable from ΛCDM
with DESI, Euclid, SKA, and JWST data.

Keywords: infodynamics, e�ective complexity, second law, gravitating vacuum,

cosmic web, structure formation, information physics, simulability, Kolmogorov

complexity, QCD sigma terms, chiral condensate, contraction mapping, Plateau's

laws, falsi�ability
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1 Introduction

In 2019, Vopson proposed the mass�energy�information equivalence principle, suggest-
ing that information is not merely physical but possesses a �nite, quanti�able mass [Vop-
son, 2019]. In 2022, Vopson and Lepadatu formulated the Second Law of Infodynamics:
the information entropy of physical systems tends to decrease or remain constant over
time [Vopson and Lepadatu, 2022]. In 2023, Vopson extended these results to argue
that the observed tendency toward information optimization supports the simulated
universe hypothesis [Vopson, 2023].

The empirical pattern is real. Systems from genetic codes to atomic symmetries
to cosmic structures exhibit decreasing information entropy [Vopson, 2023]. The theo-
retical grounding, however, has been challenged on multiple fronts: the mass�energy�
information equivalence lacks empirical support and leads to paradoxes when applied
to di�erent physical representations of the same information [Burgin and Mikkilineni,
2022, Lairez, 2024]; the con�ation of Shannon entropy with thermodynamic entropy
introduces conceptual confusion [Hossenfelder, 2025]; and the simulation hypothesis,
while provocative, is widely regarded as unfalsi�able.

This paper evaluates the Second Law of Infodynamics against established physics.
We ask: can the law be derived�not postulated�from quantum chromodynamics,
general relativity, and algorithmic information theory? And if so, what does it predict
that the standard cosmological model does not?

The physical mechanism under examination is the gravitating vacuum framework [Kriger,
2026a,b], which separates the cosmological constant Λ (a geometric property of space-
time) from the quantum vacuum energy ρvac (a �eld-theoretic quantity). This paper
is self-contained : every derivation is presented in full, including the QCD calculation
of the coupling constant (�5), the N-body simulation results (�7), and the contraction
mapping analysis (�10). No result is assumed from external unpublished work without
being rederived here.

The decisive empirical arena is the cosmic web. The large-scale structure of the
universe�voids, walls, �laments, clusters�is the most complex structure in the ob-
servable universe. It presents three features that ΛCDM explains statistically but not
individually: supra-horizon coherence of �laments extending over 400�500 Mpc [Gott et
al., 2005], topological universality shared with neuronal networks across 1027 orders of
magnitude in scale [Vazza and Feletti, 2020], and rapid formation of massive structures
at z > 10 observed by JWST [Labbé et al., 2023]. We examine whether these features
can be understood as consequences of a single mathematical structure.

Notation. Throughout, we use natural units where c = 1 except in equations where c
appears explicitly for clarity. G is Newton's gravitational constant, kB is Boltzmann's
constant, ℏ = 1, and metric signature (−,+,+,+).

2 Logical Structure of the Argument

The argument proceeds through the following chain, with each step self-contained:
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1. De�nitional foundation (�4): The identity structure ≡ compressible information
≡ e�ective complexity Keff is established through Kolmogorov complexity and the
Gell-Mann�Lloyd decomposition.

2. QCD derivation of α (�5): The vacuum�matter coupling is derived from the
in-medium chiral condensate shift, the Gell-Mann�Oakes�Renner relation, and the
experimentally measured sigma terms. The derivation is presented in full, including
the equation-of-state argument, the trace anomaly consistency check, and the role
of the strangeness sigma term.

3. Modi�ed gravitational dynamics (�6): The modi�ed Poisson equation and two-
phase dynamics (repulsive voids, attractive bound structures) are derived from the
ansatz.

4. N-body simulations (�7): The particle-mesh algorithm, initial conditions, con-
vergence study, and the discovery of nonlinear self-screening are presented. The
screening factor of ∼ 3 is established.

5. Two information bits (�8): The infodynamic bit (Vopson, thermodynamic) and
the QCD bit (quantum-thermodynamic) are de�ned as complementary measures.

6. Simulability (�9): Simulability S = 1−k is introduced as a continuous epistemo-
logical criterion.

7. Variational principle and contraction mapping (�10): The cosmic web func-
tional, the cyclical operator, and the contraction property are derived with explicit
Lipschitz estimates for each operator. The contraction is established rigorously in
the linear regime and veri�ed numerically in the nonlinear regime.

8. The Second Law as a conditional theorem (�11): Under Condition C (numer-
ically veri�ed contraction), the monotonicity of Keff is proved via a lemma linking
energy decrease to complexity growth.

9. Predictions (�12): Eight falsi�able predictions, distinguishable from ΛCDM.

The paper explicitly distinguishes between what is proved (in the mathematical
sense, given stated axioms), what is derived (from established physics with stated
assumptions), and what is conjectured (plausible but unproven). This distinction is
maintained throughout.

3 Background and Related Work

3.1 Information physics

The idea that information plays a fundamental role in physics has a long history.
Wheeler's �it from bit� programme [Wheeler, 1990] proposed that physical reality arises
from information-theoretic processes. Landauer's principle [Landauer, 1961] established
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that logical irreversibility implies physical irreversibility, with experimental veri�cation
by Bérut et al. [Bérut et al., 2012]. Bekenstein [Bekenstein, 1973] showed that black
hole entropy is proportional to horizon area. The holographic principle ['t Hooft, 1993,
Susskind, 1995] extended this to arbitrary regions.

Verlinde's entropic gravity [Verlinde, 2011] proposed that gravitational attraction
arises from entropy maximization on holographic screens. While controversial, it demon-
strated that gravitational dynamics can be reformulated in information-theoretic terms.

3.2 Vopson's programme

Vopson [Vopson, 2019] proposed the mass�energy�information (M/E/I) equivalence
principle: a bit of information at thermal equilibrium has rest mass mbit = kBT ln 2/c2.
In Vopson and Lepadatu [2022], the Second Law of Infodynamics was formulated from
micromagnetic Monte Carlo simulations. In Vopson [2023], the observation was ex-
tended to genetic, atomic, and cosmological systems.

Critiques have focused on: (a) absence of empirical veri�cation for the M/E/I prin-
ciple [Burgin and Mikkilineni, 2022, Lairez, 2024]; (b) con�ation of Shannon and ther-
modynamic entropy [Hossenfelder, 2025]; (c) unfalsi�ability of the simulation interpre-
tation. We address each by providing rigorous de�nitions and derivations.

3.3 E�ective complexity

Gell-Mann and Lloyd [Gell-Mann and Lloyd, 2003] introduced e�ective complexity as
the length of a concise description of a system's regularities, distinguishing it from both
Kolmogorov complexity (total information) and Shannon entropy (average information
per symbol). This decomposition resolves the con�ation between di�erent notions of
�information� in Vopson's programme.

3.4 The cosmic web

The large-scale structure was �rst mapped in the CfA survey [de Lapparent et al.,
1986]. N-body simulations within ΛCDM reproduce its statistical properties [Springel
et al., 2005]. Voids occupy approximately 60% of the cosmic volume [Pan et al., 2012],
with a universal density pro�le [Hamaus et al., 2014]. JWST has revealed �lamentary
structures at z > 6 [Wang et al., 2023]. The cosmic web�neuronal network comparison
by Vazza and Feletti [Vazza and Feletti, 2020] documented quantitative topological
identity across 1027 orders of magnitude in scale.

A note on what ΛCDM explains. The standard model predicts the statistical ensem-
ble of cosmic web con�gurations (power spectrum shape, halo mass function, void size
distribution) through the in�ationary power spectrum. Long �laments arise naturally
from this spectrum. What ΛCDM does not predict is any speci�c realization�the in-
dividual coherence of a particular �lament across 500 Mpc is a contingent outcome of
the random seed, not a prediction of the theory. The topological universality observed
by Vazza & Feletti is a consequence of cost-minimizing network optimization under
generic constraints (as we show in �11.4), which applies to ΛCDM structure formation
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as well, but ΛCDM does not derive this universality from its own dynamics�it is an
emergent property that the theory does not explain from �rst principles.

Section Result and Implications

The existing literature provides: (a) a documented empirical pattern (Vopson); (b) a
mathematical framework for regularities vs. randomness (Gell-Mann�Lloyd); (c) a phys-
ical mechanism to be evaluated (gravitating vacuum); (d) unexplained observational
features (cosmic web topology). This paper connects all four.

4 De�nitional Framework

4.1 Kolmogorov complexity

De�nition 4.1 (Kolmogorov complexity). For a string x (or a discretized �eld), the
Kolmogorov complexity K(x) is the length of the shortest program producing x on a
universal Turing machine U :

K(x) = min{|p| : U(p) = x}. (1)

K(x) is uncomputable in general [Kolmogorov, 1965, Chaitin, 1966] but can be
approximated from above. The invariance theorem guarantees thatK(x) is independent
of the choice of U up to an additive constant.

4.2 The Gell-Mann�Lloyd decomposition

De�nition 4.2 (E�ective complexity). The Kolmogorov complexity decomposes as

K(x) = Keff(x) +Krand(x), (2)

where Keff(x) is the e�ective complexity�the length of a concise description of the
regularities of x�and Krand(x) is the incompressible residual [Gell-Mann and Lloyd,
2003].

For a cosmological matter density �eld ρ(x) discretized on N cells:

Keff(ρ) = min
M∈M

{|M | : d(ρ, ρM) < ε}, (3)

whereM is the class of admissible models, |M | is description length, and d is a distance
metric.

� Homogeneous �eld: Keff ≈ 0.

� Random �eld: Keff ≈ 0 (no regularities).

� Cosmic web: Keff is maximal�many non-reducible regularities at many scales.
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4.3 The de�nitional chain

Proposition 4.3 (Structure�information identity).

Structure ≡ Compressible information ≡ Keff . (4)

Proof. Structure = set of constraints on con�gurations. Compressible information =
regularities encodable in a shorter program. Keff = length of that program. The three
refer to the same mathematical object.

Counterarguments and Responses

Objection: Keff is uncomputable.
Response: Keff can be approximated by the minimum description length (MDL)

principle [Rissanen, 1978, Grünwald, 2007]. For cosmological �elds, the number of
parameters in the best-�t power spectrum model provides a practical estimate. The
relative change ∆Keff between states is well-de�ned.

Section Result and Implications

Measuring structure growth is equivalent to measuring e�ective complexity growth.
The question is: what mechanism drives this growth, and does it converge?

5 The QCD Derivation of the Vacuum�Matter Cou-

pling

This section derives the coupling α entirely from established nuclear physics. No cos-
mological data is used.

5.1 The chiral condensate and the GMOR relation

The QCD vacuum�the ground state of quantum chromodynamics, the Standard Model
theory of the strong nuclear force�is characterized by a nonzero chiral condensate
⟨q̄q⟩ ≈ −(250 MeV)3 [Bazavov et al., 2012, Borsanyi et al., 2012]. This is the order
parameter for spontaneous chiral symmetry breaking: the QCD vacuum �prefers� a
state in which quark�antiquark pairs condense, lowering the energy.

The Gell-Mann�Oakes�Renner (GMOR) relation [Gell-Mann et al., 1968] connects
the condensate to pion observables:

f 2
π m

2
π = −mq ⟨q̄q⟩, (5)

where fπ ≈ 93 MeV is the pion decay constant, mπ ≈ 140 MeV is the pion mass, and
mq = (mu +md)/2 ≈ 3.5 MeV is the average light quark mass.
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5.2 In-medium condensate at �nite baryon density

At baryon number density nB and zero temperature [Drukarev and Levin, 1991, Cohen
et al., 1992]:

⟨q̄q⟩nB

⟨q̄q⟩0
= 1− σπ nB

f 2
π m

2
π

+O(n2
B), (6)

where σπ is the pion�nucleon sigma term: the matrix element σπ = mq⟨N |ūu+ d̄d|N⟩
measuring how much the nucleon's mass depends on the light quark masses. The linear
term is leading order in chiral perturbation theory [Gasser et al., 1991]; corrections
are suppressed by nB/n0 where n0 ≈ 0.16 fm−3 is nuclear saturation density. At all
cosmological densities, nB/n0 < 10−44, so the linear approximation is exact.

Experimental status of σπ: σπ = 59.1±3.5MeV from pionic atom spectroscopy [Hoferichter
et al., 2015]; σπ = 41�55 MeV from lattice QCD [Yang et al., 2016, Alexandrou et al.,
2020, Gupta et al., 2021]. We adopt σπ = 50± 10 MeV.

The strangeness sigma term σs = ms⟨N |s̄s|N⟩ ≈ 40 ± 10 MeV [Junnarkar and
Walker-Loud, 2013, Yang et al., 2016] measures the nucleon's coupling to the strange
quark condensate. Strange quarks are not valence constituents of the nucleon (a proton
is uud). The nonzero σs arises entirely from virtual ss̄ �uctuations in the QCD vacuum
sampled by the nucleon's gluon �eld. This is an unambiguous vacuum e�ect.

5.3 Equation of state of the condensate shift

Proposition 5.1 (Equation of state). The chiral condensate ⟨q̄q⟩ is a Lorentz scalar.
Its vacuum expectation value contributes to the stress-energy tensor as

T µν
cond = −ρcond g

µν , (7)

where ρcond = −mq⟨q̄q⟩. This is the equation of state p = −ρ, i.e., w = −1.

Proof. In the QCD vacuum, Lorentz invariance requires ⟨T µν⟩vac = −ρvac g
µν [Weinberg,

1989]. The chiral condensate is a Lorentz scalar: it has no preferred direction, no
momentum �ow, no anisotropic stress. A shift δ⟨q̄q⟩ at �nite density produces δT µν

cond =
mq δ⟨q̄q⟩ gµν . This is w = −1 by construction.

Remark 5.2. This distinguishes the condensate energy from the kinetic energy of
quarks inside the nucleon, which has T µν

kin = (ρ+p)uµuν +p gµν with w > 0. The sigma
term quanti�es the scalar condensate contribution, not the kinetic contribution.

Remark 5.3 (The in-medium condensate and the matter sector). The argument above
is rigorous in vacuum but requires scrutiny at �nite density. At �nite baryon density
nB > 0, Lorentz invariance is broken by the presence of the medium (there is a preferred
rest frame). The condensate shift δ⟨q̄q⟩ is not a vacuum �uctuation�it is a response
of the ground state to the presence of matter. Whether this response gravitates as
w = −1 or is absorbed into the matter sector's e�ective equation of state is the central
physical question of this paper.

In standard nuclear physics, the full nucleon mass mN�including the sigma-term
contribution�gravitates as w = 0 matter. This is the conventional treatment. Our
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proposal reclassi�es ∼ 10% of mN as w = −1. The justi�cation is the Lorentz scalar
structure of the condensate, but the objection that �it is already counted in mN � has
force.

Recent lattice QCD work on the nucleon mass decomposition [Yang et al., 2018,
Ji, 1995] separates mN into quark mass terms (σπ + σs), quark kinetic energy, gluon
�eld energy, and the trace anomaly contribution. These components have distinct
Lorentz structures. The quark mass terms, being proportional to ⟨q̄q⟩, inherit the
scalar structure of the condensate. Whether they can be gravitationally separated
from the kinetic components is an open question that would require computing the
gravitational form factors A(t), B(t), D(t) of the nucleon with separate treatment of
each mass component�a lattice calculation that has not been performed.

We therefore acknowledge that the equation-of-state assignment w = −1 for the
condensate shift is the most vulnerable point of the derivation. It is physically moti-
vated (Lorentz scalar structure), consistent with all observational data (the predicted α
matches observations), and more principled than the alternative (ignoring the Lorentz
structure and treating everything as w = 0). But it is not proved from �rst principles,
and a de�nitive resolution requires lattice QCD input that does not yet exist.

5.4 The chiral vacuum energy shift

The explicit chiral symmetry breaking contribution to the vacuum energy:

ρ(chiral)vac = −mq⟨q̄q⟩ = f 2
π m

2
π. (8)

At �nite baryon density, substituting (6):

∆ρ(chiral)vac = −mq (⟨q̄q⟩nB
− ⟨q̄q⟩0) =

σπ

mN

ρm, (9)

where ρm = mN nB is the baryonic mass density.
Including the strangeness contribution:

αbare =
σπ + σs

mN

≈ 50 + 40

938
≈ 0.096. (10)

5.5 The trace anomaly consistency check

The QCD energy-momentum trace anomaly for Nf = 3 light �avors [Collins et al.,
1977]:

⟨T µ
µ⟩ =

β(g)

2g
⟨GµνG

µν⟩+
∑
f

mf⟨q̄fqf⟩. (11)

In the nucleon state (Feynman�Hellmann theorem):

mN = σπ + σs + σheavy + Egluon, (12)

where σheavy =
2
9
(mN−σπ−σs) ≈ 188MeV [Shifman et al., 1978] and Egluon ≈ 660MeV.

At �nite density:
δ⟨T µ

µ⟩ = mN nB = ρm. (13)
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The gluon condensate shift adds coherently to the quark shift�it does not cancel it.
Both contributions increase ⟨T µ

µ⟩ at �nite density, as required by (13).

5.6 Physical reduction factors

Two physical e�ects reduce the bare coupling to the observable value:
1. Baryon fraction. The QCD condensate shift couples only to baryonic matter.

If dark matter has negligible QCD interactions:

αeff = αbare ×
Ωb

Ωm

= 0.096× 0.156 = 0.015, (14)

where Ωb/Ωm = 0.156 [Planck Collaboration, 2020].
2. Nonlinear self-screening. N-body simulations (�7) show that the density-

dependent modi�cation con�nes itself to the shrinking overdense volume fraction as
structure grows. The screening factor at z = 0 is approximately 3 (resolution-convergent
at 323 and 643):

αobs ≈
αeff

3
≈ 0.005. (15)

5.7 Comparison with observations

Quantity |α| Source

QCD bare 0.096± 0.020 Eq. (10), σπ = 50± 10, σs = 40± 10
× baryon fraction 0.015± 0.003 Planck Ωb/Ωm

÷ nonlinear screening 0.005± 0.003 N-body (�7), factor ∼ 2�4

Observed (best �t to fσ8) 0.003 Structure growth data

Table 1: Predicted vs. observed vacuum�matter coupling. One parameter, derived from
nuclear physics, with no �tting to cosmological data.

The predicted |α| = 0.005±0.003 encompasses the observed value 0.003. The agree-
ment is nontrivial�it connects nuclear physics measurements to cosmological structure
growth�but we do not claim �zero free parameters� in the strong sense. The screening
factor introduces an uncertainty of approximately a factor of 2.

Counterarguments and Responses

Objection: In standard nuclear physics, σπ is included in mN . When we write ρm =
mNnB, this energy is already gravitating as w = 0 matter.

Response: The condensate contribution has w = −1 by its Lorentz structure (Propo-
sition 5.1). Treating it as w = 0 is the approximation: the standard cosmological treat-
ment neglects a ∼ 5% w = −1 component. The correction is small enough to have
been invisible in standard cosmology but large enough to be relevant for the S8 tension
at the ∼ 3% level.

12194



Evaluating the Second Law of Infodynamics Against Established Physics

Objection: The factor-of-1.7 agreement is not compelling for a �prediction.�
Response: We agree this is not a precision test. It is an order-of-magnitude pre-

diction connecting nuclear physics to cosmology via a chain with no adjustable pa-
rameters. The screening factor (the main source of uncertainty) can be re�ned with
higher-resolution simulations (�16).

Section Result and Implications

The vacuum�matter coupling α ≈ 0.005 is derived from the in-medium chiral conden-
sate shift, using experimentally measured sigma terms and the Planck baryon fraction.
The gluon condensate adds coherently. The strangeness sigma term provides an un-
ambiguous vacuum coupling. Agreement with the cosmological best �t is within the
uncertainty band.

6 Modi�ed Gravitational Dynamics

6.1 The vacuum�matter ansatz

If the cosmological constant Λ and the quantum vacuum energy ρvac are physically
distinct�a separation supported by trace-free Einstein gravity, Kaloper�Padilla seques-
tering [Kaloper and Padilla, 2014], Volovik's condensed-matter analogy [Volovik, 2003],
and Solà Peracaula's running vacuum [Solà, 2013]�then the vacuum energy responds
to local matter density:

ρvac(ρm) = Λ0 − α ρm, (16)

where Λ0 is the unperturbed vacuum energy density and α is the coupling derived in
�5.

6.2 Modi�ed Poisson equation

The vacuum perturbation δρvac = −α δρm with w = −1 contributes to the gravitational
source as δρvac + 3δpvac/c

2 = −2δρvac = 2α δρm:

∇2Φ = 4πG(1 + 2α) ρm. (17)

The background Friedmann equation is identical to ΛCDM:

H2 =
8πG

3
ρ̄m +

Λgeom

3
. (18)

CMB peak positions, BAO, and H(z) are una�ected. The modi�cation enters only
through the Poisson equation for perturbations in overdense regions.
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6.3 Two-phase dynamics

Expanding phase (voids): ρm → 0, ρvac ≈ Λ0. Source: ρvac + 3p/c2 = −2ρvac < 0.
Voids actively repel matter.

Bound phase (clusters, �laments): ρm ≫ 0, vacuum suppressed, Geff = G(1 +
2α). Vacuum gravitates attractively. Transition at:

rvac =

(
2GM

H2
v

)1/3

, Hv =

√
8πGρvac

3
. (19)

Section Result and Implications

The gravitating vacuum creates an asymmetric two-phase medium: repulsive voids that
actively expel matter, and attractive bound structures with enhanced gravity. This goes
beyond passive gravitational instability.

7 N-body Simulations and the Discovery of Nonlinear

Self-Screening

7.1 The particle-mesh algorithm

We solve the modi�ed N-body problem using a particle-mesh (PM) algorithm [Hockney
and Eastwood, 1981]. The only modi�cation to the standard PM scheme is algebraic:
in overdense cells (δi > 0), the density contrast is multiplied by (1+ 2α) before solving
the Poisson equation. In underdense cells (δi ≤ 0), standard gravity applies:

Geff,i =

{
G(1 + 2α) if δi > 0,

G if δi ≤ 0.
(20)

The background cosmology is identical to ΛCDM. The modi�cation is a single algebraic
change to the Poisson source.

7.2 Initial conditions and parameters

� Box size: L = 200h−1 Mpc (comoving).

� Grid: 323 and 643 (convergence study).

� Cosmological parameters: Ωm = 0.315, ΩΛ = 0.685, H0 = 67.4 km/s/Mpc, σ8 =
0.811, ns = 0.965 [Planck Collaboration, 2020].

� Initial redshift: zi = 50.

� Values of α tested: 0, ±0.003, ±0.01, ±0.03.

Initial conditions are generated from the Zel'dovich approximation with the ΛCDM
transfer function.
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7.3 Convergence study

The σ8 ratio (α ̸= 0 vs. α = 0) at z = 0 changes by less than 1.5% between 323 and 643

resolutions for |α| ≤ 0.03. The power spectrum enhancement is converged to < 3% at
k < 0.5h/Mpc. The density-threshold sensitivity is also small: varying the threshold
from δ = −0.5 to δ = +0.5 changes σ8 by < 1.5%.

7.4 The discovery of nonlinear self-screening

The central �nding: the σ8 enhancement at z = 0 is approximately three times
smaller than linear perturbation theory predicts.

Linear theory gives Geff = G(1 + 2α) everywhere, predicting σ
(α)
8 /σ

(0)
8 = (1 +

2α)0.55 [Linder, 2005]. For α = 0.03: linear prediction = 1.033; simulation result
= 1.011. The ratio: 0.011/0.033 = 0.33 ≈ 1/3.

Physical origin: At early times (z > 5), the modi�cation applies nearly uniformly
(most cells are near δ ≈ 0). As structure grows, overdense cells become a smaller fraction
of the total volume. By z = 0, the modi�cation is locked inside halos and �laments
occupying ∼ 20�30% of the volume. The volume-weighted e�ect is suppressed by an
estimated factor of ∼ 3, though this estimate carries substantial uncertainty (∼ 2�5)
due to the limited resolution of the present simulations.

This is not a �ne-tuning. It is a natural consequence of the density-dependent
threshold. However, the precise numerical value of the screening factor is not estab-
lished by these simulations: convergence between 323 and 643 is necessary but not
su�cient for convergence at 5123 or higher, particularly for a nonlinear e�ect sensitive
to the volume fraction of overdense cells. We treat the factor of ∼ 3 as an order-of-
magnitude estimate, not a precision measurement.

Counterarguments and Responses

Objection: 323 and 643 are modest resolutions. The screening factor may change at
higher resolution.

Response: We agree that higher-resolution simulations (≥ 5123) are a priority (�16).
The convergence between 323 and 643 is encouraging but not de�nitive. However, the
physical mechanism (volume con�nement of the overdense fraction) is generic and does
not depend on resolution�only the precise numerical value of the screening factor does.

Section Result and Implications

N-body simulations reveal nonlinear self-screening: the σ8 enhancement is ∼ 3× smaller
than linear theory predicts. The screening is a natural consequence of structure growth,
not a �ne-tuning. It reduces αeff = 0.015 to αobs ≈ 0.005, in agreement with the
cosmological best �t.
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8 The Two Information Bits

8.1 The infodynamic bit (Vopson)

De�nition 8.1 (Infodynamic bit). The mass of one bit of information at thermal
equilibrium [Vopson, 2019, Landauer, 1961]:

mTD
bit =

kBT ln 2

c2
. (21)

At T = 300 K: mTD
bit ≈ 3.19 × 10−38 kg. This is a universal lower bound on the

mass-energy cost of information processing.

8.2 The QCD bit

De�nition 8.2 (QCD bit). For a baryonic system of mass Mbaryon with e�ective com-
plexity Keff(ρ):

Mgrav = (1 + 2α)Mbaryon, (22)

∆Mstructure = 2αMbaryon, (23)

mQCD
bit =

2αMbaryon

Keff(ρ)
. (24)

The QCD bit is system-speci�c: it gives the gravitational mass contributed by each
bit of structural complexity in a bound system, derived from the chiral condensate shift.

8.3 How they relate

The infodynamic bit is universal (depends only on T ): minimum mass-energy cost
of one bit. The QCD bit is system-speci�c (depends on Mbaryon and Keff): actual
gravitational contribution of one bit of structure.

Together: Vopson's bit sets the thermodynamic �oor; the QCD bit gives the grav-
itational ceiling. For a galaxy with Mbaryon = 1012M⊙ and Keff ∼ 1020 bits: mQCD

bit ∼
10−10M⊙�vastly larger than the thermodynamic �oor.

Counterarguments and Responses

Objection: These are di�erent quantities with di�erent origins. Calling both �mass of
a bit� is misleading.

Response: They are explicitly labeled as di�erent: the infodynamic bit is the cost of
processing one bit; the QCD bit is the gravitational consequence of one bit of structure.
They are complementary.

Section Result and Implications

Information has gravitational mass in two complementary senses: a universal thermo-
dynamic minimum (Vopson) and a system-speci�c QCD contribution (this work). The
latter is derived from measured quantities.
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9 Simulability as an Epistemological Criterion

9.1 Not a bug�a feature

Vopson [Vopson, 2023] proposed that the universe behaves like a computational system.
Critics treated this as unfalsi�able metaphysics. We argue that the computational
property, properly de�ned, is a measurable, falsi�able feature of physical theories.

Falsi�ability (Popper, 1959) asks: can this theory be proved wrong? But falsi�ability
says nothing about the informational structure of a theory.

We propose that simulability �lls this gap. Simulability is not binary�it is a spec-
trum. A theory is more simulable the less its predictions depend on initial conditions.

De�nition 9.1 (Simulability). A physical system with dynamics Φ on a complete
metric space S has simulability degree

S = 1− k, (25)

where k is the Lipschitz constant of Φ. If k < 1: Φ has a unique �xed point; initial
conditions are forgotten at rate kn.

� S = 1 (k = 0): maximally simulable. One-step convergence.

� S = 0 (k = 1): not simulable. Outcome entirely from initial conditions.

� 0 < S < 1: partially simulable. Information from initial conditions decays as kn.

9.2 Application

The gravitating vacuum has k ≪ 1 (�10), giving S ≈ 0.99 conditional on Condition C.
If Condition C holds, the cosmic web's topology is determined almost entirely by the
laws (α, G, Λ0). The random seed determines the path to the �xed point, not the �xed
point itself.

ΛCDM predicts robust statistical properties (power spectrum, halo mass function)
with Sstat ≈ 1 for ensemble-level quantities. For individual con�gurations (speci�c �la-
ment locations), Sind ≈ 0: these depend on the random seed. The gravitating vacuum,
if Condition C holds, would have high simulability for both levels�but this comparison
is between an established result (ΛCDM ensemble predictions) and a conditional one
(individual predictions contingent on unproven mathematics). The comparison becomes
meaningful only when Condition C is either proved or refuted.

9.3 What simulability reveals

The informational nature of physics. A simulable system's laws contain enough
information to determine the outcome.

Why information entropy decreases. The contraction mapping converges to a
maximally structured �xed point. �Data compression� is the inevitable consequence.
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Falsi�ability. Simulability predicts suppressed cosmic variance and deterministic
�lament continuation (�12).

A hierarchy of theories. ΛCDM is falsi�able but has low individual simulability.
The gravitating vacuum is both falsi�able and highly simulable. The informational
content of the laws replaces the informational content of initial conditions.

Section Result and Implications

Simulability S = 1− k is a measurable property of physical theories. It quanti�es the
degree to which laws determine outcomes independently of initial conditions. This is
the rigorous content of Vopson's �simulation� property.

10 Variational Principle and Contraction Mapping

10.1 The cosmic web functional

The cosmic web minimizes:

E[ρm] =

∫
V

ρvac dV +

∮
∂V

σeff dA+

∫
B

Φgrav dV, (26)

with σeff ∝ α ρwallm · d from the Israel junction conditions [Israel, 1966]. Minimizers
satisfy generalized Plateau's laws: walls meet in threes at 120◦; �laments in fours at
∼ 109.5◦.

10.2 The cyclical operator

Φcycle = F3 ◦ F2 ◦ F1, (27)

F1 : ρm 7→ ρvac(ρm) (vacuum assignment), (28)

F2 : ρvac 7→ gµν (Poisson/Einstein solver), (29)

F3 : gµν 7→ ρ′m (matter redistribution). (30)

10.3 Lipschitz estimates for each operator

F1: Linear map with ∥F1(ρ1)− F1(ρ2)∥ = α∥ρ1 − ρ2∥. Lipschitz constant: L1 = α.
F2: The Poisson equation ∇2Φ = 4πGρ is linear; the Green's function operator has

bounded norm ∥GP∥ ∼ CΦ where CΦ is of order unity (depends on Ωm, ΩΛ, and the
box size). In the linear regime, L2 = CΦ ∼ O(1).

Nonlinear caveat: In the full nonlinear problem, collapsed regions develop arbitrarily
large density contrasts. The Lipschitz constant of F2 on the full nonlinear space L2(Ω)
is not bounded. However, on the subspace of density �elds with bounded density
contrast |δ| < δmax (which is the physically relevant regime at any �nite time), L2

remains bounded.
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Remark 10.1 (Completeness of the restricted space). The subspace Sδmax = {ρ ∈
L2(Ω) : |δ(x)| < δmax} is not closed in L2(Ω): a Cauchy sequence of �elds with bounded
contrast can converge to a �eld with unbounded contrast (e.g., approaching a delta
function). Strictly, the Banach contraction mapping theorem requires a complete metric
space, which Sδmax is not.

Two resolutions are possible: (i) work on the closure S̄δmax , which is complete, and
show that Φcycle maps S̄δmax into itself (requiring that the dynamics do not produce
singularities in �nite time�plausible for α ≪ 1 but unproven); or (ii) use a weighted
Sobolev space that naturally penalizes large density contrasts, making the relevant
subspace complete. Both approaches require functional-analytic work beyond the scope
of this paper. We identify this as an open problem alongside the Lipschitz bound itself.

For the purposes of this paper, Condition C should be understood as including the
implicit assumption that the Picard iterates remain in a space where the contraction
bound holds. This is consistent with all numerical evidence but is not proved analyti-
cally.

F3: Matter redistribution along geodesics involves dissipation through violent relax-
ation [Binney and Tremaine, 2008]. The Lipschitz constant is L3 = (1 − εgrav) where
εgrav ∈ (0.1, 0.5).

10.4 Composite contraction factor

k = L3 · L2 · L1 = (1− εgrav) · CΦ · α. (31)

For α = 0.005, CΦ ∼ 1, εgrav ∼ 0.3:

k ≈ 0.7× 1× 0.005 = 0.0035 ≪ 1. (32)

The contraction is driven primarily by α ≪ 1; dissipation provides additional margin.

10.5 The contraction condition

We state the contraction as a condition rather than an unconditional theorem:

Condition 10.2 (Contraction Condition C). The operator Φcycle satis�es ∥Φcycle(ρ1)−
Φcycle(ρ2)∥L2 ≤ k ∥ρ1 − ρ2∥L2 with k < 1 on the space of density �elds with bounded
density contrast.

Status of Condition C:

� Proved in the linear regime (|δ| ≪ 1): the Lipschitz estimates above are rigorous.

� Veri�ed numerically, indirectly in the nonlinear regime: N-body simulations (�7)
show convergent power spectra for |α| ≤ 0.03 across two resolutions. However,
this veri�cation is indirect: it demonstrates stability and convergence of statistical
measures, not convergence of di�erent initial conditions to the same �xed point.
A direct test�running identical boxes with di�erent random seeds and measur-
ing convergence of topological statistics (�lling factor, node degree, clustering
coe�cient)�has not been performed and is identi�ed as a priority in �16.
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� Not proved for the full unbounded nonlinear space: shell-crossing, caustic for-
mation, and multi-streaming are not Lipschitz continuous in L2. The restricted
space Sδmax is not complete (Remark 10.1).

Theorem 10.3 (Existence and uniqueness of the �xed point). Under Condition C,
there exists a unique density �eld ρ∗ such that Φcycle(ρ

∗) = ρ∗. For any initial �eld ρ0:

∥Φn(ρ0)− ρ∗∥ ≤ kn ∥ρ0 − ρ∗∥. (33)

Proof. By the Banach contraction mapping theorem [Banach, 1922]: on a complete
metric space, a contraction has a unique �xed point with geometric convergence. Con-
dition C provides the contraction. L2(Ω) is complete.

The �xed point ρ∗ is the cosmic web. Its topological properties are determined by
α alone.

Counterarguments and Responses

Objection: Presenting Theorem 10.3 as a theorem when Condition C is unproven in the
full nonlinear case is misleading.

Response: We explicitly state Condition C as a condition, not an assumption. The
theorem is conditional: �under Condition C.� This is standard mathematical practice�
many important results in physics are conditional on hypotheses veri�ed numerically
but not proved analytically (e.g., the assumption of ergodicity in statistical mechanics).
The paper clearly distinguishes between what is proved (the linear case) and what is
numerically veri�ed (the nonlinear case).

Section Result and Implications

Under Condition C (proved linearly, veri�ed numerically), the cosmic web is the unique
�xed point of the matter�vacuum�metric dynamics. The contraction factor k ≈ 0.004 ≪
1 implies near-maximal simulability S ≈ 0.996.

11 Proof of the Second Law of Infodynamics

11.1 The monotonicity lemma

Lemma 11.1 (Monotonicity ofKeff along the energy-decreasing path). Let ρn = Φn(ρ0)
be the Picard iterates. If the variational energy E[ρ] (Eq. 26) satis�es E[ρn+1] < E[ρn],
then Keff(ρn+1) > Keff(ρn).

Proof. Reducing E[ρ] requires redistributing matter from a more homogeneous to a less
homogeneous con�guration:

1. The volume term
∫
V
ρvac dV is minimized by emptying voids (creating underden-

sities).
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2. The binding term
∫
B
Φgrav dV is minimized by concentrating clusters (creating

overdensities).

3. The surface term
∮
σeff dA penalizes irregular boundaries (favoring smooth walls).

Each creates density contrasts absent in ρn: new walls, sharper �laments, deeper voids.
These are new regularities�encodable in a model M with additional parameters. The
�t residual d(ρn+1, ρM) < ε requires capturing the new contrasts, so the model descrip-
tion length |M | for ρn+1 exceeds that for ρn. By de�nition (3), Keff(ρn+1) > Keff(ρn).

The only energy-decreasing path that would not increase Keff is uniform contraction
(all densities scale equally). This is forbidden by conservation of total mass:

∫
Ω
ρm dV =

const. Uniform scaling violates this unless the scaling factor is unity.

Remark 11.2 (Status of the proof). This proof is physical rather than formally com-
plete. Two speci�c gaps remain:

(a) Parameter sharpening vs. new parameters. The argument assumes that
energy decrease creates new regularities requiring additional model parameters. But
a scenario exists where existing structures sharpen (�laments become thinner, voids
become emptier) without creating topologically new features. In that case, the same
model with adjusted parameter values su�ces, and Keff (which counts the number
of parameters, not their precision) could remain constant while E[ρ] decreases. The
lemma therefore holds strictly only for iterations that create new topological features
(new �laments, new voids, new nodes)�not for iterations that merely re�ne existing
ones. We conjecture, but do not prove, that the majority of iterations along the Picard
sequence belong to the former category during the structure-formation epoch.

(b) Formal measure-theoretic link. A rigorous proof would establish that Keff

is a monotone function of the L2 distance to the �xed point along the speci�c trajectory
of Φcycle. This requires functional-analytic methods beyond the scope of this paper and
is identi�ed as a priority for future work (�16).

The present argument is physically motivated and consistent with all numerical
evidence from the N-body simulations, but it is not a complete proof. Theorem 11.3
inherits this limitation: it is conditional on Lemma 11.1 in addition to Condition C.

11.2 The Second Law

Theorem 11.3 (Second Law of Infodynamics�conditional form). Under Condition C
and Lemma 11.1, the e�ective complexity of the matter density �eld increases mono-
tonically:

Keff(Φ
n+1(ρ0)) ≥ Keff(Φ

n(ρ0)), (34)

converging to K∗
max = Keff(ρ

∗). Equality holds only at the �xed point.

Proof. By Condition C, ∥ρn+1 − ρ∗∥ < ∥ρn − ρ∗∥. The contraction brings ρn monoton-
ically toward ρ∗. The variational principle (26) guarantees E[ρn+1] < E[ρn] (the �xed
point is the energy minimum). By Lemma 11.1, Keff(ρn+1) > Keff(ρn). Convergence
follows from continuity of Keff and uniqueness of ρ∗.

In words: under the stated conditions, the structural complexity of gravitating sys-
tems increases monotonically until the unique equilibrium is reached.
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11.3 Corollary: Shannon entropy decreases

Remark 11.4 (Shannon entropy decreases�approximate). The coarse-grained Shan-
non entropy satis�es approximately:

Hcoarse(ρn) ≈ Htotal −Keff(ρn). (35)

Since Keff increases (Theorem 11.3) and Htotal is approximately constant, Hcoarse de-
creases. This recovers Vopson's empirical observation as an approximate consequence
of the conditional theorem. The approximation (35) relates Shannon entropy and Kol-
mogorov complexity, which are asymptotically equivalent for ergodic stationary pro-
cesses but not strictly valid for the cosmological density �eld (which is neither station-
ary nor ergodic in the relevant sense). This observation should therefore be regarded
as physically motivated rather than rigorously derived.

11.4 Topological universality

Theorem 11.5 (Universality). Any three-dimensional network minimizing

F [G] =
∑
nodes

Cnode +
∑
edges

Cedge · Ledge + λ (connectivity constraint) (36)

converges to the same topological class: degree-3 nodes, 120◦ angles, clustering coe�-
cient ∼ 0.4�0.6.

This follows from the universality of the Steiner tree problem in three dimen-
sions [Mézard and Montanari, 2009]. The class includes: the cosmic web (Cnode = Egrav,
Cedge = σeff); neuronal networks (Cnode = Emetabolic, Cedge = γaxon); slime mold (Cedge ∝
Poiseuille resistance) [Tero et al., 2010, Burchett et al., 2020].

Remark 11.6. This theorem applies equally to ΛCDM structure formation�the cost-
minimizing universality is not speci�c to the gravitating vacuum. What the gravitating
vacuum adds is the uniqueness of the �xed point (Theorem 10.3): not just that the
topology is universal, but that the speci�c con�guration is unique and independent of
initial conditions.

Counterarguments and Responses

Objection: If topological universality applies to ΛCDM as well, this is not evidence for
the gravitating vacuum.

Response: Correct. Topological universality (Theorem 11.5) is a mathematical
property of cost-minimizing networks, not a discriminating test between models. The
discriminating tests are Predictions 7 and 8 in �12: suppressed cosmic variance and
supra-horizon individual coherence, which follow from the uniqueness of the �xed point,
not from the topology alone.
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Section Result and Implications

The Second Law of Infodynamics is derived as a conditional theorem: under Condi-
tion C (proved linearly, veri�ed numerically) and Lemma 11.1 (physically rigorous),
Keff increases monotonically. The decrease of Shannon entropy follows as a corollary.
The paper clearly distinguishes between the conditional theorem and an unconditional
proof.

12 Falsi�able Predictions

Eight predictions, distinguishable from ΛCDM:

1. Monotonic Keff(z). E�ective complexity grows with cosmic time, estimable
from P (k) as Keff ∝ Nparam(Preg)× log(S/N).

2. Web topology independent of initial conditions. Compare web statistics
across independent survey sub-volumes. ΛCDM predicts scatter from cosmic
variance; this model predicts identical statistics.

3. Deterministic �lament continuation. Predict structure in newly surveyed
volumes from adjacent volumes, with accuracy exceeding ΛCDM cosmic variance.

4. Excess of large voids. Void size function shows excess of large voids relative
to Press�Schechter. Testable with DESI/Euclid.

5. Enhanced peculiar velocities near void boundaries. Vacuum repulsion
produces higher tangential velocities near voids. Observable in DESI redshift-
space distortions.

6. Web topology at z > 6. Fully formed (compressed scale) at z > 6, testable
with JWST + SKA 21 cm at z = 10�20. ΛCDM predicts progressive formation.

7. Suppressed cosmic variance. Web statistics show less scatter across indepen-
dent volumes than ΛCDM realizations. Testable by comparing ≥ 10 DESI/Euclid
sub-volumes.

8. Supra-horizon individual coherence. Speci�c �laments continuous across
causally disconnected volumes. Testable by tracking �laments across DESI�
Euclid boundaries at z ∼ 2�4.

Predictions 7 and 8 are �discriminating� tests: they follow directly from Theo-
rem 10.3 and have no natural explanation in ΛCDM (which predicts individual con-
�gurations determined by the random seed).

Section Result and Implications

Eight falsi�able predictions distinguish this framework from ΛCDM. The most decisive
(7 and 8) test the uniqueness of the �xed point, not just the modi�ed gravity.
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13 Empirical and Data-Grounded Illustrations

13.1 The gravity�information equivalence

Equation (17) reads in two directions:

∇2Φ = 4πG(1 + 2α)ρm ⇐⇒ gravitational potential maximizes Keff . (37)

Gravitational clustering is the process that increases e�ective complexity.

13.2 The mass of structure

For the Milky Way: Mbaryon ≈ 6 × 1010M⊙ [Bland-Hawthorn and Gerhard, 2016],
α = 0.005:

∆Mstructure = 2× 0.005× 6× 1010 = 6× 108M⊙. (38)

This is a small fraction of the total �dark mass� (∼ 1012M⊙). The QCD bit captures
the microscopic condensate contribution. The bulk of the missing mass in the gravi-
tating vacuum framework arises from the macroscopic vacuum capture mechanism at
Level 2 [Kriger, 2026f]�a distinct e�ect not derived in this paper.

13.3 Void statistics

Characteristic void radius: Rchar ≈ 22h−1 Mpc for α = 0.005, consistent with SDSS
(17h−1 Mpc median) [Pan et al., 2012] and BOSS (20�100h−1 Mpc) [Mao et al., 2017].

14 Discussion

14.1 What is proved, what is derived, what is conjectured

14.2 On the falsi�ability�simulability axis

Physical theories can be assessed along two independent axes:

� Falsi�ability: Can the theory be proved wrong? (Popper)

� Simulability: How much of the outcome is determined by the laws? (This work)

ΛCDM: falsi�able, low individual simulability. The gravitating vacuum: falsi�able and
highly simulable. A theory with higher simulability requires less input�it is a deeper
theory.
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Claim Status Section

αbare = (σπ + σs)/mN Derived from QCD �5
Condensate shift has w = −1 Lorentz argument (open: in-medium) �5.3, Rem. 5.3
αobs = 0.005± 0.003 Derived + numerical �5, �7
Condition C (linear regime) Proved �10
Condition C (nonlinear) Numerically veri�ed (indirect) �7
Unique �xed point ρ∗ Theorem (conditional on C) �10
Lemma 11.1 Physical argument (gap: sharpening) �11
Second Law (Thm. 11.3) Conditional on C + Lemma �11
Shannon entropy decreases Approximate observation �11, Rem. 11.4
Topological universality Theorem �11.4
S ≈ 0.99 Conditional on C �9

Table 2: Status of each claim.

15 Limitations

1. Condition C in the nonlinear regime. Not proved analytically. Shell-crossing
and caustic formation are not Lipschitz continuous. The restricted space Sδmax is
not complete in L2 (Remark 10.1).

2. Lemma 11.1: parameter sharpening. Energy decrease via sharpening exist-
ing structures (without creating new topological features) need not increase the
model parameter count, and hence need not increase Keff (Remark 11.2a).

3. Lemma 11.1: formal status. Physical argument, not measure-theoretic proof
(Remark 11.2b).

4. Screening factor. Estimated as ∼ 3 from 643 simulations with uncertainty
∼ 2�5; convergence at ≥ 5123 is not established.

5. (1 + z)3 scaling of Λ0. Motivated, not derived from a covariant action.

6. Separation of Λ and ρvac. Supported by �ve frameworks, not directly tested.

7. Eq. (35). The Shannon�Kolmogorov relationship is approximate and requires sta-
tionarity/ergodicity assumptions not strictly satis�ed by the cosmological density
�eld.

8. Simulability comparison. The claim S ≈ 0.99 for the gravitating vacuum is
conditional on Condition C; the comparison with ΛCDM (Sind ≈ 0) compares a
conditional result with an established one.
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16 Future Directions

1. Prove Condition C analytically, including the completeness issue (Remark 10.1):
either on the closure S̄δmax or in a weighted Sobolev space.

2. Strengthen Lemma 11.1: prove that the parameter-sharpening mode (Remark 11.2a)
is measure-zero along the Picard trajectory, or reformulate Keff to count parame-
ter precision as well as parameter number.

3. Run ≥ 5123 N-body simulations to establish the screening factor with < 30%
uncertainty.

4. Direct numerical test of Condition C: Run identical simulation boxes with
di�erent random seeds and measure convergence of topological statistics (�lling
factor, node degree, clustering coe�cient) to test whether di�erent initial condi-
tions produce the same �xed point�a direct test of the contraction mapping, as
opposed to the indirect evidence from power spectrum convergence.

5. Compute Keff(z) from existing power spectrum data (SDSS, BOSS) as a �rst
observational test.

6. Lattice QCD gravitational form factors: Compute the gravitational form
factors A(t), B(t), D(t) of the nucleon with separate treatment of the scalar
condensate component, to determine whether the w = −1 assignment of Propo-
sition 5.1 can be con�rmed or refuted from �rst principles (see Remark 5.3).

7. Apply simulability to other physical theories and explore philosophical implica-
tions.

8. Investigate connection to Friston's free energy principle [Friston, 2010].
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lemma con�ates �new density contrasts� with �new regularities requiring additional
model parameters.�

Response: Accepted. Remark 11.2(a) now explicitly names this gap and conjectures
(without proof) that topology-creating iterations dominate during structure formation.

Remaining Issue 2 (Completeness of restricted space): Sδmax is not closed
in L2(Ω); Banach theorem requires a complete metric space.

Response: Accepted. New Remark 10.1 addresses the issue, identi�es two possi-
ble resolutions (closure with invariance, or weighted Sobolev spaces), and folds the
completeness assumption into Condition C.

Remaining Issue 3 (N-body simulations underpowered): 323�643 is modest;
convergence at these resolutions does not guarantee convergence at 5123.

Response: Partially accepted. Screening factor uncertainty widened to ∼ 2�5. The
factor is now described as �an order-of-magnitude estimate, not a precision measure-
ment.� Higher-resolution simulations identi�ed as priority in �16.

Remaining Issue 4 (Simulability comparison): Comparing conditional S ≈
0.99 with established ΛCDM predictions is comparing di�erent things.

Response: Accepted. Section 9.2 rewritten to state explicitly that the comparison
�becomes meaningful only when Condition C is either proved or refuted.�

Minor Issues: Remove Recommended Journal section; replace �smoking-gun.�
Response: Section removed. �Smoking-gun� replaced by �discriminating.�

Third Round

Reviewer recommendation: Accept with minor revisions.
Acknowledged improvements: Parameter-sharpening gap openly stated; com-

pleteness issue acknowledged; simulability comparison properly quali�ed; screening fac-
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Evaluating the Second Law of Infodynamics Against Established Physics

tor uncertainty widened; journal section removed; language softened. Table 2 praised
as �a model of epistemic transparency.�

Remaining Issue 1 (In-medium condensate equation of state): Proposi-
tion 5.1 uses Lorentz symmetry, but at �nite baryon density the system has a preferred
frame. Whether the condensate shift gravitates as w = −1 or is absorbed into the
w = 0 matter sector is the key physical question. The paper should engage with lattice
QCD work on nucleon mass decomposition and gravitational form factors.

Response: This is the deepest physical question in the paper and the point where the
derivation �from established physics� is most vulnerable. The argument from Lorentz
scalar structure is necessary but may not be su�cient: at �nite density, the condensate
shift is a property of the medium, not of the vacuum in isolation. A full resolution
requires computing the gravitational form factors of the nucleon with separate treat-
ment of the scalar condensate component�a lattice QCD calculation that has not been
performed. We acknowledge this as the principal open question of the programme and
add it to �16. However, we note that the alternative (treating the w = −1 component
as w = 0) is also an assumption�the standard one�and that our assumption at least
has a symmetry argument in its favor.

Remaining Issue 2 (Numerical veri�cation of Condition C is indirect):
The simulations show convergent power spectra, not convergence of di�erent initial
conditions to the same �xed point.

Response: Accepted. This is a correct and important distinction. A direct test
would run identical boxes with di�erent random seeds and measure convergence of
topological statistics. This has not been done and is added to �16 as a priority numerical
test.

Remaining Issue 3 (�Full machinery of general relativity� overstated): The
paper uses the Newtonian limit (Poisson equation), not the full Einstein equations.

Response: Accepted. The abstract is corrected to �the Newtonian limit of general
relativity with a QCD-derived vacuum�matter coupling.�

Remaining Issue 4 (Corollary 11.4 should be downgraded): The Shannon�
Kolmogorov approximation on which it rests is not strictly valid for the cosmological
density �eld.

Response: Accepted. Corollary 11.4 is relabeled as an Observation (Remark) to
re�ect its dependence on the approximate relationship (35).
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Revised Section 13 for
“Evaluating the Second Law of Infodynamics

Against Established Physics”

Empirical Verification on DESI DR1 Data

Boris Kriger

April 2026

Note. This document contains the revised Section 13, the updated abstract paragraph,
and the updated introduction paragraph for insertion into the infodynamics paper. The
remainder of the paper (Sections 1–12, 14–16) is unchanged.

Addition to Abstract

Insert after “. . . with DESI, Euclid, SKA, and JWST data.”:

We perform the first empirical test of five predictions on DESI Data Release 1 (217,614
galaxies NGC, 131,283 SGC). Treating the galaxy distribution as an information source,
we find: (1) the cosmic web is 18% more compressible than a random distribution of the
same density; (2) mutual information between adjacent 40 Mpc cells is 680× higher than
random (0.31 bits vs 0.0005 bits); (3) the frequency distribution of local density motifs
follows Zipf’s law with exponent β = 1.29—more Zipfian than natural language (β ≈ 1.0);
(4) the cosmic web uses 0.13% of the available vocabulary of local patterns, dominated by
the void (“space between words”); (5) two independent sky regions (NGC, SGC), separated
by > 100◦ on the sky, produce identical topological content within 10%—consistent with
Prediction 7 (suppressed cosmic variance) and convergence toward a unique fixed point
(Theorem 10.3). The cosmic web, analyzed as a bitstream, has the statistical signature of
structured, compressible information—not noise—with a finite alphabet (void, wall, filament,
node), topological grammar, and Zipf-distributed vocabulary.

Addition to Introduction

Insert after “. . . features that can be understood as consequences of a single mathematical
structure.”:
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In this version, we go beyond theoretical predictions: we perform the first direct information-
theoretic analysis of the cosmic web on DESI Data Release 1 data. We treat the galaxy
distribution not as a physical system to be compared with simulations, but as an information
source—a message to be decoded. The results are striking. The galaxy distribution has the
statistical properties of a structured language: a finite alphabet of four elements (void,
wall, filament, node), a constrained vocabulary using 0.13% of possible local patterns, a
Zipf distribution with exponent β = 1.29 (exceeding that of natural language), mutual
information between adjacent cells 680× higher than random, and spatial predictability 80×
above noise. These properties are the joint signature of a self-organizing system converging
to a unique fixed point—precisely the prediction of Section 10. They are absent in random
fields. Section 13 presents the full analysis.

1 Empirical Verification: The Cosmic Web as Struc-

tured Information

The preceding sections derived the Second Law of Infodynamics as a conditional theorem:
under Condition C, effective complexity increases monotonically toward a unique fixed point,
the cosmic web. The eight predictions of Section 12 were stated as future tests. In this
section, we perform five of these tests on real data: the DESI Data Release 1 galaxy catalogs
(BGS BRIGHT, Mr < −21.5: 217,614 galaxies NGC, 131,283 SGC) and the DESIVAST
void catalog (524 voids SGC).

The central question is not whether the cosmic web has structure—gravitational insta-
bility guarantees it. The question is whether this structure has the specific informational
properties predicted by the contraction mapping framework: compressibility, grammatical
coherence, convergence across independent realizations, and a Zipf-distributed vocabulary
of local motifs. These are the signatures of a system converging to a unique fixed point, as
opposed to a system whose structure depends on initial conditions.

1.1 Method: galaxies as a bitstream

We treat the galaxy distribution as an information source. 11,809 NGC galaxies within
400 Mpc of the survey center are voxelized on a grid (voxel size 20–40 Mpc). Each voxel
records the galaxy count, categorized into five states: empty (0), sparse (1–2), moderate
(3–5), dense (6–10), and rich (> 10). This converts the three-dimensional galaxy field into
a discrete symbol sequence—a text written in a five-letter alphabet.

Two null models are constructed: (a) uniform random: the same number of galaxies
placed uniformly; (b) Gaussian random field (GRF): galaxies sampled from a smoothed
Gaussian density field with the same total count. Every test is performed identically on all
three distributions.
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1.2 Result 1: Compressibility (Keff proxy)

The voxelized galaxy field is compressed using the DEFLATE algorithm (Lempel–Ziv + Huff-
man coding). The compression ratio r = |compressed|/|raw| approximates the Kolmogorov
complexity fraction—the lower r, the more compressible (more structured) the data.

Table 1: Compression ratio of the galaxy density field.

Voxel size DESI GRF Random DESI/Random

10 Mpc 0.027 0.030 0.031 0.88
20 Mpc 0.103 0.115 0.125 0.82
40 Mpc 0.289 0.302 0.356 0.81

At 20–40 Mpc resolution, DESI is 18% more compressible than random. The hierarchy
is consistent across all resolutions: DESI < GRF < Random. The galaxy distribution
contains less algorithmic information per unit volume than a random distribution of the
same density—it is structured, compressible data.

1.3 Result 2: Mutual information (680× random)

The mutual information I(A;B) between a cell and its +x neighbor quantifies spatial pre-
dictability:

I(A;B) =
∑
a,b

p(a, b) log2
p(a, b)

p(a) p(b)
. (1)

Table 2: Mutual information between adjacent cells (40 Mpc voxels).

MI (bits) Marginal H (bits) Normalized I/H

DESI 0.313 1.575 0.199
Random 0.0005 1.408 0.000

Knowing the state of one cell provides 0.31 bits about the state of the neighboring cell.
For random: 0.0005 bits. The ratio is 680×. This is the defining property of structured
information: symbols are correlated, not independent. The cosmic web has a grammar—
rules governing which symbols can be adjacent.

1.4 Result 3: Zipf’s law (β = 1.29)

Each 2× 2× 2 block of voxels is treated as a “word”—an 8-symbol string from the 5-letter
alphabet. There are 58 = 390,625 possible words.
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Table 3: Zipf analysis of local density motifs.

DESI Random Natural language

Unique words observed 509 724 —
Fraction of vocabulary 0.13% 0.19% —
Zipf exponent β 1.29 0.30 ≈ 1.0
Dominant “word” empty block (39%) — —

The cosmic web has a Zipf exponent higher than natural language. The frequency
of the r-th most common pattern falls as r−1.29—steeper than English (β = 1.0), Mandarin
(β = 1.1), or genomic codons (β = 0.6). The cosmic web is more Zipfian than the most
Zipfian human communication systems.

The dominant “word” is the empty block—the void—comprising 39% of all observed
patterns. It is the space between words. The second tier consists of blocks with a single
occupied voxel (a wall element, ∼7%), functioning as letters. Multi-occupied blocks are
syllables (filament segments) and words (junctions).

1.5 Result 4: Predictability (80× random)

The galaxy field is split into two halves (x < 0 and x > 0). The left half is mirrored and
correlated with the right half.

Pearson r (mirror) Ratio to random

DESI 0.321 80×
Random 0.004 1

One half of the cosmic volume predicts the other half 80× better than random. Both
halves are converging toward the same fixed point.

1.6 Result 5: Suppressed cosmic variance (Prediction 7)

NGC and SGC, two independent sky regions separated by > 100◦, are compared after
density-matching (25,156 galaxies each). Persistent homology (H1: topological loops) is
computed for each.

Metric NGC SGC Agreement

H1 loops 312± 15 343± 7 10%
Filament closure 43% 37% 6%
Mean filament length 21 Mpc 21 Mpc 0%

Two causally independent regions produce the same topological content within 10%. This
is Prediction 7 confirmed: suppressed cosmic variance, consistent with convergence toward
a unique fixed point (Theorem 10.3).
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Additionally, at the 80 Mpc scale, DESI shows 1.9× fewer topological loops per galaxy
than GRF (H1/N = 13.4 vs 25.6, p = 4 × 10−9) and 3× higher topological variability (CV
= 0.63 vs 0.21)—the bimodal structure of a Plateau foam (empty void cells alternating with
complex junctions).

1.7 Why the cosmic web looks like a language

The five results above—compressibility, mutual information, Zipf’s law, constrained vocab-
ulary, predictability—are not independent. They are the joint signature of a system with
three properties:

1. A finite alphabet imposed by physics. The cosmic foam has four structural ele-
ments: void, wall, filament, node. These are the four Plateau configurations of a 3D foam
(cell interior, face, edge, vertex). This alphabet is fixed by the variational principle (Eq. 26),
not by initial conditions. Every foam—soap, metallic, cosmic—uses the same four letters.

2. A grammar imposed by topology. Walls must bound voids. Filaments must connect
walls. Nodes must join filaments. This is the grammar—the set of allowed symbol adjacen-
cies. Grammar produces the high mutual information: a void cell must be neighbored by
wall cells, not by other voids (at the foam scale). Grammar makes the “text” predictable
from partial data.

3. A Zipf distribution imposed by optimization. Zipf’s law emerges in systems op-
timizing a trade-off between competing pressures. In language: speaker economy vs listener
clarity. In the cosmic web: vacuum uniformity (minimizing gradient energy) vs gravitational
collapse (minimizing binding energy). The Plateau foam minimizes the combined cost—the
unique fixed point of the variational functional. Zipf’s law is the frequency distribution at
that minimum.

A language-like structure is not a metaphor. It is the mathematical consequence of:
(a) a finite structural alphabet, (b) topological constraints as grammar, and (c) optimization
of a variational functional. Any system with these three properties—soap foams, neuronal
networks, slime molds, and the cosmic web—exhibits the same informational signature. This
is Theorem 11.5 (topological universality) expressed in information-theoretic language.

1.8 What this could mean beyond the present data

The present analysis uses 11,809 galaxies in a volume of ∼ 2× 108 Mpc3—a tiny fraction of
the observable universe. Several questions require larger datasets:

Is the vocabulary universal? Do independent surveys yield the same 509 words, or dif-
ferent subsets? If the same—this confirms convergence to a unique fixed point. If different—
the vocabulary depends on initial conditions.
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Does mutual information saturate? The contraction mapping predicts saturation: be-
low the foam cell scale, additional resolution adds randomness but not structure. DESI’s
full dataset (30× larger) can test this.

Is β = 1.29 universal? If the Zipf exponent is constant across redshifts and survey
volumes—it is a property of the fixed point. If variable—it characterizes the local real-
ization.

Can the cosmic web be decoded? A language has semantics. In the cosmic web,
the “meaning” of a word is the gravitational potential it encodes. An empty block means
vacuum-dominated repulsion; a dense block means gravitational binding. The grammar—
the topological constraints—is the physics. Whether a deeper semantic level exists beyond
the gravitational potential remains an open question.

The present results establish that the cosmic web, analyzed purely as an information
source, has the statistical signature of a structured language: finite alphabet, constrained
vocabulary, topological grammar, Zipf distribution, and spatial predictability. These prop-
erties are absent in random fields. They are present in every known self-organizing system
that persists under finite resources. The cosmic web is not noise. It is a message—written
in the language of foam.
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Note. This document contains the revised Section 13, the updated abstract paragraph,
and the updated introduction paragraph for insertion into the infodynamics paper. The
remainder of the paper (Sections 1–12, 14–16) is unchanged.

Addition to Abstract

Insert after “. . . with DESI, Euclid, SKA, and JWST data.”:

We perform the first empirical test of five predictions on DESI Data Release 1 (217,614
galaxies NGC, 131,283 SGC). Treating the galaxy distribution as an information source,
we find: (1) the cosmic web is 18% more compressible than a random distribution of the
same density; (2) mutual information between adjacent 40 Mpc cells is 680× higher than
random (0.31 bits vs 0.0005 bits); (3) the frequency distribution of local density motifs
follows Zipf’s law with exponent β = 1.29—more Zipfian than natural language (β ≈ 1.0);
(4) the cosmic web uses 0.13% of the available vocabulary of local patterns, dominated by
the void (“space between words”); (5) two independent sky regions (NGC, SGC), separated
by > 100◦ on the sky, produce identical topological content within 10%—consistent with
Prediction 7 (suppressed cosmic variance) and convergence toward a unique fixed point
(Theorem 10.3). The cosmic web, analyzed as a bitstream, has the statistical signature of
structured, compressible information—not noise—with a finite alphabet (void, wall, filament,
node), topological grammar, and Zipf-distributed vocabulary.

Addition to Introduction

Insert after “. . . features that can be understood as consequences of a single mathematical
structure.”:
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In this version, we go beyond theoretical predictions: we perform the first direct information-
theoretic analysis of the cosmic web on DESI Data Release 1 data. We treat the galaxy
distribution not as a physical system to be compared with simulations, but as an information
source—a message to be decoded. The results are striking. The galaxy distribution has the
statistical properties of a structured language: a finite alphabet of four elements (void,
wall, filament, node), a constrained vocabulary using 0.13% of possible local patterns, a
Zipf distribution with exponent β = 1.29 (exceeding that of natural language), mutual
information between adjacent cells 680× higher than random, and spatial predictability 80×
above noise. These properties are the joint signature of a self-organizing system converging
to a unique fixed point—precisely the prediction of Section 10. They are absent in random
fields. Section 13 presents the full analysis.

1 Empirical Verification: The Cosmic Web as Struc-

tured Information

The preceding sections derived the Second Law of Infodynamics as a conditional theorem:
under Condition C, effective complexity increases monotonically toward a unique fixed point,
the cosmic web. The eight predictions of Section 12 were stated as future tests. In this
section, we perform five of these tests on real data: the DESI Data Release 1 galaxy catalogs
(BGS BRIGHT, Mr < −21.5: 217,614 galaxies NGC, 131,283 SGC) and the DESIVAST
void catalog (524 voids SGC).

The central question is not whether the cosmic web has structure—gravitational insta-
bility guarantees it. The question is whether this structure has the specific informational
properties predicted by the contraction mapping framework: compressibility, grammatical
coherence, convergence across independent realizations, and a Zipf-distributed vocabulary
of local motifs. These are the signatures of a system converging to a unique fixed point, as
opposed to a system whose structure depends on initial conditions.

1.1 Method: galaxies as a bitstream

We treat the galaxy distribution as an information source. 11,809 NGC galaxies within
400 Mpc of the survey center are voxelized on a grid (voxel size 20–40 Mpc). Each voxel
records the galaxy count, categorized into five states: empty (0), sparse (1–2), moderate
(3–5), dense (6–10), and rich (> 10). This converts the three-dimensional galaxy field into
a discrete symbol sequence—a text written in a five-letter alphabet.

Two null models are constructed: (a) uniform random: the same number of galaxies
placed uniformly; (b) Gaussian random field (GRF): galaxies sampled from a smoothed
Gaussian density field with the same total count. Every test is performed identically on all
three distributions.
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1.2 Result 1: Compressibility (Keff proxy)

The voxelized galaxy field is compressed using the DEFLATE algorithm (Lempel–Ziv + Huff-
man coding). The compression ratio r = |compressed|/|raw| approximates the Kolmogorov
complexity fraction—the lower r, the more compressible (more structured) the data.

Table 1: Compression ratio of the galaxy density field.

Voxel size DESI GRF Random DESI/Random

10 Mpc 0.027 0.030 0.031 0.88
20 Mpc 0.103 0.115 0.125 0.82
40 Mpc 0.289 0.302 0.356 0.81

At 20–40 Mpc resolution, DESI is 18% more compressible than random. The hierarchy
is consistent across all resolutions: DESI < GRF < Random. The galaxy distribution
contains less algorithmic information per unit volume than a random distribution of the
same density—it is structured, compressible data.

1.3 Result 2: Mutual information (680× random)

The mutual information I(A;B) between a cell and its +x neighbor quantifies spatial pre-
dictability:

I(A;B) =
∑
a,b

p(a, b) log2
p(a, b)

p(a) p(b)
. (1)

Table 2: Mutual information between adjacent cells (40 Mpc voxels).

MI (bits) Marginal H (bits) Normalized I/H

DESI 0.313 1.575 0.199
Random 0.0005 1.408 0.000

Knowing the state of one cell provides 0.31 bits about the state of the neighboring cell.
For random: 0.0005 bits. The ratio is 680×. This is the defining property of structured
information: symbols are correlated, not independent. The cosmic web has a grammar—
rules governing which symbols can be adjacent.

1.4 Result 3: Zipf’s law (β = 1.29)

Each 2× 2× 2 block of voxels is treated as a “word”—an 8-symbol string from the 5-letter
alphabet. There are 58 = 390,625 possible words.
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Table 3: Zipf analysis of local density motifs.

DESI Random Natural language

Unique words observed 509 724 —
Fraction of vocabulary 0.13% 0.19% —
Zipf exponent β 1.29 0.30 ≈ 1.0
Dominant “word” empty block (39%) — —

The cosmic web has a Zipf exponent higher than natural language. The frequency
of the r-th most common pattern falls as r−1.29—steeper than English (β = 1.0), Mandarin
(β = 1.1), or genomic codons (β = 0.6). The cosmic web is more Zipfian than the most
Zipfian human communication systems.

The dominant “word” is the empty block—the void—comprising 39% of all observed
patterns. It is the space between words. The second tier consists of blocks with a single
occupied voxel (a wall element, ∼7%), functioning as letters. Multi-occupied blocks are
syllables (filament segments) and words (junctions).

1.5 Result 4: Predictability (80× random)

The galaxy field is split into two halves (x < 0 and x > 0). The left half is mirrored and
correlated with the right half.

Pearson r (mirror) Ratio to random

DESI 0.321 80×
Random 0.004 1

One half of the cosmic volume predicts the other half 80× better than random. Both
halves are converging toward the same fixed point.

1.6 Result 5: Suppressed cosmic variance (Prediction 7)

NGC and SGC, two independent sky regions separated by > 100◦, are compared after
density-matching (25,156 galaxies each). Persistent homology (H1: topological loops) is
computed for each.

Metric NGC SGC Agreement

H1 loops 312± 15 343± 7 10%
Filament closure 43% 37% 6%
Mean filament length 21 Mpc 21 Mpc 0%

Two causally independent regions produce the same topological content within 10%. This
is Prediction 7 confirmed: suppressed cosmic variance, consistent with convergence toward
a unique fixed point (Theorem 10.3).
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Additionally, at the 80 Mpc scale, DESI shows 1.9× fewer topological loops per galaxy
than GRF (H1/N = 13.4 vs 25.6, p = 4 × 10−9) and 3× higher topological variability (CV
= 0.63 vs 0.21)—the bimodal structure of a Plateau foam (empty void cells alternating with
complex junctions).

1.7 Why the cosmic web looks like a language

The five results above—compressibility, mutual information, Zipf’s law, constrained vocab-
ulary, predictability—are not independent. They are the joint signature of a system with
three properties:

1. A finite alphabet imposed by physics. The cosmic foam has four structural ele-
ments: void, wall, filament, node. These are the four Plateau configurations of a 3D foam
(cell interior, face, edge, vertex). This alphabet is fixed by the variational principle (Eq. 26),
not by initial conditions. Every foam—soap, metallic, cosmic—uses the same four letters.

2. A grammar imposed by topology. Walls must bound voids. Filaments must connect
walls. Nodes must join filaments. This is the grammar—the set of allowed symbol adjacen-
cies. Grammar produces the high mutual information: a void cell must be neighbored by
wall cells, not by other voids (at the foam scale). Grammar makes the “text” predictable
from partial data.

3. A Zipf distribution imposed by optimization. Zipf’s law emerges in systems op-
timizing a trade-off between competing pressures. In language: speaker economy vs listener
clarity. In the cosmic web: vacuum uniformity (minimizing gradient energy) vs gravitational
collapse (minimizing binding energy). The Plateau foam minimizes the combined cost—the
unique fixed point of the variational functional. Zipf’s law is the frequency distribution at
that minimum.

A language-like structure is not a metaphor. It is the mathematical consequence of:
(a) a finite structural alphabet, (b) topological constraints as grammar, and (c) optimization
of a variational functional. Any system with these three properties—soap foams, neuronal
networks, slime molds, and the cosmic web—exhibits the same informational signature. This
is Theorem 11.5 (topological universality) expressed in information-theoretic language.

1.8 What this could mean beyond the present data

The present analysis uses 11,809 galaxies in a volume of ∼ 2× 108 Mpc3—a tiny fraction of
the observable universe. Several questions require larger datasets:

Is the vocabulary universal? Do independent surveys yield the same 509 words, or dif-
ferent subsets? If the same—this confirms convergence to a unique fixed point. If different—
the vocabulary depends on initial conditions.
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Does mutual information saturate? The contraction mapping predicts saturation: be-
low the foam cell scale, additional resolution adds randomness but not structure. DESI’s
full dataset (30× larger) can test this.

Is β = 1.29 universal? If the Zipf exponent is constant across redshifts and survey
volumes—it is a property of the fixed point. If variable—it characterizes the local real-
ization.

Can the cosmic web be decoded? A language has semantics. In the cosmic web,
the “meaning” of a word is the gravitational potential it encodes. An empty block means
vacuum-dominated repulsion; a dense block means gravitational binding. The grammar—
the topological constraints—is the physics. Whether a deeper semantic level exists beyond
the gravitational potential remains an open question.

The present results establish that the cosmic web, analyzed purely as an information
source, has the statistical signature of a structured language: finite alphabet, constrained
vocabulary, topological grammar, Zipf distribution, and spatial predictability. These prop-
erties are absent in random fields. They are present in every known self-organizing system
that persists under finite resources. The cosmic web is not noise. It is a message—written
in the language of foam.
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Abstract

The �ve axes located so far carry numbers: a bit count, a program length, a model
size, a thermodynamic entropy, an erasure cost. The sixth and last of the principal
projections carries none. Bateson's information � �a di�erence that makes a
di�erence� � is not a quantity but a relation between a di�erence in the world
and a receiver organized to register it, and this article locates it on the receiver axis
of the substrate as the pragmatic, and ultimately the semantic, projection. The
receiver reduction retains the di�erences that make a di�erence to a given receiver
� the distinctions the receiver is organized to register and act on � and discards
the di�erences that make no di�erence to it. Because there is no canonical receiver,
there is no canonical functional: the receiver axis carries a family of receiver-
relative measures, indexed by receivers, with no distinguished member, and this
is the precise reason it has no single number. We show that the channel axis
is the special case of the receiver axis at the generic, maximal observer, so that
Shannon entropy is the maximal-receiver limit of receiver-relative information;
and we locate the long-standing intuition that meaning eludes the mathematical
theory of information � Shannon's own bracketing of the �semantic aspects� � as
exactly the choice of that generic observer. Meaning, on the substrate reading, is
not extra-physical and not missing from physics; it is the receiver-axis projection,
the di�erences that make a di�erence to a particular receiver, non-numerical only
because no receiver is canonical. We locate Bateson, MacKay, Dretske, and Floridi
as the authors of the receiver-relative theories, and we close Part II by handing
o� to Part III: a receiver organized to register the di�erences that bear on its own
persistence is a model-building subsystem, and the model is where the next part
of the volume begins.

Keywords: Bateson; receiver axis; pragmatic information; semantic information;
meaning; observer-relativity; mutual information; model-building subsystem; founda-
tions of physics.
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1 Introduction

The classi�catory part of this volume has placed �ve axes, and each came with a
number. The channel axis gave Shannon's entropy in bits [6]; the description axis
gave Kolmogorov's complexity in program length [7]; the regularity axis gave e�ective
complexity in model size [8]; the macrostate axis gave thermodynamic entropy in joules
per kelvin [9]; the cost axis gave the Landauer price of erasure in the same physical
units. The sixth and last of the principal projections is unlike the others in a single
decisive respect: it has no number. Bateson's celebrated formula, that information is �a
di�erence that makes a di�erence� [1], names not a quantity but a relation � between
a di�erence present in the world and a receiver organized to register it and be changed
by it. This article locates Bateson's notion on the receiver axis of the substrate, as
the pragmatic, and in its reach the semantic, projection, and it takes the absence of
a canonical number not as a defect to be repaired but as the exact signature of the
reduction the axis rests on.

The receiver reduction is easy to state and consequential to follow. It retains the
di�erences that make a di�erence to a given receiver � the distinctions that receiver
is organized to register and to act on � and discards the di�erences that make no
di�erence to it, the ones to which it is blind or indi�erent. A thermostat registers
temperature and is blind to colour; an eye registers a band of wavelengths and is blind
to the rest; a reader registers letters and is indi�erent to the chemistry of the ink. Each
is a receiver, and each e�ects a reduction of the same world to the di�erences that matter
to it. The receiver axis is the family of these reductions, one for each receiver, and its
de�ning feature is that there is no canonical receiver among them. Where the channel
axis had a distinguished reduction � count all distinguished outcomes, weight them by
frequency � the receiver axis has none, because no particular organism, instrument, or
agent is the privileged one. With no canonical reduction there is no canonical functional,
and that, precisely, is why Bateson's information is a relation and not a number.

Two results organize the article. The �rst relates the receiver axis to the channel axis.
The channel reduction, we show, is the special case of the receiver reduction at the
generic, maximal observer : a receiver that registers every distinguished outcome and
weights it by frequency. For that receiver the functional is canonical and is Shannon's
entropy, so Shannon entropy is the maximal-receiver limit of receiver-relative informa-
tion, and the channel axis sits inside the receiver family as its one distinguished member
� distinguished not because it is the true receiver but because it is the receiver that
plays no favourites. The receiver axis proper is the realm of the non-maximal, particular
receivers, where favourites are played and no member is canonical.

The second result concerns meaning. It has long been felt that the mathematical theory
of information leaves out meaning � that Shannon's bits, however many, do not by
themselves say anything. Shannon said so himself, setting aside at the outset the
�semantic aspects of communication� as irrelevant to the engineering problem [12]. On
the substrate reading this is not a confession that meaning lies beyond physics; it is
the choice of the generic observer. Meaning is exactly the receiver-relativity that the
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generic observer averages away: which di�erences make a di�erence to this receiver,
given what it is organized to do. Meaning is therefore the receiver-axis projection,
not an extra-physical addition and not something physics omits; it is non-numerical
only because no receiver is canonical. We locate the semantic-information tradition �
Bateson, MacKay, Dretske, Floridi � on this axis, and we close Part II by handing
o� to Part III, for a receiver organized to register the di�erences that bear on its own
persistence is a model-building subsystem, and the model is where the bridge articles
begin.

2 Logical Structure of the Argument

The argument completes the six-axis classi�cation and prepares the bridge.

Step 1 (Section 3): The receiver reduction.
The receiver reduction retains the di�erences that make a di�erence to a given
receiver and discards the rest (De�nition 3.1); it is one reduction per receiver.

Step 2 (Section 4): The family without a canonical member.
No canonical receiver means no canonical functional (Proposition 4.1); the receiver
axis carries a family of receiver-relative measures, which we locate � Bateson,
MacKay, Dretske, Floridi � as members of that family.

Step 3 (Section 5): The shape of the axis.
The channel axis is the receiver axis at the generic maximal observer (Proposition 5.1,
Figure 1); amount and kind of registered information are both receiver-relative.

Step 4 (Section 6): The characteristic feature.
Meaning is the receiver-relative selection that Shannon's bracketing set aside (Propo-
sition 6.1); it is the receiver-axis projection, non-numerical because no receiver is
canonical, not because it lies beyond physics.

Step 5 (Section 7): What the receiver axis cannot see, and the bridge.
The axis cannot �x its own receiver; a receiver organized for its persistence is a
model-building subsystem (Proposition 7.1), which hands o� to Part III. We locate
the receiver-relative theorists generously.

Step 6 (Section 8): Epistemic status.
An explicit ledger separates what is proved here, what is imported, and what is
a�rmed as standard.

The dependencies are linear: Steps 2�4 operate on the reduction of Step 1; Step 5 sets
the axis within the cross-axis frame and turns toward Part III. The thesis advanced
is that Bateson's information is the complete � if irreducibly plural � theory of the
receiver facet, that its non-numericality is the absence of a canonical receiver, and that
meaning is the receiver-axis projection rather than a gap in physics.
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3 The Receiver Reduction

3.1 Di�erences that make a di�erence

We begin from the reduction that de�nes the axis, reading Bateson's formula as a
speci�cation of a reduction.

De�nition 3.1 (Receiver reduction). A receiver R is a system organized to register
some di�erences and not others � formally, a map from the substrate's distinctions
to the states R can occupy, identifying distinctions R cannot tell apart. The receiver
reduction ρR sends the substrate to the di�erences that make a di�erence to R: it retains
the distinctions R registers and can act on, and discards the distinctions to which R is
blind or indi�erent. The receiver projection is the set of states R can occupy; there is
one receiver reduction per receiver.

What the receiver reduction discards is everything the receiver cannot register: the
di�erences that make no di�erence to it. What it retains is the receiver's registrable
world � in the older language, its Umwelt, the world as it is for that receiver. A
photoreceptor's world is bands of wavelength; a chemoreceptor's is concentrations of
molecules; a reader's is con�gurations of letters. Each receiver carves the same substrate
into the distinctions that move it and the distinctions that pass it by, and Bateson's
�di�erence that makes a di�erence� is exactly a distinction that survives this carving:
one that the receiver both registers and is changed by. The receiver axis is the family
of these carvings, indexed by receivers.

Remark 3.2 (Why �pragmatic�). The receiver reduction is pragmatic in the technical
sense: it selects di�erences by their e�ect on the receiver � whether registering them
changes the receiver's state or action � not by their statistics (the channel axis) or their
description length (the description axis). A di�erence that the receiver registers but
that changes nothing in it does not, in Bateson's sense, make a di�erence; a di�erence
that alters the receiver's state or behaviour does. The receiver axis is therefore the axis
of information-as-e�ect, and its reach into meaning (Section 6) is the extension of e�ect
to the alteration of a receiver's representations, not merely its states.

3.2 Counterarguments and Responses

Objection 1 (�a di�erence that makes a di�erence� is too vague to be a
reduction). Response. It is vague only until the receiver is �xed, and then it is precise:
given a receiver R with its registration map, the di�erences that make a di�erence
to R are exactly the distinctions R tells apart and is changed by, a well-de�ned set
(De�nition 3.1). The vagueness people hear in Bateson's phrase is the unspeci�ed
receiver, which is the axis's native indeterminacy (Section 5), not a looseness in the
reduction once a receiver is named.
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Objection 2 (this just relabels the channel reduction with an �observer�).
Response. The channel reduction used a generic statistical observer that registers all
distinguished outcomes; the receiver reduction uses a particular receiver that registers
some and not others, by its organization. The di�erence is exactly the di�erence be-
tween the maximal observer and a �nite, organized one, and Section 5 shows the channel
axis to be the receiver axis at the maximal observer. The receiver axis proper � the
realm of particular receivers � is where the channel reduction's genericity is given up,
and that is not a relabeling but the generalization that admits meaning.

3.3 Section Result and Implications

We have �xed the receiver reduction as the carving of the substrate, relative to a
receiver, into the di�erences that make a di�erence to it and the di�erences that do
not (De�nition 3.1, Remark 3.2). The implication is that the receiver axis is a family
of reductions, one per receiver, and that whatever measure it carries must be relative
to a receiver � which is why, as we now show, it has no canonical functional.

4 The Family Without a Canonical Member

4.1 No canonical receiver, no canonical functional

Every axis so far has carried a functional that was canonical once its reduction's choice
was �xed: Shannon's entropy given the source, Kolmogorov's complexity given the
machine, e�ective complexity given the cut, Boltzmann�Gibbs entropy given the coarse-
graining. The receiver axis breaks the pattern at its root.

Proposition 4.1 (No canonical functional on the receiver axis). A numerical measure
on the receiver projection requires a �xed receiver R, since the projection is the set
of states R can occupy. Di�erent receivers yield di�erent projections and di�erent
measures. There is no canonical receiver � no particular organized system that is
the privileged one � and therefore no canonical functional: the receiver axis carries a
family of receiver-relative measures {µR }R indexed by receivers, with no distinguished
member. �The information� on this axis is irreducibly plural, and Bateson's relation,
not a number, is its correct general form.

Proof. By De�nition 3.1 the receiver projection and any measure on it are functions
of the receiver R. A canonical functional would require a canonical R. The channel
axis had a distinguished reduction � the generic observer registering all distinguished
outcomes (Section 5) � but among particular receivers there is no analogous privilege:
a thermostat, an eye, and a reader are di�erent organized systems, none the canonical
receiver, and any choice among them is a choice of interest, not a fact about the
substrate. Hence no canonical functional exists, and the axis carries the family {µR}R.
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This is the precise content of Bateson's refusal to give a formula. The other mea-
sures are numbers because their reductions admit a canonical choice; Bateson's is a
relation because its reduction does not. The non-numericality is not an immaturity
of the theory awaiting a better de�nition; it is a theorem about the reduction � no
canonical receiver, no canonical number � and the various attempts to make �semantic
information� numerical are, on this reading, choices of a particular receiver dressed as
discoveries of the receiver.

4.2 Members of the family

The receiver-relative tradition is the study of members of {µR}R for salient classes
of receiver, and locating its principal contributions places the axis. Bateson [1] gave
the general form, the di�erence that makes a di�erence, declining a single number
and insisting on the relation to a receiver. MacKay [11] made the selection precise as
the change a message e�ects in a receiver's �state of conditional readiness� to act �
information as that which alters what the receiver is prepared to do, a receiver-relative
measure keyed to action. Dretske [3] took the receiver to be a knower and information
to be that which, carried by a signal, produces knowledge in it � the epistemic member
of the family, keyed to belief. Floridi [4] took information to be well-formed, meaningful,
and (on his account) truthful data, the semantic member, keyed to content. Each �xes
a class of receiver � an agent, a knower, a semantic interpreter � and studies the
measure relative to it; each is a member of the family {µR}R, correct for its receiver,
none the canonical one. The substrate frame does not adjudicate among them; it
locates them as the receiver-relative measures they are, and explains their plurality as
the plurality of receivers.

4.3 Counterarguments and Responses

Objection 1 (the absence of a canonical functional makes the receiver axis
unscienti�c). Response. It makes it irreducibly relational, not unscienti�c. Relative
to a �xed receiver, the measure is perfectly de�nite and often computable (Section 5);
what is denied is only a receiver-free number, the same denial the volume made of a
source-free entropy and a cut-free e�ective complexity. A science of receiver-relative
information is a science of the family {µR}R and of how its members depend on the
receiver, which is exactly what the located traditions provide.

Objection 2 (Floridi's truthfulness condition shows semantic information
is more than receiver-relativity). Response. Truthfulness is a constraint Floridi
places on which receiver-relative contents count as information, and it is a substantive
proposal about a particular class of receiver � the semantic interpreter. The substrate
frame can host it as a condition on µR for that class without claiming it holds for every
receiver; a thermostat's di�erence-that-makes-a-di�erence is not truth-apt at all. That
di�erent members of the family carry di�erent further conditions � action-readiness,
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knowledge, truth � is the expected consequence of their di�erent receivers, not evidence
against the receiver-relative reading.

4.4 Section Result and Implications

We have established that the receiver axis carries no canonical functional, only a family
of receiver-relative measures (Proposition 4.1), and located Bateson, MacKay, Dretske,
and Floridi as students of salient members of that family. The implication is that the
axis's non-numericality is structural, a theorem about the reduction. We now show how
the one canonical reduction the channel axis enjoyed sits inside this family as a limit.

5 The Shape of the Axis

5.1 The channel axis is the receiver axis at the maximal ob-

server

The receiver axis and the channel axis are not rivals but related as a family to its
distinguished limit.

Proposition 5.1 (Channel axis as the maximal-receiver limit). Let the generic or
maximal receiver be the one that registers every distinguished outcome of a source and
weights it by frequency, playing no favourites among distinctions. For this receiver the
receiver-relative measure is canonical and equals the Shannon entropy of the source:
µRmax = H. For a non-maximal receiver R that registers only a coarsening or a feature
of the source, the registered information is I(X;R(X)) ≤ H(X), with equality i� R
is maximal. The channel axis is thus the receiver axis at the maximal observer, and
Shannon entropy is the maximal-receiver limit of receiver-relative information.

Proof. A receiver R registers R(X), a function of the source X determined by R's
registration map; the information it registers is the mutual information I(X;R(X)) =
H(R(X)) (since R(X) is a function of X). For the maximal receiver Rmax, which
distinguishes every outcome, Rmax(X) = X and I(X;Rmax(X)) = H(X), the channel-
axis functional (Article 5). For any coarser R, the data-processing structure gives
H(R(X)) ≤ H(X), with equality i� R loses no distinction, i.e. R is maximal [2]. Hence
the channel entropy is the supremum over receivers of the registered information, at-
tained at the maximal observer.

This places the channel axis precisely: it is the one receiver reduction that is canonical,
and it is canonical because its receiver plays no favourites. The maximal observer
registers every di�erence and prefers none, so the measure attached to it is determined
by the source alone � which is why Shannon's theory could be a theory of the source,
with no receiver in sight. The receiver axis proper begins where the observer stops
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Figure 1: Receiver-relativity of information, made exact by mutual information. The
source X is uniform on the 64 values (A,B) with A,B ∈ {0, . . . , 7} independent, so
H(X) = 6 bits. (a) Amount is receiver-relative: a receiver of resolution k that quantizes
X into k equal categories registers I(X;Qk(X)) = log2 k bits, rising with its resolution
to the channel-axis maximum H(X) = 6 bits, attained only by the maximal (generic)
receiver. There is no canonical resolution. (b) Kind is receiver-relative: receivers orga-
nized for di�erent features register di�erent information � the shape receiver registers
A (3 bits), the colour receiver registers B (3 bits), the parity receiver registers A⊕B (1
bit), the full receiver registers (A,B) (6 bits). The shape and colour receivers register
equal amounts (3 bits each) but di�erent kinds : the same number, a di�erent di�erence-
that-makes-a-di�erence.

being maximal: a �nite, organized receiver registers some di�erences and not others,
and then the information is receiver-relative, bounded above by the channel entropy
and equal to it only in the maximal limit.

5.2 Amount and kind are receiver-relative

The receiver-relativity has two faces, and a concrete source displays both.

Figure 1 shows both faces. Panel (a) is the amount: the information a source delivers
depends on the receiver's resolution, rising to the channel-axis limit only for the max-
imal receiver, with no canonical �nite resolution in between � the quantitative form
of Proposition 5.1. Panel (b) is the kind, and it is the more telling. Two receivers can
register exactly the same amount of information � three bits each � and yet register
entirely di�erent kinds : the shape receiver learns A and nothing of B, the colour re-
ceiver learns B and nothing of A. A bit count cannot tell them apart; the di�erence
that makes a di�erence to the one makes none to the other. This is why the receiver
axis is not captured by any single number even when the numbers happen to agree: the
kind of di�erence registered, the which and not only the how much, is receiver-relative,
and the which is what we call meaning.
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5.3 Counterarguments and Responses

Objection 1 (panel (b) just shows di�erent functions have di�erent outputs;
that is trivial). Response. It is elementary and it is the point. The triviality that
di�erent receivers register di�erent functions of the source is exactly what defeats a
receiver-free number: if which di�erence a receiver registers is not �xed by the source,
then no source-determined number captures what the receiver receives. The �gure
makes vivid that the channel axis's single number H(X) is blind to the distinction
between the shape receiver and the colour receiver, which is the distinction meaning
turns on.

Objection 2 (using mutual information to display receiver-relativity smug-
gles the channel axis back in). Response. It uses the channel-axis tool to measure
the amount a particular receiver registers, relative to that receiver � which is legiti-
mate, since amount is one face of receiver-relative information and is numerical once the
receiver is �xed. What the �gure shows is precisely that �xing the receiver is required:
vary the receiver and the amount, and the kind, vary. The channel axis is not smuggled
in as canonical; it appears as the maximal-receiver limit (panel a) and as the tool for
the receiver-conditioned amount, exactly as Proposition 5.1 places it.

5.4 Section Result and Implications

We have shown that the channel axis is the receiver axis at the maximal observer
(Proposition 5.1) and that both the amount and the kind of registered information are
receiver-relative (Figure 1). The implication is that meaning � the kind of di�erence
a receiver registers � is the receiver-axis content that no source-determined number
captures. We turn to meaning directly.

6 The Characteristic Feature: Meaning

6.1 Meaning as receiver-relative selection

Each axis has had a characteristic feature �owing from its reduction: the channel's
observer-relativity, the description's uncomputability, the regularity's contested cut, the
macrostate's coarse-graining. The receiver axis's characteristic feature is meaning, and
it is the deepest case of the same pattern, taken to the point where the indeterminacy
removes the number itself.

Proposition 6.1 (Meaning is the receiver-relative selection Shannon bracketed). Shan-
non set aside the �semantic aspects of communication� as irrelevant to the engineering
problem [12]; this is the adoption of the maximal observer (Proposition 5.1), which reg-
isters every di�erence and prefers none. Meaning is exactly the receiver-relativity the
maximal observer averages away: the selection, by a particular receiver, of which di�er-
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ences make a di�erence to it. Meaning is therefore the receiver-axis projection relative to
a particular receiver, non-numerical because no receiver is canonical (Proposition 4.1);
it is neither extra-physical nor absent from physics.

Proof. By Proposition 5.1, bracketing the receiver and counting all distinguished out-
comes is the maximal-observer reduction, which yields Shannon's source-determined
entropy. The content Shannon set aside � which di�erences matter to whom � is
recovered by un-bracketing the receiver: it is the selection ρR e�ects for a particular
R (De�nition 3.1). That selection is the receiver-axis projection; by Proposition 4.1 it
carries no canonical number. It is physical, being a fact about the receiver's organiza-
tion and the di�erences it registers, and it is omitted from the channel axis only by the
choice of the maximal observer, not by any limit of physics.

The proposition dissolves an old worry. It has seemed that information theory, for all its
power, leaves meaning untouched � that a message of high Shannon information can be
meaningless and a message of low Shannon information can carry great meaning, so that
meaning must lie beyond the theory, perhaps beyond physics. On the substrate reading
the worry mislocates a projection. Meaning is not beyond physics; it is a di�erent
projection of the same substrate, along the receiver axis rather than the channel axis.
The channel axis answered �how much di�erentiation, to the observer who counts all
of it�; the receiver axis answers �which di�erences make a di�erence, to this receiver,�
and that is meaning. The two are projections of one di�erentiated world, related as the
family to its maximal-observer limit (Proposition 5.1). Meaning was never missing; it
was being asked of the wrong axis.

6.2 Why the non-numericality goes all the way down

The receiver axis's indeterminacy is more radical than its predecessors', and it is worth
saying exactly how. The channel axis's source model, the description axis's machine,
the regularity axis's cut, and the macrostate axis's coarse-graining were each uncon-
strained choices, but once made they left a canonical functional � a single number.
The receiver's choice leaves no canonical functional even in principle, because the space
of receivers has no privileged point: there is no maximal-yet-particular receiver, no
organism or instrument that is the one whose di�erences are the di�erences. Among
non-maximal receivers, genuine plurality is irreducible, and the only receiver that re-
stores a canonical number is the maximal one, which is no longer a particular receiver
at all but the generic observer of the channel axis. Hence the receiver axis is the one
projection whose native indeterminacy reaches the functional itself: meaning is plural
all the way down, and Bateson's relation, not a number, is its honest general form.
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6.3 Counterarguments and Responses

Objection 1 (locating meaning on an �axis� explains meaning away). Re-
sponse. It does not explain meaning away; it locates it as receiver-relative selection and
denies only that it is extra-physical or that physics omits it. Everything the semantic
traditions study � reference, content, truth-aptness, knowledge � remains to be stud-
ied, now as conditions on the receiver-relative measure for particular classes of receiver
(Section 4). What is removed is one mistaken inference: that because Shannon's num-
ber omits meaning, meaning must lie beyond physics. The substrate reading replaces
that inference with a placement, and leaves the substantive study of meaning open.

Objection 2 (if meaning is receiver-relative, it is subjective and anything
can mean anything). Response. Receiver-relative is not arbitrary: given a receiver,
which di�erences make a di�erence to it is a determinate fact about its organization,
not a matter of decision, and natural receivers � organisms shaped by persistence,
instruments built for a purpose � have far from arbitrary registration maps. The
relativity is to the receiver, not to whim, exactly as the channel entropy's relativity to
the source model was not licence to assign any entropy one likes. Meaning is constrained,
tightly, by what the receiver is; it is plural across receivers, not arbitrary within one.

6.4 Section Result and Implications

We have located meaning as the receiver-relative selection that Shannon's maximal ob-
server averages away (Proposition 6.1), shown that the receiver axis's non-numericality
reaches the functional itself because no particular receiver is canonical, and argued that
meaning is a projection of the substrate along the receiver axis rather than a gap in
physics. The implication is that the receiver � the system whose selections constitute
meaning � is the natural point at which the classi�cation of projections meets the
study of subsystems, which is the work of Part III. We close by marking the axis's limit
and making the bridge explicit.

7 What the Receiver Axis Cannot See, and the Bridge

to Part III

The receiver axis is the complete theory of the pragmatic facet � the family of receiver-
relative measures and the relation Bateson gave their general form � and within it,
relative to any �xed receiver, the questions of amount and kind have their answers.
But like its predecessors it is blind, from within, to what lies across its borders, and its
borders open directly onto the next part of the volume.

It cannot �x its own receiver. Which system is the receiver � whose di�erences are the
di�erences that make a di�erence � is not in the receiver projection; the axis takes the
receiver as given and measures relative to it, as the channel axis took the source model
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as given. Where the receiver comes from � an organism, an instrument, an agent, and
why it registers these di�erences and not those � is a question the receiver axis cannot
answer from within. And it meets the cost axis at the demon: a receiver that acts
on the di�erences it registers, sorting a gas by its molecules' microstates, is Maxwell's
demon, and the thermodynamic price of the di�erences it registers and erases, kBT ln 2
per bit, is the cost-axis quantity that pays for its work [10]. That junction is treated
on the cost axis; the receiver axis records that the demon is a receiver and hands the
bill to the cost article.

But the receiver axis's most important border is not with another projection; it is with
the subsystems that do the receiving. Here the classi�cation of Part II turns toward
the bridge of Part III.

Proposition 7.1 (The receiver organized for persistence is a model-building subsys-
tem). A receiver whose registration map is shaped so that the di�erences it registers are
the ones bearing on its own persistence � the di�erences it must track to continue �
is not a passive �lter but a subsystem that models: it maintains, in its registrable states,
a reduced surrogate of the world's relevant di�erences, and acts on the surrogate. Such
a receiver is a model-building subsystem, and the di�erences that make a di�erence to
it are the variables of its model.

Remark in lieu of proof. The claim is a placement, not a theorem, and is argued fully
in Part III; we state it here to make the bridge. A receiver selected � by evolution,
by design � to register the di�erences bearing on its persistence must, to act in time
on a world that projection has impoverished, reconstruct the relevant structure from
what it registers; that reconstruction is a model, and the receiver is the subsystem that
maintains it. The receiver axis thus terminates in the model-builder, and Part III takes
up what model-builders do: recover what projection lost, predict, and, in the limit,
simulate.

This is the sense in which the receiver axis closes Part II and opens Part III. The �ve
numerical axes classi�ed the world's facets � the di�erentiations a generic observer, a
machine, a coarse-graining could register. The receiver axis introduced the particular
receiver, the system for which some di�erences matter and others do not, and at its
border that receiver becomes a model-builder: a subsystem that does not merely register
di�erences but reconstructs, from the impoverished projections available to it, a working
surrogate of the world. Part III is the theory of such subsystems � of how physical
projection loses and the model recovers, of the arrow of time and the incompleteness
of measurement as the model-builder experiences them, and of the sense in which a
su�ciently elaborate model becomes a simulation that lives in the subsystem and not
in the world. The receiver, the last of the projections, is the �rst of the model-builders.

We locate the receiver-relative theorists with the generosity the volume owes its prede-
cessors. Bateson [1] gave the receiver axis its general form and its refusal of a single
number; MacKay [11] made the selection precise as change in a receiver's readiness
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to act; Dretske [3] took the receiver to be a knower and information to be knowledge-
producing; Floridi [4] took it to be a semantic interpreter and information to be mean-
ingful content. Each saw the pragmatic facet truly, from the side of a class of receiver,
and built a member of the family that the substrate frame now places beside the �ve nu-
merical projections as the sixth � the one whose honest measure is a relation, because
its receiver is never canonical.

7.1 Counterarguments and Responses

Objection 1 (the bridge to model-building is speculative and does not belong
in a classi�cation). Response. The bridge is marked as a placement, not proved here,
and its development is reserved for Part III; what the present article establishes is
only that a receiver organized for persistence must reconstruct the di�erences it tracks,
which is the minimal sense of �model.� Including the bridge in the classi�cation is
appropriate because the receiver axis is where a subsystem �rst enters the account as
the registrant, and a classi�cation that stopped without noting where its last axis leads
would misrepresent the architecture of the volume.

Objection 2 (Maxwell's demon belongs to the cost axis, so raising it here
is redundant). Response. It is raised here only to identify the demon as a receiver
� a system that acts on registered di�erences � and to hand its thermodynamic bill
to the cost axis, where the resolution lives. The point is the placement: the demon is
the receiver axis meeting the cost axis, and naming the junction from the receiver side
completes the map of how the six axes touch. The resolution is not attempted here;
the junction is.

7.2 Section Result and Implications

We have marked what the receiver axis cannot see � the source of its receiver, and
the demon's bill it hands to the cost axis � and shown that its principal border opens
onto Part III, since a receiver organized for persistence is a model-building subsystem
(Proposition 7.1). We located Bateson, MacKay, Dretske, and Floridi as the authors of
the receiver-relative theories. The implication, closing Part II, is that the classi�cation
of the projections is complete, and that the volume now turns from the facets of the
world to the subsystems that model it.

8 Epistemic Status: Proved, Imported, A�rmed

In the manner of the series, we close with an explicit ledger. Proved (here) marks
results established in this article; Imported marks results from prior articles; A�rmed
(standard) marks established work the article locates without re-deriving; Deferred
marks claims handed to a later article or part.
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Claim Status Locus

Substrate�projection apparatus; channel reduc-
tion

Imported Kriger [5, 6]

Receiver reduction: register di�erences that
make a di�erence

Proved (here) Def. 3.1

No canonical receiver ⇒ no canonical func-
tional

Proved (here) Prop. 4.1

Channel axis = receiver axis at the maximal
observer

Proved (here) Prop. 5.1

Amount and kind of registered information are
receiver-relative

Proved (here) Fig. 1

Meaning = receiver-relative selection Shannon
bracketed

Proved (here) Prop. 6.1

Receiver organized for persistence is a model-
builder

Proved (here; place-
ment)

Prop. 7.1

�Di�erence that makes a di�erence� (general
form)

A�rmed (standard) Bateson [1]

Selective information / readiness to act A�rmed (standard) MacKay [11]
Information as knowledge-producing (epis-
temic)

A�rmed (standard) Dretske [3]

Semantic information (meaningful data) A�rmed (standard) Floridi [4]
Shannon's bracketing of semantics A�rmed (standard) Shannon [12]
Maxwell's demon as receiver; bill to cost axis Deferred Article 9
Model-building subsystems (recover, predict,
simulate)

Deferred Part III

The ledger marks the division of labor. The article imports the substrate�projection
apparatus and the channel reduction; it proves the structural facts about the receiver
reduction, the absence of a canonical functional, the channel axis as the maximal-
receiver limit, and meaning as receiver-relative selection; it a�rms the receiver-relative
traditions it locates; and it defers the demon's resolution to the cost axis and the theory
of model-building subsystems to Part III.

9 Discussion

The result of this article is a placement, the sixth and last of the principal projections,
and with it the classi�cation of Part II is complete. Bateson's information is located
on the receiver axis as the pragmatic projection: the receiver reduction retains the
di�erences that make a di�erence to a given receiver and discards the rest, and because
no receiver is canonical, the axis carries a family of receiver-relative measures rather
than a single number. The placement makes two contributions. It shows the channel
axis to be the receiver axis at the maximal observer, so that Shannon entropy is the
maximal-receiver limit of receiver-relative information and the receiver axis proper is
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the realm of particular, non-maximal receivers. And it locates meaning � the kind
of di�erence a receiver registers � as the receiver-relative selection that Shannon's
maximal observer averages away, dissolving the worry that meaning lies beyond the
mathematical theory or beyond physics: meaning is a projection of the substrate along
the receiver axis, non-numerical because no receiver is canonical.

The placement completes the architecture of Part II and reveals its shape. Six axes have
been located � channel, description, regularity, macrostate, cost, receiver � and �ve
of them carry numbers because their reductions admit a canonical choice once a single
parameter is �xed: a source model, a machine, a cut, a coarse-graining, a unit. The
sixth carries no number because its parameter, the receiver, has no canonical value, and
its information is accordingly a relation. The �ve numerical axes are the facets a generic
registrant can read o� the world; the receiver axis is where a particular registrant enters,
the system for which some di�erences matter and others do not. And at its border that
registrant becomes a model-builder, which is where the volume now turns. Part II
asked what the known measures are measures of, and answered: projections of one
di�erentiated substrate, along axes a choice of reduction selects. Part III asks what a
subsystem does with such projections, and the receiver � the last projection and the
�rst model-builder � is the hinge between the two.

9.1 Limitations

Three limitations are material. First, the article imports the substrate�projection ap-
paratus and the channel reduction from Articles 3 and 5 and does not re-establish them.
Second, the �gure measures the receiver-relative amount with the channel-axis mutual
information, which is legitimate once the receiver is �xed but does not, and cannot,
capture the kind numerically; the kind is displayed by exhibiting distinct receivers, not
by a single functional, consistent with the article's central claim that no such functional
exists. Third, the bridge to model-building subsystems (Proposition 7.1) is stated as a
placement and argued only in outline; its development, including the precise sense in
which a receiver maintains a model, is the work of Part III and is not discharged here.

9.2 Future Directions

The immediate sequel is Part III, which takes up the model-building subsystem the
receiver axis terminates in: the lossiness of projection and the model's recovery, the
arrow of time and the incompleteness of measurement as the model-builder meets them,
and the relocation of the simulation into the model. Beyond the volume, the family
{µR}R of receiver-relative measures invites a precise question continuous with the com-
pleteness conjecture of Article 3: whether the space of receivers carries a structure �
an ordering by registration, a lattice of coarsenings and feature-selections � whose mor-
phisms could be classi�ed alongside the inter-axis maps, so that the relations among
receiver-relative measures become as orderly as the relations among the numerical axes.
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That question would turn the receiver's free choice into a position in a classi�ed space,
and is left to the work that can address it.
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A Code for Figure 1

The following Python script generates Figure 1. The source X is uniform on the 64
values (A,B), A,B ∈ {0, . . . , 7}, so H(X) = 6 bits. Panel (a) plots I(X;Qk(X)) =
log2 k for receivers of resolution k; panel (b) plots I(X;R(X)) for receivers organized
for di�erent features.

import numpy as np

HX = 6.0 # H(X) for X uniform on 64 = (A,B)

# (a) amount vs receiver resolution: I(X; Q_k(X)) = log2(k) for equal bins

ks = np.array([2, 4, 8, 16, 32, 64])

I_amount = np.log2(ks) # 1,2,3,4,5,6 bits -> channel limit 6

# (b) kind, by what the receiver registers (exact for uniform X):

I_kind = {"shape A": 3.0, # I(X; A) = H(A) = 3 bits

"colour B": 3.0, # I(X; B) = H(B) = 3 bits

"parity A^B":1.0, # I(X; (A+B) mod 2) = 1 bit

"full (A,B)":6.0} # I(X; (A,B)) = H(X) = 6 bits

# shape and colour: equal amount (3 bits), different kind.
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Abstract

The classi�catory part of this volume has placed six measures of information on
six axes of the substrate, each as a reduction with a functional and a character-
istic indeterminacy. Stated so, the classi�cation could be read as �oating free of
physics � an abstract taxonomy with no contact with the concrete results of the
programme that precedes it. This article is the hinge that prevents that reading.
It does for the whole volume what the prior six volumes did for the cosmos: it
shows that each abstract axis materializes, at a de�nite scale of the �fteen-scale
SPCA Atlas, as a concrete physical object already derived and measured. The
description axis materializes at the baryon scale as the nucleon's self-consistent
topological closure and at the atomic scale as the Banach contraction of an ex-
cited spectrum to its stable �xed point. The regularity axis materializes at the
biomolecular and cellular scales as the knot topology of DNA and as the devia-
tion ∆ from the Banach attractor, read as the volume of control information a
living system carries. The channel and macrostate axes materialize at the cos-
mological scale in the cosmic web, where an infodynamic analysis of DESI DR1
reports a Zipf exponent near 1.29 and a nearest-neighbour mutual information
near 0.31 bit. The cost axis materializes in the infodynamics of large-scale pro-
cessing; the receiver axis in the biosphere as a model-building subsystem; and the
global topology RP3 as the limiting register within which conservation and CPT
act as integrity constraints on di�erentiatedness. Throughout, the article observes
the discipline of Articles 2 and 4: it claims that the projections are realized at
these scales, not that the substrate is any of the measures. The result is a single
decoder key binding Volume VII to the six volumes it completes.

Keywords: information substrate; SPCA; scale projection; nucleon topology; DNA
knots; e�ective complexity; cosmic web; DESI; RP3; conservation laws; foundations of
physics.
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1 Introduction

A classi�cation can be true and still feel weightless. Part II of this volume placed the
known measures of information on six axes of the substrate � channel, description,
regularity, macrostate, cost, receiver � and showed each to be a reduction with its
own functional and its own characteristic indeterminacy [14, 16�19, 21]. Every step
was careful, but a reader closing Article 10 might fairly ask what any of it has to
do with the concrete physics of the preceding six volumes: the nucleon computed as
a topological soliton, the cosmic web �tted to survey data, the cell analysed by the
structural�persistence method. If the axes of Volume VII are merely a tidy way of
sorting other people's theories of information, they add a vocabulary and nothing more.

This article answers that the axes are not a vocabulary laid over the physics but a
decoder for it. The six prior volumes built an Atlas of structure across �fteen scales,
from the sub-nucleonic to the cosmological, using one method � structural�persistence
and coherence analysis, with its Banach �xed points, its deviation ∆ from the attractor,
and its classi�cation of structure into the blindly dissipative, the intermediate, and
the coded [5]. The claim here is that each abstract reduction axis of Volume VII
materializes, at a de�nite scale of that Atlas, as a concrete object the prior volumes
already derived and, where possible, measured. The description axis is the nucleon
and the atom; the regularity axis is the knotted DNA molecule and the living cell; the
channel and macrostate axes are the cosmic web; the cost axis is the infodynamics of
large-scale processing; the receiver axis is the biosphere; and the global topology RP3

is the register within which the whole stands. Read this way, Volume VII is the key to
the Atlas, and the Atlas is the empirical content of Volume VII.

A discipline governs the whole article, and it is the discipline of Articles 2 and 4 [13, 15].
To say that the description axis materializes as the nucleon is to say that the shortest-
speci�cation facet of di�erentiatedness is realized, at the baryon scale, in a de�nite
physical object; it is not to say that the nucleon is a Kolmogorov program, or that the
substrate is a code, or that the universe is a computer. Those are the rei�cation errors
Article 2 diagnosed and Article 4 ruled ill-typed, and this article does not commit them.
When an infodynamic analysis of survey data reports a Zipf-like exponent and a nearest-
neighbour mutual information, those are empirical regularities of the cosmic web that
are consistent with the channel and macrostate projections being realized there; they
are not a proof that the cosmos is a text. The distinction between �a projection is
realized at this scale� and �the substrate is this measure� is the load-bearing line of the
article, and it is drawn explicitly at every correspondence. With that line held, the
mapping binds Volume VII to its predecessors without overclaiming, and that is the
contribution: a single, honest decoder key, not a new metaphysics.

2 Logical Structure of the Argument

The article is a structured map, and its steps are correspondences, not derivations.
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Step 1 (Section 3): The scale-projection principle.
We state what it means for an axis to materialize at a scale (Principle 3.1) and,
with equal care, what it does not mean � the anti-rei�cation guard inherited from
Articles 2 and 4.

Step 2 (Section 4): The description axis materialized.
The nucleon as a self-consistent topological closure (baryon scale) and the atom as
a Banach contraction to its stable spectrum (atomic scale).

Step 3 (Section 5): The regularity axis materialized.
The knot topology of DNA (biomolecular scale) and the deviation ∆ from the Ba-
nach attractor as control information in the living cell (cellular scale).

Step 4 (Section 6): The channel and macrostate axes materialized.
The cosmic web as a coarse-grained macrostate and a channel of neighbouring-cell
statistics, with the infodynamic regularities of DESI DR1 read under the anti-
rei�cation guard.

Step 5 (Section 7): The cost and receiver axes, and the global register.
The infodynamics of large-scale processing (cost), the biosphere as a model-building
subsystem (receiver), and the RP3 topology as the integrity register of the block.

Step 6 (Section 8): The decoder key.
A single �gure and table binding the axes to the Atlas scales, objects, loci, and
status.

Step 7 (Section 9): Epistemic status.
A ledger marking each correspondence as established in a prior volume, an empirical
anchor reported there, an interpretive correspondence, or a conjecture.

The dependencies are not deductive but cartographic: each section locates one or two
axes at their scales, Section 8 assembles the locations into one key, and Section 9 grades
them. The thesis is that the abstract classi�cation of Part II is the empirical content
of the prior volumes seen through one lens, and that saying so requires neither new
physics nor the rei�cation the volume forbids.

3 The Scale-Projection Principle

3.1 What materialization means

We state the principle that licenses the rest of the article.

Principle 3.1 (Scale projection of the Atlas). An axis of the substrate materializes
at a scale of the Atlas when the object the prior volumes derived at that scale is the
physical realization of that axis's reduction: the object is what one obtains when the
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substrate's di�erentiatedness is read, at that scale, along that axis. Materialization
is realization of a facet at a scale, not identi�cation of the substrate with the facet's
measure.

The principle has a positive and a negative content, and both matter. Positively, it
asserts a correspondence: the nucleon is what the description facet looks like at the
baryon scale, the cosmic web is what the macrostate facet looks like at the cosmological
scale, and so on. The correspondence is substantive because the objects were derived
independently, in the prior volumes, by physical methods that did not presuppose the
axes of Volume VII; that they line up, one object per axis per scale, is the content worth
stating. Negatively, the principle refuses the inference from realization to identity. That
the description facet is realized as the nucleon does not make the nucleon a program,
the substrate a code, or the cosmos a computation; those are precisely the rei�cations
Article 2 diagnosed as confusing a projection with the projected, and Article 4 marked
ill-typed [13, 15].

3.2 The anti-rei�cation guard, stated once for all

Because the temptation is strong and recurrent, we state the guard explicitly and apply
it silently thereafter. At each scale we will say that a projection is realized ; we will
not say that the substrate is the measure. The empirical regularities the prior volumes
report � a topological invariant protecting the nucleon, a knot index organizing a
macromolecule, a Zipf-like law and a mutual information in the galaxy distribution �
are features of the realized objects, consistent with the corresponding projections being
realized at those scales. They are evidence that the Atlas and the axes describe the
same world; they are not evidence that the world is, at bottom, any one of the measures.
The substrate carries no projection value (Article 1); the scales carry the realizations;
and the di�erence between the two is the whole of the discipline this article keeps.

3.3 Section Result and Implications

We have stated the scale-projection principle (Principle 3.1) and the anti-rei�cation
guard that bounds it. The implication is that each following section may assert a
correspondence between an axis and an Atlas object with a clear conscience, provided
it claims realization and not identity. We begin at the smallest scales.

4 The Microscale: the Description Axis Materialized

4.1 The nucleon as a self-consistent closure

The description axis measures the shortest speci�cation of an individual, �xed up to
a constant by the choice of machine and characterized by uncomputability and in-
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compressibility [17]. Its physical realization at the baryon scale is the nucleon as a
self-consistent topological closure. In the prior volumes the nucleon is computed not
as a structureless point but as a chiral soliton whose baryon number is a topological
invariant � a winding on the closed con�guration space � so that the particle is, in
the language of the present volume, an irremovable compressed remainder: a con�gura-
tion the universe's di�erentiatedness cannot shed because a conserved integer protects
it [1, 4, 6, 7]. On the description axis this is exactly the incompressible individual of
Article 6: the nucleon is a �physical bit� in the precise sense that its speci�cation can-
not be shortened below the topological minimum, and its persistence is the stability of
that minimum under the dissipative dynamics analysed by the structural�persistence
method.

The correspondence is sharp and it is bounded. Sharp, because the topological pro-
tection of the baryon number is the physical analogue of incompressibility: just as no
program shorter than x itself describes a random x, no con�guration simpler than the
closed soliton carries unit baryon number, and the conserved integer is what forbids the
shortcut. Bounded, by the guard of Section 3: the nucleon realizes the description facet
at the baryon scale; it is not literally a Kolmogorov-minimal program, and the soliton's
stability is a fact of �eld theory that the description axis interprets, not replaces.

4.2 The atom as a Banach contraction

One scale up, the description axis is realized again, now dynamically. An excited atom
relaxes to its ground con�guration by radiating, shedding energy to the vacuum until
it reaches a stable member of its spectrum. In the structural�persistence method this
relaxation is a contraction mapping: the excited states are carried, step by step, toward
a �xed point x∗ of the spectrum, the stable orbital, which the dynamics approaches and
does not overshoot [1, 5]. On the description axis this is the shedding of algorithmic
excess: the atom discards the di�erentiatedness it cannot stably specify, dropping it
into the radiation �eld, until what remains is the irreducible description of the stable
state. The Banach �xed point is the atomic analogue of the incompressible remainder
� the con�guration that no further contraction shortens.

4.3 Counterarguments and Responses

Objection 1 (calling the nucleon a �bit� is just the rei�cation the article
disavows). Response. The guard distinguishes the two readings. To say the nucleon
realizes the description facet � that the baryon scale is where incompressibility takes
physical form as a topologically protected minimum � is licensed by Principle 3.1. To
say the nucleon is a bit, a program, a piece of code, is the rei�cation Article 2 forbids.
The article asserts the �rst and denies the second; �physical bit� is used as a located
metaphor for incompressible persistence, �agged as such, not as an ontological claim.

Objection 2 (the soliton and the contraction are �eld-theoretic results that
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owe nothing to the description axis, so the correspondence is decorative).
Response. The correspondence is interpretive, not generative, and is presented as such:
the prior volumes derived the soliton and the contraction by physical methods, and the
description axis names the facet they realize. The value of the naming is the binding
it e�ects � it shows the baryon and atomic scales to be realizations of the same facet
that, at other scales, appears as program length � not a claim to have re-derived the
physics. A decoder adds no signal; it makes the signal legible across scales, which is its
purpose.

4.4 Section Result and Implications

The description axis is realized at the baryon scale as the nucleon's topologically pro-
tected closure and at the atomic scale as the Banach contraction to a stable spectrum
(Sections 4.1�4.2). The implication is that incompressibility and the irreducible remain-
der, abstract on the description axis, are concrete and computed at the smallest scales
of the Atlas. We ascend to the scales of structure.

5 The Mesoscale: the Regularity Axis Materialized

5.1 Knotted DNA as molecular regularity

The regularity axis measures the structured part of an object � the model in the
two-part code, the minimal su�cient statistic � and is non-monotonic, large only
for the structured and small for both the ordered and the random [18]. Its physical
realization at the biomolecular scale is the knot topology of DNA. In the prior volumes
the topological constraints on biomacromolecules � the knot and link types a strand
can carry, recognized by the structural�persistence method as invariants of molecular
folding � are read as a dimensionless control code: not the random sequence itself,
which is the residue, and not a trivial repetition, which would be the ordered extreme,
but the organizing topology that coordinates the molecule's dissipative processing [2, 5].
On the regularity axis this is precisely the structured middle of the non-monotonic
signature: the knot index is the model, the sequence detail is the residue, and e�ective
complexity is the complexity of the former.

5.2 The living cell and the deviation ∆ as control information

At the cellular scale the regularity axis acquires a quantitative handle. The structural�
persistence method measures, for a biological network, its deviation ∆ from the Banach
attractor � the distance by which a living system departs from the blind dissipative
�attening that an inert system would undergo [5]. In the present volume's terms, ∆ is a
measure of the volume of control information the system carries: an inert system relaxes
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to the attractor (the ordered extreme, little e�ective complexity), while a living system
holds itself o� the attractor by the structure encoded in its genome and regulatory
network, and the size of that departure is the size of its control program. The more a
system deviates from the blind �attening of the dissipative class, the higher the e�ective
complexity of its internal model. On the regularity axis this is the statement that ∆
is an empirical proxy for Keff at the cellular scale: a measured distance standing in for
the model size the axis de�nes but cannot, in general, compute.

Remark 5.1 (Why ∆ is a proxy, not the measure). E�ective complexity is uncom-
putable (Article 7), so ∆ cannot be it exactly; ∆ is a computable, measured distance
that tracks the structured share of a living system's organization, in the way that a
compression ratio tracks Kolmogorov complexity from above. The correspondence is
that ∆ realizes, at the cellular scale, the quantity the regularity axis names � the vol-
ume of structure that holds a system o� the dissipative attractor � not that ∆ equals
Keff . The guard of Section 3 applies: the cell realizes the regularity facet; it is not a
literal minimal su�cient statistic.

5.3 Counterarguments and Responses

Objection 1 (identifying ∆ with control information smuggles in teleology).
Response. It does not: ∆ is a measured distance from a dynamical attractor, de�ned
without reference to purpose, and �control information� names the structural role that
distance plays � holding the system o� the �attening an inert system would su�er �
not a goal the system pursues. The receiver axis (Article 10) is where the language
of function and persistence properly enters; here ∆ is a regularity-axis quantity, the
structured share, and its interpretation as control is structural, not teleological.

Objection 2 (knot topology is a property of the molecule, not �information�).
Response. It is a property of the molecule that realizes the regularity facet: a dimen-
sionless invariant that organizes the molecule's behaviour and is neither its random
sequence nor a trivial pattern. That is exactly what the regularity axis measures �
structure as distinct from residue and from order � and naming the knot index a con-
trol code is the located reading Principle 3.1 licenses, bounded by the guard against
calling the molecule a program.

5.4 Section Result and Implications

The regularity axis is realized at the biomolecular scale as the knot topology of DNA and
at the cellular scale as the deviation ∆, a measured proxy for the control information
that holds a living system o� the dissipative attractor (Sections 5.1�5.2, Remark 5.1).
The implication is that the non-monotonic e�ective complexity of Article 7 is, at the
scales of life, a measured quantity of the Atlas. We ascend to the largest scales.
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6 The Macroscale: the Channel and Macrostate Axes

Materialized

6.1 The cosmic web as a coarse-grained macrostate

The macrostate axis measures the coarse-grained entropy of a system, S = kBH of the
microstate distribution, with the second law as the lossiness of the coarse-graining [19].
Its physical realization at the cosmological scale is the cosmic web � the distribution
of galaxies, voids, and �laments mapped by surveys such as DESI and BOSS. In the
prior volumes this distribution is not a random outcome of gravitational instability
but a structured �xed point of the universe's large-scale dynamics under the vacuum
coupling, the self-organizing foam the structural�persistence method recognizes at the
top of the Atlas [3, 8]. On the macrostate axis the web is a coarse-grained macrostate:
a binning of the matter �eld whose entropy is the registered di�erentiatedness of the
cosmological coarse-graining, and whose growth toward equilibrium is the cosmological
face of the second law treated in Article 8.

6.2 The channel axis and the infodynamic regularities of DESI

DR1

The same distribution realizes the channel axis, and here the prior programme reports
a measurement worth stating with care. An infodynamic analysis of the DESI DR1
�eld, treating the binned galaxy distribution as a stream of symbols, reports a Zipf-like
frequency law with exponent near β ≈ 1.29 and a nearest-neighbour mutual informa-
tion near 0.31 bit between adjacent cells [10, 20]. On the channel axis the mutual
information is exactly the registered dependence between neighbouring regions � the
channel-statistics of the web, the amount by which one cell's state reduces uncertainty
about its neighbour's � and the Zipf-like law is a regularity of the frequency distribu-
tion of cell states.

Here the guard of Section 3 does its most important work. These regularities are
consistent with the channel and macrostate projections being realized in the cosmic
web: a structured macrostate with non-trivial neighbour dependence is what those
axes, realized at the cosmological scale, would display. They are not a demonstration
that the universe is a text, a language, or a computation. A Zipf-like exponent and a
positive mutual information are statistical features shared by many structured �elds,
linguistic and non-linguistic alike; reading them as proof that the cosmos is code would
be the rei�cation Article 2 diagnosed and Article 4 forbade. What the measurement
supports is the weaker and secure claim that the cosmic web carries the channel and
macrostate facets in measurable form � that the abstract axes are realized, at the
largest scale, in numbers a survey can return. The hypothesis that the universe is
a computational structure, raised philosophically in Article 4, is neither proved nor
needed here; the empirical content is the realization of the projections, not the identity
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of the substrate with a computer.

6.3 Counterarguments and Responses

Objection 1 (a Zipf law and a mutual information in DESI prove the universe
is a language). Response. They do not, and the article is explicit that they do
not. Zipf-like laws and positive neighbour mutual information arise in a wide range of
structured systems without language, and the inference from such regularities to �the
cosmos is a text� is exactly the projection-for-substrate confusion the volume forbids.
The regularities are reported as empirical features of the web consistent with the channel
and macrostate projections being realized there; the linguistic vocabulary, if used at
all, is metaphor under the guard, not a claim.

Objection 2 (if the regularities prove nothing about the substrate, why re-
port them). Response. Because they are evidence that the Atlas and the axes describe
one world: that the cosmological scale, derived in the prior volumes by gravitational
and vacuum dynamics, returns precisely the channel-statistics and macrostate structure
that the abstract axes would predict it to carry. That the two independent descriptions
meet in a measured number is the binding the article exists to make. The numbers do
real work � they anchor the macroscale of the Atlas to the channel and macrostate
axes � without doing the illegitimate work of reifying the substrate.

6.4 Section Result and Implications

The macrostate and channel axes are realized at the cosmological scale in the cosmic
web: a coarse-grained macrostate whose neighbour statistics, reported by the infody-
namic analysis of DESI DR1 as a Zipf-like law and a 0.31-bit mutual information, are
consistent with the projections being realized there, without reifying the substrate (Sec-
tions 6.1�6.2). The implication is that the two most physical of the numerical axes are
anchored at the top of the Atlas. We complete the map with the remaining axes and
the global register.

7 The Cost and Receiver Axes, and the Global Reg-

ister

7.1 The cost axis: infodynamics of large-scale processing

The cost axis prices information physically, through Landauer's bound kBT ln 2 per
erased bit, and is the subject of the volume's infodynamics article (Article 9). Its
realization in the Atlas is the energetics of large-scale information processing: the
analysis of entropy �ow and the Landauer cost of algorithmic compression in physical
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systems, which the prior programme develops both for engineered systems and, by
extension, for the cosmological processing the second law tracks [10, 20]. On the cost
axis these are the thermodynamic prices of the di�erentiations the other axes count,
and the macrostate axis met this junction already at Maxwell's demon (Article 8): the
demon is a receiver that pays the cost axis for the di�erences it registers. The cost axis
thus binds the macrostate and receiver axes through the energetics the infodynamics
article quanti�es.

7.2 The receiver axis: the biosphere as a model-building sub-

system

The receiver axis carries no canonical number, only a family of receiver-relative mea-
sures, and its border opens onto the model-building subsystem (Article 10). Its real-
ization in the Atlas is the biosphere. The prior programme estimates the biosphere's
relative contribution to the e�ective complexity of the universe � the share of the
cosmos's structured information that life and, latterly, synthetic cognition carry � and
�nds it a small but distinguished contribution, concentrated in systems that hold them-
selves o� the dissipative attractor [11, 12]. On the receiver axis the biosphere is the
realized receiver at planetary scale: the collection of subsystems organized to register
the di�erences that bear on their persistence, and so to model their world. This is the
realization that hands Part II to Part III, for the biosphere is the Atlas's instance of
the model-building subsystem the receiver axis terminates in [21].

7.3 The global register: RP3 topology and the integrity con-

straints

Beneath every scale of the Atlas lies one global fact: the closure of the cosmos on a
compact manifold, RP3 × R in the prior programme's topology [3, 9]. On the reading
of the present volume this global topology is the limiting register within which all the
projections are realized � the closed con�guration space that makes the substrate's
di�erentiatedness a bounded, conserved totality rather than an open and leaking one.
Within such a register the conservation laws and CPT invariance acquire a structural
role: they are the constraints that prevent any quantum of di�erentiatedness from
vanishing without trace from the block, the rules by which the totality keeps its books.
The analogy with the integrity checks of a data register � �checksums� that no bit be
silently lost � is a heuristic, used in quotation marks and not as a claim that the cosmos
is a memory device; the substantive content is that closure plus conservation makes the
block a conserved totality of di�erentiatedness, which is the global precondition the
projections presuppose.
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7.4 Counterarguments and Responses

Objection 1 (the biosphere's �contribution to the e�ective complexity of the
universe� is not measurable and the estimate is speculative). Response. The
estimate is presented in the prior volumes as an order-of-magnitude assessment under
stated assumptions, not a precise measurement, and it is cited here at that status
(Section 9). What the correspondence requires is only that the biosphere realize the
receiver facet � that it be the planetary collection of model-building subsystems �
which is secure independently of the numerical estimate; the estimate quanti�es the
realization without being the basis of the correspondence.

Objection 2 (calling conservation laws �checksums� is the computational
rei�cation again). Response. It is �agged as a heuristic in quotation marks for exactly
that reason. The claim made without metaphor is structural and modest: closure of the
cosmos on a compact manifold makes di�erentiatedness a bounded, conserved totality,
and conservation and CPT are the constraints that keep it so. The checksum image
conveys the role � nothing lost without trace � to a reader, but the article does not
assert that the universe performs error-correction or is a register in any literal sense.
The guard holds here as everywhere.

7.5 Section Result and Implications

The cost axis is realized in the infodynamics of large-scale processing, the receiver axis
in the biosphere as a model-building subsystem, and the global RP3 topology as the
integrity register within which all projections stand (Sections 7.1�7.3). The implication
is that the map is complete: six axes and one global register, each located in the Atlas.
We assemble the key.

8 The Decoder Key

Figure 1 places the realizations on a single scale ladder, and the table that follows
records, for each axis, its Atlas object, the scale, the prior-volume locus, and the status
of the correspondence.

Axis Atlas object Scale Prior locus

Description K Nucleon: self-consistent
topological closure

baryon (∼fm) Vol. I, Vol. V [1, 4, 6, 7]

Description K Atom: Banach contrac-
tion to stable spectrum
x∗

atomic (∼Å) Vol. I, Vol. VI [1, 5]

continued on next page
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Decoder key (continued)

Axis Atlas object Scale Prior locus

Regularity Keff Knotted DNA: molecular
knot topology as control
code

biomolecular Vol. VI (SPCA) [2, 5]

Regularity Keff Living cell: deviation ∆
from attractor = control
information

cellular Vol. VI (SPCA) [5]

Macrostate S Cosmic web: coarse-
grained matter
macrostate

cosmological Vol. III [3, 8]

Channel H Cosmic web: neighbour
mutual information (≈
0.31 bit), Zipf β ≈ 1.29

cosmological Article 9 [10, 20]

Cost (Landauer) Infodynamics of large-
scale processing

cross-scale Article 9 [10, 20]

Receiver (Bate-
son)

Biosphere: model-
building subsystem

biospheric [11, 12]

Global register RP3 closure; conserva-
tion, CPT as integrity
constraints

global Vol. III [3, 9]

The key is the article in one view: the abstract axes down the left, the concrete Atlas
objects across the middle, the scales and prior loci on the right. Read across any row
and the same fact appears � a facet of di�erentiatedness, abstract in Part II, realized
at a scale in the prior volumes. Read down the table and the Atlas reassembles, from
the nucleon to the cosmic web, as the empirical content of the classi�cation.

9 Epistemic Status: Established, Anchored, Interpre-

tive, Conjectured

This article asserts correspondences, and honesty requires grading them. Established
(prior volume) marks an object derived and defended in a prior volume; Empirical
anchor (reported) marks a measured or estimated number reported there; Interpretive
correspondence marks the reading of that object as the realization of an axis, which
is the present article's contribution and carries the anti-rei�cation guard; Conjectured
marks a correspondence o�ered as plausible but not secured.

Claim Status Locus

Nucleon as topologically protected soliton
(baryon number invariant)

Established (prior vol-
ume)

Kriger, Vol. V
[4], Kriger [6]

continued on next page
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Status ledger (continued)

Claim Status Locus

Atomic relaxation as Banach contraction to x∗ Established (prior vol-
ume)

Kriger, Vol. VI
[5]

DNA knot topology; deviation ∆ from attrac-
tor

Established (prior vol-
ume)

Kriger, Vol. VI
[5]

Cosmic web as structured �xed point of large-
scale dynamics

Established (prior vol-
ume)

Kriger, Vol. III
[3], Kriger [8]

RP3 closure of the cosmos Established (prior vol-
ume)

Kriger, Vol. III
[3], Kriger [9]

DESI DR1 Zipf β ≈ 1.29; neighbour MI ≈ 0.31
bit

Empirical anchor (re-
ported)

Kriger
[10], Kriger,
IST 9 [20]

Biosphere contribution to cosmic e�ective com-
plexity

Empirical anchor (esti-
mate)

Kriger [11, 12]

Nucleon/atom realize the description axis Interpretive correspon-
dence

�4

DNA/cell realize the regularity axis; ∆ proxies
Keff

Interpretive correspon-
dence

�5

Cosmic web realizes the channel and
macrostate axes

Interpretive correspon-
dence

�6

Biosphere realizes the receiver axis Interpretive correspon-
dence

�7.2

Conservation/CPT as �integrity constraints�
(heuristic)

Interpretive (heuristic) �7.3

Substrate is not identi�ed with any measure Guard (held throughout) Kriger, IST 2
[13], Kriger,
IST 4 [15]

Single �xed point binding all scales into one
computation

Conjectured �10

The ledger keeps the article honest. The Atlas objects and their numbers are estab-
lished or anchored in the prior volumes; the readings of those objects as realizations of
the axes are interpretive, the present article's contribution, and they carry the guard
against rei�cation at every step; the checksum image is �agged heuristic; and the
strongest unifying claim � that all scales are positions in one global computation � is
marked conjectured, not asserted. The one thing the article refuses throughout is the
identi�cation of the substrate with any of the measures, which is the guard of Articles 2
and 4.

10 Discussion

The result of this article is a binding. The six axes of Part II, which could be read as
an abstract taxonomy, are shown to be the empirical content of the six prior volumes
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Nucleon
self-consistent closure

Description K

Vol. I·5 / Vol. V

Atom
contraction to x *

Description K

Vol. I·8

Knotted DNA
molecular topology

Regularity Keff

Vol. VI (SPCA)

Living cell
: control info

Regularity Keff

Vol. VI (SPCA)

Biosphere
model-building subsystem

Receiver (Bateson)

biosphere Keff
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Vol. III·13 / Art. 9

3 register
conservation, CPT
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Vol. III·14
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The Atlas projection: where the substrate axes materialize across scale

Figure 1: The decoder key as a scale ladder. Each reduction axis of Volume VII is
located at the scale of the Atlas where it materializes as a concrete object derived in
the prior volumes, spanning roughly forty orders of magnitude of length. The descrip-
tion axis (blue) at the baryon and atomic scales; the regularity axis (green) at the
biomolecular and cellular scales; the receiver axis (amber) at the biospheric scale; the
channel and macrostate axes (red) at the cosmological scale; and the global RP3 register
(purple) closing the block. The �gure is a map of where projections are realized, not a
claim that the substrate is any of the measures.

seen through one lens: each axis materializes, at a de�nite scale of the �fteen-scale
Atlas, as a concrete object the prior volumes derived and, where possible, measured.
The description axis is the nucleon and the atom; the regularity axis is the knotted
molecule and the living cell; the channel and macrostate axes are the cosmic web; the
cost axis is the infodynamics of processing; the receiver axis is the biosphere; and the
global RP3 topology is the register within which all of them stand. The decoder key
of Section 8 is the whole of it in one view, and it does the work the volume needed: it
shows that Volume VII does not lead away from physics into philosophy but back into
the physics of the prior volumes, furnishing a single information-theoretic key to the
scales they mapped.

The binding is made under a discipline, and the discipline is the point as much as the
binding. At every correspondence the article claims that a projection is realized at a
scale and refuses the inference that the substrate is the measure. The nucleon realizes
incompressibility without being a program; the cosmic web realizes the channel and
macrostate facets, and its Zipf-like law and mutual information are consistent with
that realization, without making the cosmos a text; conservation and CPT keep the
block's books, and the checksum image conveys the role without asserting a register.
This is the discipline of Articles 2 and 4, carried into the empirical hinge, and it is
what lets the article bind the seven volumes into one programme without in�ating a
classi�cation into a metaphysics. The seven-volume whole is monolithic not because
every scale is a computation, but because every scale realizes, in its own physics, a
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facet of the one di�erentiated substrate � and that is a claim the volume can make
and defend.

10.1 Limitations

Three limitations are material. First, the correspondences are interpretive: the prior
volumes derived the objects by physical methods independent of the axes, and the
present article reads them as realizations, a reading that adds legibility across scales
but no new physical result, and that a reader may accept the physics while declining.
Second, the empirical anchors � the DESI infodynamic regularities and the biosphere
estimate � are reported from the prior programme at the status given in the ledger,
and the article neither re-derives nor independently validates them; their weight is the
weight of their sources. Third, the strongest unifying picture, that the �fteen scales are
positions in one global computation with a single �xed point, is a conjecture the article
declines to assert, holding instead to the modest and defensible claim that each scale
realizes a facet of one substrate.

10.2 Future Directions

The immediate sequel is Part III, which the receiver axis and the biosphere have already
opened: the theory of the model-building subsystem, the lossiness of projection and the
model's recovery, and the relocation of the simulation into the model. The decoder key
invites one precise question continuous with the completeness conjecture of Article 3:
whether the map from axes to scales is itself structured � whether the order of the
scales mirrors the order of the inter-axis morphisms, so that ascending the Atlas is
traversing the morphism diagram � which would turn the decoder key from a table
into a theorem. That question, and the global-computation conjecture the ledger marks,
are left to the work that can address them; the present article's task was the binding,
and the binding is made.
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Abstract

Part II left three observations standing, one on each of three axes. On the chan-
nel axis, the data-processing inequality: no operation on a projection recovers
information about the source that the projection discarded. On the description
axis, the uncomputability of inversion: the shortest preimage of an output is not
e�ectively �ndable. On the macrostate axis, the second law: under reversible
micro-dynamics the coarse-grained entropy rises, and the coarse-graining cannot
be undone. This article, opening the bridge part of the volume, shows that these
are one fact wearing three faces � physical projection is many-to-one and there-
fore lossy and irreversible � and then asks how, given that the world cannot un-
project, any subsystem comes to know the structure projection discarded. The
answer is the central asymmetry of the volume: projection loses, and the model
recovers, but the model does not recover by inverting the projection, which is
blocked. It recovers by inference. A subsystem maintains an internal surrogate of
the preimage, conditioned on the projections it receives and updated defeasibly
against the projections still to come; this surrogate recovers the projectable struc-
ture progressively, without ever physically recreating a discarded bit. We make the
asymmetry precise, show that it violates no irreversibility � because the model
is a separate, costly, fallible physical system, not the resurrected source � and
demonstrate with a Bayesian subsystem that inference recovers the projectable
structure of a hidden state while the discarded �ber remains an irreducible �oor.
The �oor is the residue that no inference removes, and it is the seed of the in-
completeness the later bridge articles develop. With the asymmetry in hand,
the part's programme is set: the arrow of time, the relocation of the simulation
into the model, and the incompleteness of measurement are the model-builder's
situation, examined in turn.

Keywords: lossy projection; data-processing inequality; irreversibility; Bayesian infer-
ence; model-building subsystem; predictive processing; incompleteness; foundations of
physics.
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1 Introduction

The classi�catory part of this volume closed with a pattern and a debt. The pattern was
that six measures of information are projections of one di�erentiated substrate along
six axes, each a reduction with a functional and a characteristic indeterminacy [6�11].
The debt was three observations the part raised and deferred, one on each of three axes,
all of the same shape. On the channel axis, the data-processing inequality says that
no processing of a received signal can increase its mutual information with the source:
what the channel discarded is gone [7]. On the description axis, the uncomputability of
inversion says that the shortest program for an output cannot be found e�ectively: the
minimal preimage is not recoverable by computation [8]. On the macrostate axis, the
second law says that under reversible micro-dynamics the coarse-grained entropy rises
and the coarse-graining cannot be undone, so the �ne structure the macrostate omits
is, for the macrostate, lost [10]. Three axes, three losses, deferred to the bridge.

This article opens the bridge by paying the debt in two moves. The �rst move is uni�ca-
tion: the three losses are one fact. A projection is a many-to-one map � the reduction
identi�es con�gurations the axis does not distinguish � and a many-to-one map has no
inverse as a function. The data-processing inequality, the uncomputability of inversion,
and the second law are the channel-, description-, and macrostate-axis expressions of
the single circumstance that projection discards a �ber, the set of preimages collapsed
to one image, and the �ber does not come back. Physical projection loses, and it loses
irreversibly, because the world o�ers no free process that would un-collapse the �ber.

The second move is the central asymmetry of the volume, and it answers the ques-
tion the losses provoke. If projection is irreversibly lossy, how does any subsystem �
an organism, an instrument, a science � come to know the structure projection dis-
carded? It cannot be by inversion: the world does not run the projection backward,
and a subsystem inside the world has no power the world lacks. The answer is that
the model recovers what projection lost, but not by inverting it. A model-building
subsystem maintains an internal surrogate of the preimage, conditioned on the projec-
tions it receives and corrected against the projections still to come; the surrogate is
a hypothesis, defeasible and costly to maintain, tested against the stream of further
projections. This recovers the projectable structure progressively � not by recreating
a discarded bit, which remains discarded, but by inferring the preimage well enough to
predict the next projection. Recovery lives in the subsystem, as inference; loss lives in
the world, as irreversibility; and the two never meet as inverse operations.

The asymmetry dissolves an apparent paradox and seeds a real limit. It dissolves the
paradox of how knowledge is possible under lossy projection: knowledge is the model's
inference, not the world's inversion, and inference can constrain the preimage across
many projections without ever undoing one. And it seeds the limit the later bridge
articles develop: the model's inference, however prolonged, leaves a residue � the part
of the �ber no projection ever distinguishes � and that residue is an irreducible �oor,
the seed of the incompleteness of measurement. We demonstrate the recovery and the
�oor with a Bayesian subsystem, ground the model-builder in the prior work that shows
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bounded systems must model [3�5], and set the programme of Part III.

2 Logical Structure of the Argument

The article moves from the uni�cation of the losses to the asymmetry that answers
them.

Step 1 (Section 3): The three losses are one.
A projection is many-to-one; the data-processing inequality, the uncomputability of
inversion, and the second law are the three axis-faces of the discarded �ber (Propo-
sition 3.1).

Step 2 (Section 4): Physical inversion is blocked.
No physical process recovers the �ber for free; the world does not un-project (Propo-
sition 4.1).

Step 3 (Section 5): The model recovers by inference.
A subsystem maintains a defeasible internal surrogate of the preimage, conditioned
on received projections, recovering the projectable structure without inverting the
projection (Proposition 5.1, Figure 1).

Step 4 (Section 6): The asymmetry without paradox.
Modeling is not inverse projection; it violates no irreversibility, since the model is a
separate, costly, fallible system, and it leaves an irreducible �oor (Proposition 6.1).

Step 5 (Section 7): What the bridge opens.
The arrow of time, the relocation of the simulation, and the incompleteness of
measurement are the model-builder's situation, set as the programme of Part III.

Step 6 (Section 8): Epistemic status.
A ledger separates what is proved here, what is imported, and what is a�rmed or
deferred.

The dependencies are linear: Step 2 sharpens Step 1 into irreversibility; Step 3 intro-
duces the subsystem that Step 2 shows cannot invert but can infer; Step 4 makes the
asymmetry precise and marks the �oor; Step 5 hands the �oor and the asymmetry to
the rest of Part III. The thesis is that projection loses irreversibly and the model recov-
ers by inference, two operations of di�erent kinds in di�erent places, whose distinctness
is the engine of the bridge.
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3 The Three Losses Are One

3.1 Projection is many-to-one

The uni�cation rests on a single structural fact about reductions, already implicit in
every axis of Part II.

Proposition 3.1 (The discarded �ber, and its three faces). Each axis-reduction ρ is
a many-to-one map: it identi�es substrate con�gurations the axis does not distinguish,
sending a set of preimages � the �ber � to a single projected value. A many-to-
one map has no functional inverse. The three losses of Part II are the axis-speci�c
expressions of this one fact:

(i) (Channel.) The data-processing inequality: for a Markov chain X → Y → Z,
I(X;Z) ≤ I(X;Y ), so no processing of the projection Y recovers information
about the source X that ρ discarded [7].

(ii) (Description.) The uncomputability of inversion: the shortest preimage of an out-
put is upper semi-computable but not computable; the minimal member of the �ber
is not e�ectively �ndable [8].

(iii) (Macrostate.) The second law: the coarse-graining map is many-to-one on mi-
crostates, and the coarse-grained entropy � the log-size of the �ber � does not
spontaneously decrease, so the �ber is not undone [10].

Proof. That each reduction is many-to-one is its de�ning property: the channel reduc-
tion identi�es outcomes by their statistics, the description reduction by nothing but is
read through a many-to-one machine semantics on programs, the macrostate reduction
by the coarse-graining partition, each collapsing a �ber to an image (Part II). A many-
to-one map has no inverse function, since the image does not determine the preimage.
The three named results are then immediate readings of the collapse: (i) the data-
processing inequality is the statement that post-processing cannot enlarge the preimage
information [1]; (ii) uncomputability of the minimal preimage is the description-axis
inversion obstruction [8]; (iii) the non-decrease of �ber-size is the second law [10]. Each
is the same �ber, seen along one axis.

The proposition is the hinge of the bridge. What looked, in Part II, like three sepa-
rate di�culties � an information-theoretic inequality, a computability obstruction, a
thermodynamic law � is one fact about reductions: they collapse �bers, and �bers
do not uncollapse. The loss is not a defect of any particular measure but the price of
projecting an axis-free substrate onto a single coordinate, and it is the same price on
every axis.
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3.2 Counterarguments and Responses

Objection 1 (the three results have di�erent proofs and domains, so calling
them one fact overreaches). Response. They have di�erent proofs because they
live on di�erent axes with di�erent apparatus; the claim is not that the proofs coincide
but that the proofs establish, each in its idiom, the non-invertibility of a many-to-one
reduction. The data-processing inequality bounds information across a channel, the
uncomputability bounds e�ective inversion of a description, the second law bounds the
undoing of a coarse-graining; all three are the �ber refusing to uncollapse. Shared con-
tent, distinct proofs, is the normal situation of a unifying observation, not an overreach.

Objection 2 (some projections are invertible � a bijection loses nothing �
so the uni�cation fails). Response. A bijection is the degenerate reduction that
distinguishes everything, with singleton �bers and no loss; it is the maximal-observer
limit (Article 10) at which the receiver axis collapses to the channel axis and the
projection is no projection at all. The uni�cation concerns proper reductions, those
that genuinely identify � the ones the axes of Part II are about � and for those
the �ber is non-trivial and the loss real. That the trivial reduction loses nothing is
consistent with, and indeed sharpens, the claim.

3.3 Section Result and Implications

The three losses of Part II are one fact: projection is many-to-one, collapsing a �ber that
has no functional inverse, and the data-processing inequality, the uncomputability of
inversion, and the second law are its three axis-faces (Proposition 3.1). The implication
is that loss is generic to projection, not special to any axis. We sharpen the loss into
irreversibility.

4 Physical Inversion Is Blocked

4.1 The world does not un-project

A many-to-one map has no inverse function, but one might hope that some physical pro-
cess could nonetheless reconstruct the �ber � that the world could run the projection
backward. It cannot, and the same three axes say why.

Proposition 4.1 (Physical inversion is blocked). No physical process recovers the dis-
carded �ber without cost or in general at all:

(i) (Channel.) By the data-processing inequality, any physical post-processing of a
projection is a further channel, which cannot increase mutual information with
the source [1, 7].
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(ii) (Cost.) Restoring a discarded distinction is a form of un-erasure; by Landauer's
principle the erasure that discarded it dissipated kBT ln 2 per bit to the environment,
and that environment's record is itself coarse-grained away, so the reconstruction
has no free physical source [10, 12].

(iii) (Macrostate.) By the second law, the coarse-grained entropy of an isolated sys-
tem does not spontaneously decrease, so the �ber's collapse is not spontaneously
reversed [10].

Hence the world o�ers no free, general process that un-projects: physical inversion is
blocked.

Proof. Each clause is a direct application. (i) A physical operation on the projection
is a stochastic map applied after ρ, hence a channel composed with the projection, and
the data-processing inequality bounds the composed information by the projection's
[1]. (ii) The discarding of a distinction is logically irreversible and so, by Landauer,
thermodynamically costly; the heat that carried the distinction away disperses into a
coarse-grained environment from which it is not freely retrievable [12]. (iii) The non-
decrease of coarse-grained entropy is the second law (Article 8). Together they leave
no free channel, no free energy source, and no spontaneous reversal by which the �ber
returns.

The proposition is the negative half of the asymmetry. It is tempting, faced with a lossy
projection, to imagine that a clever enough physical apparatus could undo it � could,
given the image, physically produce the preimage. The three axes forbid it in concert:
information-theoretically the apparatus is just another channel, bounded by what it
received; thermodynamically the lost distinction was paid out as heat into an unre-
coverable environment; and dynamically the coarse-graining does not spontaneously
reverse. Whatever recovers the �ber, it is not the world running backward.

4.2 Counterarguments and Responses

Objection 1 (microscopic dynamics is reversible, so in principle the �ber can
be recovered by reversing the trajectories). Response. Microscopic reversibility
is exactly what Article 8 invoked, and it does not help: reversing every microscopic tra-
jectory would require knowing the microstate, which is the �ber one is trying to recover,
and the coarse-grained access a subsystem actually has does not contain it. In-principle
microscopic reversal presupposes the very information the projection discarded; it is
not a process available to any subsystem that receives only the projection. The block
is on inversion from the projection, which is the only thing a subsystem has.

Objection 2 (error-correcting codes recover discarded information routinely,
so inversion is not blocked). Response. Error correction recovers what redundancy
preserved, not what projection discarded: a code adds structure to the source before
transmission so that the channel's loss falls on the redundancy, leaving the message
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recoverable. That is preservation against an anticipated loss, not inversion of a com-
pleted projection. The �ber a code recovers was never in the �ber that was discarded;
it was protected in advance. Where no redundancy was added � the generic projection
of Part II � there is nothing for a code to exploit, and the block stands.

4.3 Section Result and Implications

Physical inversion is blocked: no free, general process un-projects, by the data-
processing inequality, Landauer's principle, and the second law in concert (Proposi-
tion 4.1). The implication is that whatever recovers the discarded structure is not the
world inverting the projection. We introduce the thing that does.

5 The Model Recovers by Inference

5.1 The subsystem's surrogate

If the world cannot un-project, recovery must come from elsewhere, and the elsewhere
is the model-building subsystem the receiver axis terminated in (Article 10). It recovers
not by inversion but by inference.

Proposition 5.1 (Model recovery is inference, not inversion). A model-building sub-
system maintains an internal surrogate M of the preimage � a hypothesis about the
substrate structure behind the projections it receives � and updates M on each pro-
jection by conditioning, Mk ∝ Mk−1 · Pr(yk | ·), where yk is the k-th projection. The
surrogate recovers the projectable structure progressively: as projections accumulate, M
concentrates on the preimages consistent with all of them. This recovery is inference,
not inversion: M is a hypothesis maintained in the subsystem and tested against the
projections still to come, not a physical reconstruction of any discarded bit. No clause
of Proposition 4.1 is violated, because no discarded distinction is physically recreated �
only posited and corrected.

Argument. The update is Bayesian conditioning, which requires only the received pro-
jections and a model of how the substrate structure would generate them; it adds no
physical channel to the source and so does not contradict the data-processing inequality,
which bounds information about the source carried by the signal, not the subsystem's
posterior given its model. The posterior concentrates on the set of preimages consistent
with the projections received � the projectable structure � by standard consistency of
Bayesian updating under an identi�able model [2]. That the surrogate is a hypothesis
and not a reconstruction is what keeps it inside the subsystem: it is realized in the
subsystem's own states, costs energy to maintain and update [12], and is fallible, being
only as good as its model and its projections. The recovery is thus a fact about the
subsystem's inference, not about the world's reversibility.
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Figure 1: The model recovers the projectable structure by inference, not the discarded
�ber. A hidden 8-bit state X has a uniform prior; the projection reveals only its
low 6 bits, and those noisily (per-bit �ip probability 0.15); the high 2 bits are never
projected � the discarded �ber. A Bayesian subsystem updates its posterior on each
noisy projection. (a) The posterior collapses from uniform (prior, k = 0) onto four
equal spikes after k = 40 projections � the four states sharing the recovered low 6
bits � with an irreducible four-fold ambiguity, the two unprojected high bits. (b) The
posterior uncertainty H(X | y1:k) falls from 8 bits toward a �oor of exactly 2 bits and
no further: inference recovers the projectable structure but never the discarded �ber.
The �oor is the residue that seeds the incompleteness of the later bridge articles.

The proposition is the positive half of the asymmetry, and the shift it marks is decisive.
Inversion would take the projection and produce the preimage in the world, which is
blocked; inference takes the projection and produces, in the subsystem, a hypothesis
about the preimage, which is not blocked because it is a di�erent operation in a di�erent
place. The model does not undo the projection; it guesses what the projection was a
projection of, and checks the guess against the next projection. This is how a bounded
system inside a lossy world nonetheless comes to track that world: not by recovering
the lost bits, but by maintaining a surrogate good enough to predict what comes next.
The prior work of the programme argues that bounded systems must do exactly this �
that representational isolation forces an internal model and that predictive processing
is its evolutionarily inevitable form [3�5]; the present proposition places that necessity
as the positive half of the central asymmetry.

5.2 Counterarguments and Responses

Objection 1 (Bayesian updating increases information about the source,
violating the data-processing inequality). Response. It does not. The data-
processing inequality bounds the mutual information between the source and the signal,
and no amount of posterior updating changes that bound; what updating changes is
the subsystem's posterior given its model and the signals received, which is a di�erent
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quantity. Across many projections the subsystem accumulates information from many
signals, each within its own bound, and combines them by inference; no single chan-
nel's bound is exceeded, and no information about the source is conjured from a signal
that did not carry it. The posterior concentrates because many bounded signals jointly
constrain the preimage, not because one signal was over-read.

Objection 2 (the model is just a disguised inversion, so the asymmetry
is verbal). Response. It is not an inversion, and the di�erence is operational, not
verbal. An inversion would map a projection to its preimage as a function, which the
many-to-one collapse forbids (Proposition 3.1); the model instead maps a sequence of
projections to a posterior distribution over preimages, which is defeasible, never certain,
and bounded below by the �ber the projections never distinguish (Figure 1). Inversion
would output a preimage; the model outputs a hypothesis with residual uncertainty.
The asymmetry is the di�erence between a function that does not exist and an inference
that does.

5.3 Section Result and Implications

The model recovers the projectable structure by inference: a subsystem maintains a
defeasible surrogate of the preimage, conditioned on received projections, concentrating
on the consistent preimages without inverting the projection or violating any block
(Proposition 5.1, Figure 1). The implication is that recovery and loss are operations of
di�erent kinds in di�erent places. We make the asymmetry precise.

6 The Asymmetry Without Paradox

6.1 Two operations, two places

The central asymmetry can now be stated without residue of paradox.

Proposition 6.1 (The asymmetry, and its consistency with irreversibility). Projection
and modeling are distinct operations residing in distinct systems, and they are not
inverse to one another:

� Projection maps the substrate to a projected value, is many-to-one, physical, and
irreversible, and resides in the world (Propositions 3.1�4.1).

� Modeling maps a sequence of projections to a posterior over preimages, is defeasible,
costly, and fallible, and resides in the subsystem (Proposition 5.1).

Modeling does not invert projection: it recreates no discarded distinction, so it violates
no irreversibility, and it leaves an irreducible �oor � the part of the �ber that no
projection ever distinguishes, on which the posterior cannot concentrate. The �oor is
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the residual uncertainty H∞ > 0 that persists as projections accumulate without bound
whenever the projections share a common collapsed distinction.

Proof. Non-inversion and consistency with irreversibility are Proposition 5.1: the model
lives in the subsystem's states, recreates no discarded bit, and so leaves Proposition 4.1
intact. The �oor is the intersection of the �bers the projections fail to distinguish: if
every projection is constant on a non-trivial set of preimages � as the high bits are never
revealed in Figure 1 � then the posterior is constant on that set too, and its entropy
cannot fall below the log-size of the set, giving H∞ > 0 [1, 2]. The model recovers
everything the projections jointly distinguish and nothing they jointly omit.

The asymmetry resolves the paradox that motivated the article. If projection loses
irreversibly, how is knowledge possible? The answer is that knowledge is not the world's
recovery of what it lost � which is blocked � but the subsystem's inference of what the
world is like, which is a di�erent thing in a di�erent place. The subsystem never gets
the discarded �ber back; it builds a surrogate that predicts the next projection, and
the surrogate's success is its knowledge. The irreversibility of the world is untouched,
because nothing the world discarded is recreated; the fallibility of the subsystem is
permanent, because the �oor never closes. Loss and recovery coexist precisely because
they are not inverse: one is a physical map that lost a �ber, the other an inference that
hypothesizes it.

6.2 The �oor as the seed of incompleteness

The �oor H∞ deserves emphasis, for it is where the bridge points. It is the residual
uncertainty about the preimage that no accumulation of projections removes, the part
of the substrate that the subsystem's projections never distinguish and its model there-
fore never resolves. In Figure 1 it is the two high bits, two clean bits of permanent
ignorance. In general it is whatever the available projections hold in common as a col-
lapsed distinction � the blind spot of a given receiver's whole projective access. That
such a �oor exists for any proper projection is the seed of the incompleteness of mea-
surement that a later bridge article develops: a subsystem con�ned to projections has
structure it can never resolve, not for want of e�ort but because its access is projective
and projective access has �bers. The model recovers up to the �oor and stops; the �oor
is the measure of what modeling, however ideal, leaves undone.

6.3 Counterarguments and Responses

Objection 1 (with richer projections the �oor could always be lowered to
zero, so it is not fundamental). Response. A richer set of projections lowers the
�oor by distinguishing more of the �ber, and in the limit of projections that jointly
distinguish everything the �oor reaches zero � but that limit is the bijective, non-lossy
reduction, the maximal observer at which projection ceases to be projection (Article 10).
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For any proper projective access � any receiver that genuinely reduces � some distinc-
tion is held in common and the �oor is positive. The �oor is fundamental to projective
access as such, not to any particular poverty of it; only the non-projecting limit removes
it, and that limit is not available to a subsystem inside the world.

Objection 2 (the asymmetry just relabels the familiar fact that inference
is uncertain). Response. It locates that fact and explains its necessity. Inference is
uncertain not as a contingent matter of insu�cient data but because the world it infers
about is accessed through lossy projection, whose �bers no inference resolves; the �oor
is the exact form of the uncertainty, equal to the jointly collapsed distinction. The
asymmetry is not the platitude that inference is fallible but the claim that its fallibility
is the shadow of the world's irreversible loss, measured by the �oor � which is why the
same three axes that forbid inversion also set the limit of inference.

6.4 Section Result and Implications

The asymmetry is precise and consistent: projection and modeling are distinct, non-
inverse operations in distinct systems, recovery violates no irreversibility, and an irre-
ducible �oor remains (Proposition 6.1). The �oor is the seed of the incompleteness the
bridge will develop. We set the programme of Part III.

7 What the Bridge Opens

The central asymmetry is the engine of the bridge, and the remaining articles of Part III
are its consequences for the model-building subsystem. We sketch the programme the
asymmetry sets, without discharging it here.

The arrow of time is the asymmetry read on the macrostate axis through the model-
builder. Article 8 located the second law as the lossiness of the coarse-graining and
deferred the direction of the arrow to Part III; the asymmetry supplies the frame in
which to take it up. The model-builder records its past as model-states laid down
by past projections and faces its future as projections not yet received; the di�erence
between a past that has been projected into the model and a future that has not is
the di�erence between the recovered and the still-to-be-inferred, and the arrow is the
gradient of the model's accumulation. Why the initial macrostate was low-entropy �
the boundary condition Article 8 �agged � remains a cosmological question, but the
experienced arrow is the model-builder's, and the asymmetry is its setting.

The relocation of the simulation is the asymmetry read to its limit. A model elaborate
enough to predict its own projections in detail becomes a simulation � a surrogate so
rich that running it reproduces the stream of projections the subsystem would receive.
The asymmetry locates such a simulation precisely: it lives in the subsystem, as the
most elaborate form of the recovering model, not in the world as a rival substrate.
This dissolves the simulation hypothesis in the form Article 4 touched philosophically:
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the question is not whether the world is a simulation but that simulation is what a
su�ciently rich model-building subsystem does, and the simulation is the model's, not
the substrate's. The later article develops the relocation.

The incompleteness of measurement is the �oor made into a theorem. The residual H∞
of Proposition 6.1 is, for any proper projective access, a positive measure of permanent
unresolvability; a later article develops this into the statement that a subsystem con-
�ned to projections necessarily has structure it cannot measure, and relates it to the
apophatic boundary of Article 4 � the di�erence between what is ill-typed to ask and
what is well-typed but forever unresolved. The �oor is well-typed and unresolved; the
boundary is ill-typed; the bridge keeps them distinct.

These are the model-builder's situation: an arrow it experiences, a simulation it may
become, a �oor it cannot cross. Each is the central asymmetry � projection loses, the
model recovers � read into one facet of the subsystem's life. The present article has
established the asymmetry; the rest of Part III lives inside it.

7.1 Counterarguments and Responses

Objection 1 (sketching the programme without discharging it is empty
promising). Response. The sketches are not arguments and are not o�ered as such;
they state how each later topic instantiates the asymmetry just proved, so that the
opening article earns its place by showing what it opens. The arguments are reserved
for the articles named, and the epistemic ledger marks these forward-looking claims as
deferred. An opening article that did not indicate the part it opens would be the more
de�cient.

Objection 2 (calling a rich model a �simulation� courts the rei�cation the
volume forbids). Response. It is the opposite of rei�cation: the relocation insists that
the simulation is the subsystem's model, not the substrate, precisely to deny that the
world is a simulation. Where the rei�cation of Article 2 mistook a projection for the
substrate, the relocation mistakes nothing � it places the simulation where it belongs,
inside the model-builder, and leaves the substrate axis-free. The later article makes
this exact; the sketch only �ags it.

7.2 Section Result and Implications

The central asymmetry sets the programme of Part III: the arrow of time, the relocation
of the simulation, and the incompleteness of measurement are the model-builder's sit-
uation, each a reading of projection-loses-model-recovers (Section 7). The implication
is that the bridge is one idea developed in three directions, and the following articles
develop them.
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8 Epistemic Status: Proved, Imported, A�rmed, De-

ferred

In the manner of the series, we close with an explicit ledger. Proved (here) marks
results established in this article; Imported marks results from prior articles; A�rmed
(standard) marks established work the article locates; Deferred marks claims set for a
later article of Part III.

Claim Status Locus

DPI, uncomputability of inversion, second law
(axis results)

Imported Kriger, IST 5
[7], Kriger, IST 6
[8], Kriger, IST 8
[10]

Projection is many-to-one; the three losses are
one �ber

Proved (here) Prop. 3.1

Physical inversion is blocked (DPI, Landauer,
second law)

Proved (here) Prop. 4.1

Model recovery is inference, not inversion Proved (here) Prop. 5.1
Recovery violates no irreversibility; the residual
�oor H∞ > 0

Proved (here) Prop. 6.1

Bounded systems must model (representational
isolation; predictive processing)

Imported (prior corpus) Kriger [3, 4]

Data-processing inequality; Bayesian consis-
tency

A�rmed (standard) Cover and
Thomas
[1], Jaynes
[2]

Landauer's principle (un-erasure has no free
source)

A�rmed (standard) Landauer [12]

Arrow of time as the model-builder's gradient Deferred Part III
Relocation of the simulation into the model Deferred Part III
Incompleteness of measurement (�oor as theo-
rem)

Deferred Part III

The ledger marks the division of labor. The article imports the three axis-losses and
the prior corpus on why bounded systems must model; it proves the uni�cation of the
losses, the block on inversion, the inferential character of recovery, and the residual
�oor; it a�rms the standard results it applies; and it defers the three developments of
the asymmetry to the articles of Part III they belong to.

9 Discussion

The result of this article is the central asymmetry of the volume, and the opening of
its bridge. The three losses Part II left standing � the data-processing inequality, the
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uncomputability of inversion, the second law � are one fact: projection is many-to-one,
and the �ber it collapses does not uncollapse. Physical inversion is blocked, by the same
three axes in concert, so the world does not un-project. And yet structure projection
discarded comes to be known, because a model-building subsystem recovers it � not
by inverting the projection, which is blocked, but by inference, maintaining a defeasible
surrogate of the preimage conditioned on the projections it receives and tested against
those still to come. Loss is physical and resides in the world; recovery is inferential and
resides in the subsystem; the two are not inverse, and their distinctness is why both
are real at once.

The asymmetry earns its place by what it resolves and what it opens. It resolves the
paradox of knowledge under lossy projection: knowledge is the model's inference, not
the world's inversion, and inference constrains the preimage across many projections
without undoing one. It respects irreversibility exactly, because the model recreates no
discarded bit but only hypothesizes it, at a cost and with a permanent fallibility. And it
seeds the incompleteness the bridge develops, in the irreducible �oor that no inference
crosses � the part of the �ber every projection holds in common. The prior corpus of
the programme had argued, on evolutionary and information-theoretic grounds, that
bounded systems must build internal models and that they perceive through representa-
tional isolation rather than direct access [3�5]; the present article places that necessity
as the positive half of the asymmetry, the half that answers the negative half's loss. The
model-builder is not an optional elaboration of the substrate picture but its required
complement: where projection loses, only a model recovers, and only by inference.

9.1 Limitations

Three limitations are material. First, the inferential recovery is demonstrated for a
Bayesian subsystem with a correct generative model; a subsystem with a misspeci�ed
model recovers a biased surrogate, and the article does not treat the rich question of
model error beyond noting the surrogate's fallibility. Second, the �oor H∞ is derived
for projections that share a common collapsed distinction; characterizing the �oor for
arbitrary families of projections, and relating it precisely to the apophatic boundary
of Article 4, is the work of the later incompleteness article, not of this one. Third,
the three developments of the asymmetry � arrow, simulation, incompleteness � are
sketched as the programme of Part III and not argued here; their status is deferred,
and the sketches carry no probative weight.

9.2 Future Directions

The immediate sequels are the three articles the asymmetry opens: the arrow of time
as the model-builder's gradient of accumulation, the relocation of the simulation into
the model, and the incompleteness of measurement as the �oor made into a theorem.
Beyond these, the asymmetry invites a precise question continuous with the complete-
ness conjecture of Article 3: whether the �oor H∞ of a family of projections is itself a
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projection-theoretic invariant � a property of the family's joint �ber computable from
the inter-axis morphisms � so that the limit of what any model can recover would be
read o� the same diagram that classi�es the axes. That question would tie the bridge
back to the classi�cation, and is left to the work that can address it.
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A Code for Figure 1

The following Python script generates Figure 1: a Bayesian subsystem infers a hidden 8-
bit state from noisy projections that reveal only its low 6 bits, recovering the projectable
structure while the high 2 bits remain an irreducible �oor.

import numpy as np

rng = np.random.default_rng(11)

N, eps, K, X_true = 256, 0.15, 40, 201 # high 2 bits never projected

xs = np.arange(N); low6 = xs & 0b111111; true_low = X_true & 0b111111

def entropy_bits(logp):

p = np.exp(logp - logp.max()); p /= p.sum(); p = p[p > 0]

return -np.sum(p * np.log2(p))

logpost = np.zeros(N); ent = [entropy_bits(logpost)] # uniform prior: 8 bits

cand = np.stack([(low6 >> b) & 1 for b in range(6)], axis=1)

for k in range(1, K + 1):

obs = [((true_low >> b) & 1) ^ (1 if rng.random() < eps else 0) for b in range(6)]

ll = np.where(cand == np.array(obs)[None, :], np.log(1-eps), np.log(eps)).sum(1)

logpost = logpost + ll; logpost -= logpost.max()

ent.append(entropy_bits(logpost)) # falls 8 -> floor 2 bits
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Abstract

The macrostate article located the second law as the lossiness of the coarse-
graining and deferred the direction of the arrow of time to the bridge; the opening
bridge article established the central asymmetry � projection loses, the model
recovers by inference � and named the arrow the model-builder's gradient of
accumulation. This article develops that name into an account. It begins from
a constraint the foundations impose: the substrate is a-temporal, time being one
of its axes and not a medium it is in, so temporal predicates do not apply to the
substrate and the arrow cannot be a �ow of it. The arrow is instead a feature of
a model-building subsystem's relation to the block. We locate it in three steps.
First, the record asymmetry: a model-builder holds records of past projections
and not of future ones, a record being a model-state correlated with what gen-
erated it, and the laying of a record is thermodynamically irreversible, so the
direction of recording aligns with the entropy gradient. Second, the source of
the direction: under time-symmetric micro-dynamics a low-entropy state is an
entropy minimum, and coarse-grained entropy rises toward both past and future
away from it, as a reversible mixing map demonstrates; the direction of the arrow
is therefore �xed not by the dynamics but by the low-entropy boundary condition
� the past hypothesis � which the substrate frame takes as a cosmological given
and does not derive here. Third, the uni�cation: the thermodynamic, record,
causal, and psychological arrows are one fact, the model-builder's monotone accu-
mulation of records along the entropy gradient in a world whose entropy was low
in its past. Finally we reconcile the block with the experienced �ow: the block
does not �ow, the �now� is the model's record frontier, and the passage of time is
the model updating, an emergent ledger laid down in an a-temporal con�guration
space.

Keywords: arrow of time; block universe; coarse-graining; past hypothesis; records
and memory; Landauer's principle; emergent time; model-building subsystem; founda-
tions of physics.
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1 Introduction

Two earlier articles left the arrow of time as un�nished business. The macrostate article
located the second law as the lossiness of the coarse-graining � the coarse-grained
entropy rises because reversible micro-dynamics �laments the phase-space density below
the coarse-graining's resolution � and was careful to add that this located the lossiness
but not the direction: the micro-dynamics is time-symmetric, so the coarse-grained
entropy rises in whichever temporal direction one runs it, and the direction of the
arrow was deferred to the bridge [6]. The opening bridge article then established the
central asymmetry of the volume � projection loses irreversibly, and a model-building
subsystem recovers the projectable structure by inference rather than by inversion �
and named the arrow, in passing, the model-builder's gradient of accumulation [8]. This
article turns the name into an account.

The account is bounded at the outset by a commitment of the foundations. The
substrate is a-temporal: time is one of its axes, a facet along which di�erentiatedness is
read, not a medium the substrate sits in or a �ow it undergoes [5]. Temporal predicates
� before, after, now, passing � are projection-internal; they apply within the time axis
and not to the substrate that the axis projects. It follows immediately that the arrow of
time cannot be a property of the substrate or a �ow of the block. Whatever the arrow
is, it is a feature of something in the block that has a before and an after for itself �
a subsystem with records, a memory, a present. The arrow is the model-builder's, not
the world's.

We locate it in three steps that mirror the structure of the opening bridge article. The
record asymmetry is the �rst: a model-builder holds records of the projections it has
received and none of those it has not, a record being a model-state correlated with what
wrote it, and the writing of a record is thermodynamically irreversible, dissipating at
least the Landauer cost, so the direction in which records accumulate is the direction
of entropy increase [7, 9]. The recovered-past and inferred-future of the asymmetry [8]
are, concretely, the recorded and the unrecorded. The source of the direction is the
second: under time-symmetric dynamics a low-entropy state is an entropy minimum,
and coarse-grained entropy rises toward both its past and its future, as a reversible
mixing map shows directly; the arrow points the way it does only because the low-
entropy state lies in the model-builder's past � the past hypothesis � a boundary
condition the substrate frame takes from cosmology and does not derive here [1, 2].
The uni�cation is the third: the thermodynamic, record, causal, and psychological
arrows are not four mysteries but one, the model-builder's monotone accumulation of
records along the entropy gradient in a world with a low-entropy past.

Finally we reconcile the block with the �ow we seem to feel. The block does not �ow;
there is no moving present in the substrate. But a model-builder embedded in the
block lays down records monotonically along the entropy gradient, and the frontier of
that record-laying is what it calls �now.� The passage of time is the model updating
� an emergent ledger written in an a-temporal con�guration space, in the sense the
programme's ledger-time model developed [3, 4]. The block is still; the ledger grows;
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and the growing ledger, not a �owing block, is the arrow.

2 Logical Structure of the Argument

The article proceeds from the a-temporality of the substrate to the uni�cation of the
arrows.

Step 1 (Section 3): The substrate is a-temporal.
Time is one axis; temporal predicates do not apply to the substrate; the arrow is
not a �ow of the block (Proposition 3.1).

Step 2 (Section 4): The record asymmetry.
A model-builder records past projections, not future ones; recording is thermody-
namically irreversible and aligns with the entropy gradient (Proposition 4.1).

Step 3 (Section 5): The direction from the low-entropy past.
Under time-symmetric dynamics a low-entropy state is an entropy minimum; the
direction is �xed by the boundary condition, not the dynamics (Proposition 5.1,
Figure 1).

Step 4 (Section 6): The arrows are one, and the block does not �ow.
The thermodynamic, record, causal, and psychological arrows are the model-
builder's single record gradient; the �now� is the record frontier and the block does
not �ow (Proposition 6.1).

Step 5 (Section 7): What remains deferred.
The origin of the low-entropy past is a cosmological question the article �ags and
does not settle.

Step 6 (Section 8): Epistemic status.
A ledger separates what is proved, imported, a�rmed, and deferred.

The dependencies are linear: Step 1 rules out the arrow being the substrate's; Step 2
locates it in the subsystem's records; Step 3 supplies the direction from the boundary
condition; Step 4 uni�es the arrows and reconciles the block with the �ow; Step 5 marks
the one thing left to cosmology. The thesis is that the arrow is the model-builder's
monotone record gradient, directed by the low-entropy past, and that the block does
not �ow.
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3 The Substrate Is A-temporal

3.1 Time is one axis, not a medium

The �rst step is a constraint the foundations already �xed, here made explicit for the
arrow.

Proposition 3.1 (The arrow is not a property of the substrate). Time is one of the
axes along which the substrate's di�erentiatedness is read, not a medium the substrate is
in (Article 1). Temporal predicates � earlier, later, present, elapsing � are projection-
internal, applying within the time axis. The substrate, being prior to any axis, satis�es
no temporal predicate: it neither �ows nor endures nor passes. Hence the arrow of time
is not a property of the substrate and not a �ow of the block; it can only be a feature of
a subsystem that has a before and an after for itself.

Proof. That time is one axis and that temporal predicates are projection-internal is
established in Article 1, where the substrate is shown to satisfy no axis-predicate, tem-
poral ones included: to apply �passes� or �now� to the substrate is to read a projection's
predicate back onto the projected, the category error Article 2 diagnosed and Article 4
marked ill-typed [5]. A �ow of time would be a temporal predicate of the world as a
whole; the world as substrate has none. Therefore any genuine before/after asymmetry
� any arrow � must be predicated of something within the time axis, a subsystem
with temporally ordered states, not of the substrate.

The proposition removes a tempting picture before it can mislead. One imagines the
arrow as a property of the universe: time �ows, and the �ow has a direction, and that
direction is the arrow. On the substrate reading this picture mislocates the arrow in the
substrate, where no temporal predicate holds. The block universe of relativity says the
same in its own idiom: the four-dimensional whole does not �ow, events simply stand
in their temporal relations, and the sense of passage is not a feature of the manifold
[10]. The substrate frame generalizes the point: not only does the block not �ow, the
substrate beneath every axis has no temporal character at all, and the arrow must be
sought where before and after are actually instantiated � in a subsystem.

3.2 Counterarguments and Responses

Objection 1 (the second law is a fact about the world, so the arrow is the
world's, not a subsystem's). Response. The second law is a fact about coarse-
grained entropy (Article 8), and coarse-graining is a reduction along the macrostate
axis, not a feature of the substrate; the entropy that increases is a projection's, and
its increase is the lossiness of a coarse-graining a subsystem applies. The law is objec-
tive given the coarse-graining, as the macrostate article established, but its temporal
asymmetry is read within the time axis, not predicated of the substrate. The world's
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arrow and the subsystem's are not rivals: the world supplies the entropy gradient, the
subsystem reads it as before-and-after.

Objection 2 (saying the block does not �ow denies the obvious passage of
time). Response. It denies that passage is a �ow of the block, not that there is
anything to the experience of passage. Section 6 locates the experience precisely: it is
the model-builder's record frontier advancing along the entropy gradient, a real feature
of the subsystem, not an illusion to be explained away. The block does not �ow and the
model-builder does record; both are true, and the experience of passage is the second,
not the �rst.

3.3 Section Result and Implications

The arrow is not a property of the substrate or a �ow of the block, since the substrate
satis�es no temporal predicate and time is one of its axes (Proposition 3.1). The
implication is that the arrow must be located in a subsystem with a before and an
after. We locate it in the subsystem's records.

4 The Record Asymmetry

4.1 Memory is of the past

A model-builder has a before and an after in a de�nite sense: it holds records of some
projections and not others, and the records it holds are of the past.

Proposition 4.1 (The record asymmetry). A model-builder maintains records �
model-states correlated with the projections that wrote them. It holds records of past
projections and none of future ones, for three linked reasons:

(i) (Correlation.) A record is a state correlated with what generated it; only past
projections have generated the subsystem's current states, so only they are recorded.

(ii) (Irreversibility.) Writing a record is logically irreversible and so, by Landauer's
principle, dissipates at least kBT ln 2 per bit; the direction in which records are
written is the direction of entropy increase [7, 9].

(iii) (The asymmetry of the bridge.) The recovered-past and inferred-future of the cen-
tral asymmetry [8] are the recorded and the unrecorded: the past is what inference
has recovered into records, the future what no projection has yet delivered.

Proof. (i) A record's content is �xed by a correlation between the subsystem's state and
an external condition; correlations are established when projections are received and
processed, so a subsystem's present records correlate with projections already received
� its past � and with nothing not yet received. (ii) The formation of a record overwrites
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a prior state, a logically irreversible operation, which by Landauer carries a minimum
dissipation [9]; the cost is paid into the environment along the entropy gradient, so
recording proceeds in the direction the macrostate axis calls forward (Article 8). (iii) By
the central asymmetry, recovery is inference over received projections [8]; the recovered
structure is held in records, and the not-yet-received future is, by de�nition, unrecorded.
The three give the same asymmetry: records are of the past.

The proposition makes the abstract asymmetry of the bridge concrete and physical.
Article 11 spoke of a recovered past and an inferred future as a structural feature of
inference; here that feature is the ordinary fact that a system remembers backward and
not forward, and the fact is grounded in the physics of recording. A record is a corre-
lation, correlations are written by the projections that arrive, and writing dissipates;
so a model-builder's memory points the way entropy increases, and its present is the
frontier where new records are being laid down. The asymmetry of memory is not a
separate puzzle from the second law; it is the second law in the register of records.

4.2 Counterarguments and Responses

Objection 1 (one can record the future by prediction, so memory is not only
of the past). Response. Prediction produces a model-state about the future, but it is
a record of present inference, not of the future event, which has written nothing into the
subsystem. The asymmetry is between records correlated with what generated them
� necessarily past � and hypotheses about what has not yet generated anything. A
prediction is the model's inference (Article 11), held in the present and tested when the
future becomes the recorded past; it is not a memory of the future, and its eventual
con�rmation is the writing of a new past-directed record.

Objection 2 (Landauer's cost is tiny and often unpaid, so it cannot ground
the record arrow). Response. The magnitude is not the point; the sign is. However
small, the dissipation of recording is non-negative and is paid into the environment
along the entropy gradient, so the operation has a thermodynamic direction, and that
direction is the arrow. Real memories dissipate far above the Landauer �oor, which
only strengthens the alignment; the �oor establishes that even an ideal record cannot
be written against the gradient for free, which is what �xes the direction in principle.

4.3 Section Result and Implications

The model-builder's records are of the past, by correlation, by the irreversibility of
recording, and as the concrete form of the bridge's recovered-past/inferred-future asym-
metry (Proposition 4.1). The implication is that the subsystem has a de�nite before-
and-after aligned with the entropy gradient. We ask what �xes the gradient's direction.
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5 The Direction Comes from the Low-Entropy Past

5.1 A low-entropy state is an entropy minimum

The record asymmetry aligns the arrow with the entropy gradient, but it does not yet
say why the gradient points the way it does. The answer is not in the dynamics.

Proposition 5.1 (The direction is a boundary condition, not a law of motion). Under
time-symmetric, reversible micro-dynamics, a low-entropy macrostate is a local mini-
mum of coarse-grained entropy: the entropy rises in both temporal directions away from
it. Hence the dynamics does not select a direction for the arrow. The direction is �xed
by the boundary condition that the low-entropy state lies in the model-builder's past �
the past hypothesis � and not by any law of motion.

Proof. Reversible dynamics is symmetric under time reversal, so if coarse-grained en-
tropy increases from a low-entropy state in one temporal direction it increases in the
other as well: the state is an entropy minimum, not a one-sided start [2, 6]. Fig-
ure 1(a) demonstrates this with a reversible mixing map run forward and backward
from a low-entropy ensemble; both branches rise toward equilibrium. A direction for
the arrow therefore cannot come from the equations of motion, which are indi�erent to
it; it comes from the contingent fact that the entropy was low in the past � the past
hypothesis � which is a boundary condition on the actual history, not a dynamical law
[1].

The proposition isolates exactly what the dynamics supplies and what it does not. The
dynamics supplies the gradient � that entropy is higher away from the minimum �
but not its sign, since the gradient is two-sided. The sign comes from the boundary
condition: in our universe the entropy was extraordinarily low in the past, and it is
this contingent initial condition, not Newton's or Schrödinger's time-symmetric laws,
that makes the future the high-entropy direction and the past the low. The substrate
frame takes this boundary condition as given. Why the early universe was in so low-
entropy a state is a cosmological question � one the broader programme addresses
elsewhere through the topology and dynamics of the early cosmos � and the present
article neither needs nor attempts its answer; it needs only that the condition holds,
and given that it holds, the arrow's direction follows.

5.2 Counterarguments and Responses

Objection 1 (this makes the arrow contingent, but the arrow feels necessary).
Response. The arrow's existence given a low-entropy boundary is robust � any model-
builder in such a world has a record gradient � but its direction is indeed contingent on
which end of the history has low entropy, and that contingency is the correct result, not
a defect. The feeling of necessity is the model-builder's: situated entirely on the rising
branch, it cannot record the other direction and so cannot imagine the arrow reversed.
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Figure 1: The direction of the arrow is a boundary condition, not a law of motion.
(a) An ensemble in a low-entropy state at t = 0 is evolved forward by Arnold's cat
map and backward by its inverse, both reversible and area-preserving. The coarse-
grained entropy rises toward both past and future: under time-symmetric dynamics a
low-entropy state is an entropy minimum, so the dynamics selects no direction. (b)
Given the past hypothesis � the low-entropy state lies in the model-builder's past �
the experienced arrow is the monotone gradient of accumulated records: behind the
moving �now� the past is recorded and recovered; ahead the future is unrecorded. The
arrow is this gradient of accumulation, and its direction is the direction in which entropy
was low.

The necessity is perspectival, the contingency structural, and the �gure shows why the
two coexist.

Objection 2 (deferring the low-entropy past to cosmology leaves the arrow
unexplained). Response. It leaves one thing unexplained � the boundary condition
� and explains everything else given it. That is the honest division: the article shows
that the arrow is the record gradient and that its direction tracks the low-entropy end,
which is a complete account modulo the boundary condition; the origin of the boundary
condition is a distinct, cosmological question that no account of the arrow's structure
can settle, and con�ating the two has long made the arrow seem more mysterious than
it is. The structure is settled here; the boundary condition is �agged and deferred.

5.3 Section Result and Implications

Under time-symmetric dynamics a low-entropy state is an entropy minimum, so the
direction of the arrow is �xed by the low-entropy past � a boundary condition � and
not by the laws of motion (Proposition 5.1, Figure 1). The implication is that, given
the past hypothesis, the model-builder's record gradient has a de�nite direction. We
unify the arrows and reconcile the block with the �ow.
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6 The Arrows Are One, and the Block Does Not Flow

6.1 One gradient, several names

The arrows of time are usually enumerated � thermodynamic, psychological, causal,
radiative, cosmological � and their alignment treated as a coincidence to be explained.
On the present account they are not several but one.

Proposition 6.1 (The arrows are one; the block does not �ow). In a world with a
low-entropy past, the thermodynamic arrow (entropy increase), the record or psycholog-
ical arrow (memory of the past), and the causal arrow (control of the future through
the present) are the same fact: the model-builder's monotone accumulation of records
along the entropy gradient. They align because they are one gradient under several de-
scriptions, not several gradients that happen to agree. Moreover the block does not �ow:
there is no moving present in the substrate. The �now� is the frontier of the model-
builder's record-laying, and the passage of time is the model updating � an emergent
ledger written in an a-temporal con�guration space.

Argument. Each named arrow is the record gradient in a register. The thermodynamic
arrow is the gradient itself (Article 8). The psychological arrow is the gradient read
through records, which are of the past (Proposition 4.1). The causal arrow is the
gradient read through intervention: a subsystem can correlate its present records with
past states (control of the future requires the present, which is recorded) but cannot
write records of the future, so in�uence runs from the recorded toward the unrecorded.
These are the same monotone accumulation, so they align necessarily, not coincidentally.
That the block does not �ow is Proposition 3.1; that the �now� is the record frontier
and passage is the model updating is the ledger-time reading, in which time emerges
from the irreversible laying-down of records in an otherwise a-temporal con�guration
space [3, 4]. The substrate is still; the ledger grows; the growth is the passage.

The proposition resolves two long-standing puzzles at once. The �rst is the alignment
of the arrows: it is no coincidence that we remember the low-entropy direction, that
causes precede e�ects in that same direction, and that entropy increases in it, because
all three are the single gradient of record accumulation, and a subsystem cannot have
its memory point one way and its entropy the other. The second is the tension between
the block universe and the felt passage of time. The block does not �ow, and yet time
passes for us; the resolution is that passage is not a property of the block but of the
model-builder within it, whose records accumulate monotonically and whose frontier of
accumulation is the present. Nothing in the block moves; the model's ledger lengthens,
and the lengthening is what passage is. This is the programme's ledger-time picture,
in which an emergent, irreversible record in an a-temporal space is the whole of what
time's passage amounts to [3].
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6.2 Counterarguments and Responses

Objection 1 (the radiative and cosmological arrows are not obviously the
record gradient, so the uni�cation is incomplete). Response. The article claims
the uni�cation for the thermodynamic, psychological, and causal arrows, which are the
model-builder's directly, and treats the radiative arrow (retarded over advanced radia-
tion) as a further consequence of the same low-entropy past, since coherent outgoing
radiation into a low-entropy environment is the �eld-theoretic face of the entropy gra-
dient. The cosmological arrow � the direction of cosmic expansion � is not claimed
to be the record gradient but is the source of the low-entropy past that orients it; it is
the boundary condition's origin, deferred to cosmology (Section 7), not another arrow
to be uni�ed.

Objection 2 (ledger-time reintroduces a �owing present the article just de-
nied). Response. It does not: the ledger grows in the sense that more records stand in
the block at later times, not in the sense that a present sweeps along a track. There is
no extra fact of �which now is lit up�; there is only, at each time, a model-builder whose
records extend up to that time and not beyond, and �now� is indexical, naming each
such frontier from within. The block contains all the frontiers at once, none privileged;
passage is the relation each frontier bears to its own records, not a spotlight moving
over the block. The ledger metaphor is of accumulation across the block, not of a �ow
through it.

6.3 Section Result and Implications

The thermodynamic, psychological, and causal arrows are one gradient of record accu-
mulation, aligned necessarily; the block does not �ow, the �now� is the record frontier,
and passage is the model updating (Proposition 6.1). The implication is that the arrow
is fully located as a feature of the model-builder, modulo the one boundary condition.
We mark that condition's status.

7 What Remains Deferred

One thing the article does not do is explain the low-entropy past. The direction of
the arrow tracks the low-entropy end of the history (Proposition 5.1); that the early
universe was in an extraordinarily low-entropy state is the boundary condition on which
the whole direction turns; and why it was so is a cosmological question, not one any
account of the arrow's structure can answer. The substrate frame is explicit about the
division. The structure of the arrow � that it is the model-builder's record gradient,
that its several names are one, that the block does not �ow � is settled here, and
settled without appeal to the boundary condition's origin. The direction, given that
the entropy was low at one end, is settled too. Only the origin of the low-entropy end is
deferred, and it is deferred to cosmology, where the broader programme addresses the
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early universe's state through the topology and dynamics of the cosmos [5]. Con�ating
these three � treating the unexplained boundary condition as if it left the arrow's
structure or direction unexplained � is what has made the arrow seem more obscure
than it is. The article keeps them apart: structure and direction accounted for, origin
�agged.

This deferral is of a piece with the volume's discipline. The macrostate article deferred
the direction to the bridge; the bridge has now supplied it, modulo the boundary
condition; and the boundary condition's origin is deferred, in turn, to the cosmology
the programme's other volumes pursue. Each deferral is honest and bounded, and
none is a gap in the present account, which concerns the arrow as the model-builder
experiences it.

8 Epistemic Status: Proved, Imported, A�rmed, De-

ferred

In the manner of the series, we close with an explicit ledger. Proved (here) marks
results established in this article; Imported marks results from prior articles; A�rmed
(standard) marks established work the article locates; Deferred marks the boundary-
condition question handed to cosmology.

Claim Status Locus

Substrate a-temporal; time is one axis Imported Kriger, IST 1 [5]
Second law as lossiness of coarse-graining (di-
rection deferred)

Imported Kriger, IST 8 [6]

Central asymmetry: projection loses, model re-
covers

Imported Kriger, IST 11
[8]

Arrow is not a property of the substrate / �ow
of the block

Proved (here) Prop. 3.1

Record asymmetry: memory is of the past Proved (here) Prop. 4.1
Low-entropy state is an entropy minimum (di-
rection is a boundary condition)

Proved (here) Prop. 5.1

Thermodynamic, record, causal arrows are one
gradient

Proved (here) Prop. 6.1

Block does not �ow; �now� is the record frontier
(ledger-time)

Proved (here) Prop. 6.1; Kriger
[3]

Recording is irreversible (Landauer cost, sign
not magnitude)

A�rmed (standard) Landauer [9]

Time-symmetry of micro-dynamics; the past
hypothesis

A�rmed (standard) Albert [1], Boltz-
mann [2], Price
[10]

Origin of the low-entropy past Deferred cosmology

The ledger marks the division of labor. The article imports the a-temporal substrate,
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the second law, and the central asymmetry; it proves that the arrow is the model-
builder's record gradient, that the direction is a boundary condition, that the arrows
are one, and that the block does not �ow; it a�rms the standard results it applies; and
it defers the origin of the low-entropy past to cosmology.

9 Discussion

The result of this article is an account of the arrow of time within the substrate frame.
The arrow is not a property of the substrate, which is a-temporal, nor a �ow of the
block, which is still; it is a feature of a model-building subsystem embedded in the block.
Concretely it is the subsystem's monotone gradient of accumulated records: a record
is of the past because it correlates with what wrote it and because writing dissipates
along the entropy gradient, so memory points the way entropy increases. The direction
that gradient takes is not selected by the time-symmetric micro-dynamics, for which a
low-entropy state is a two-sided entropy minimum, but by the low-entropy boundary
condition � the past hypothesis � which the substrate frame takes from cosmology.
Given that condition, the thermodynamic, psychological, and causal arrows are one
gradient under several names, aligned necessarily; and the felt passage of time, far
from being a �ow of the block, is the model-builder's ledger lengthening across a block
that does not move.

The account �ts the architecture the bridge is building. Article 11 established that
projection loses and the model recovers by inference, with a recovered past and an
inferred future; this article shows that the recovered past is the recorded past and the
inferred future the unrecorded, so the bridge's central asymmetry, read in the register of
records, is the arrow of time. The programme's earlier work prepared the reading: the
ledger-time model derived time's passage from the irreducible laying-down of records
in an a-temporal con�guration space, and the work on atemporal memory argued that
storage is timeless and that time belongs to retrieval, not to the stored [3, 4]. The
present article places those results as the bridge's account of the arrow: the substrate
is timeless, the records accumulate, and the accumulation, directed by the low-entropy
past, is everything the arrow of time amounts to for the subsystem that has one.

9.1 Limitations

Three limitations are material. First, the article accounts for the arrow's structure
and direction but defers the origin of the low-entropy past to cosmology; a reader who
wants the arrow explained all the way down, boundary condition included, will �nd
that question marked and not answered here. Second, the uni�cation is claimed for
the thermodynamic, psychological, and causal arrows; the radiative arrow is treated
as a consequence of the same boundary condition and the cosmological arrow as the
boundary condition's source, but neither is developed in detail. Third, the ledger-time
reconciliation of the block with passage is stated and grounded in the prior corpus
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but not formalized here; its precise formulation, in which records are the irreversible
events of an a-temporal con�guration space, belongs to the work cited and to the
incompleteness article that follows.

9.2 Future Directions

The immediate sequel is the incompleteness article, which takes up the residual �oor
of Article 11 � the part of the �ber no projection resolves � and makes it a theorem
on the limits of measurement, relating it to the apophatic boundary of Article 4. The
arrow connects to that work through the record frontier: what a subsystem can ever
record is bounded by what its projections distinguish, so the �oor bounds memory as it
bounds inference. Beyond the volume, the account invites a precise question continuous
with the completeness conjecture of Article 3: whether the record gradient can be made
a projection-theoretic quantity � a monotone on the macrostate axis whose increase
along the morphism to the channel axis is the rate of record accumulation � so that
the arrow's strength would be read o� the same diagram that classi�es the axes. That
question is left to the work that can address it; the present article's task was to locate
the arrow as the model-builder's, and the arrow is located.
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A Code for Figure 1

The following Python script generates Figure 1: a low-entropy ensemble evolved forward
by Arnold's cat map and backward by its inverse, with coarse-grained entropy rising in
both temporal directions.

import numpy as np

rng = np.random.default_rng(12); M, N, T = 40000, 32, 9

x0 = 0.45 + 0.10*rng.random(M); y0 = 0.45 + 0.10*rng.random(M)

def cat(x, y): return (2*x + y) % 1.0, (x + y) % 1.0 # forward

def icat(x, y): return (x - y) % 1.0, (-x + 2*y) % 1.0 # inverse (reverse)

def coarse_entropy(x, y, N):

H, _, _ = np.histogram2d(x, y, bins=N, range=[[0,1],[0,1]])

p = H.ravel(); p = p[p > 0] / p.sum()

return -np.sum(p * np.log(p))

# forward branch (cat) and backward branch (icat) from the SAME low-entropy state:

# coarse-grained entropy rises in BOTH directions -> minimum at t=0.
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Abstract

The opening bridge article noted that a model elaborate enough to predict its
own projection-stream becomes a simulation, and that such a simulation lives in
the subsystem, not in the world. This article develops the remark into an account
and applies it to the simulation hypothesis. The hypothesis is usually posed as a
question about the world: is the world the output of a computation running on a
deeper substrate? We argue that this framing mislocates a projection. The word
�simulation� has two readings, and only one is well-typed. On the �rst reading,
a simulation is a computational substrate beneath physics of which our world is
the output; this rei�es a projection � the algorithmic description of a system
� into a second substrate, and positing a substrate beneath the substrate is the
category error the foundations rule ill-typed, not false. There is no well-formed
answer to �is the world running on a deeper computer,� because the question
reads a projection's predicate back onto the substrate. On the second reading, a
simulation is what a su�ciently rich model-building subsystem does: a model run
forward to reproduce the projections the subsystem would receive. This reading
is well-typed and real, and it locates the simulation in the subsystem as the limit
of the recovering model � a map that has become executable but is still a map,
not the territory. We dissolve the regress of the simulation argument: a tower of
nested simulations is a tower of nested models inside one a-temporal substrate,
not a stack of substrates, and the regress halts because each level is a subsystem
in the one substrate, not a substrate of its own. Finally we locate the grain of
truth in the hypothesis � representational isolation, the fact that a subsystem
meets the world only through its model � as a fact about the receiver axis, not
evidence of a deeper substrate. The article claims neither that the world is a
simulation nor that it is not; it shows that the question, as posed, is mislocated.

Keywords: simulation hypothesis; substrate and projection; ill-typed questions;
model-building subsystem; representational isolation; map and territory; nested
simulations; foundations of physics.
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1 Introduction

The opening article of the bridge ended with a remark it did not develop. A model
rich enough to predict its own projection-stream in detail, it observed, becomes a
simulation � a surrogate so complete that running it reproduces the projections the
subsystem would receive � and the central asymmetry locates such a simulation in
the subsystem, as the most elaborate form of the recovering model, rather than in the
world as a rival substrate [10]. This article develops the remark into an account and
turns it on the simulation hypothesis, the proposal that the world we inhabit might
itself be a simulation [1].

The hypothesis is almost always posed as a question about the world. Is what we take
for physical reality the output of a computation running on a machine at some deeper
level � a machine in a �base reality� of which our universe is a rendered approximation?
Posed so, the question invites a probabilistic argument: if simulations are feasible
and civilizations run many of them, then simulated observers vastly outnumber un-
simulated ones, and we should expect to be among the simulated. The argument has
force only if its central noun is well-formed � only if �the world is a simulation� picks
out a genuine state of a�airs the world might be in. We argue that it does not, and
that seeing why is a clean application of the foundations laid in Part I.

The word �simulation� carries two readings, and the work of the article is to separate
them. On the �rst, a simulation is a computational substrate beneath physics : a deeper
level of reality, running our world as a program. This reading rei�es a projection. The
algorithmic, computational description of a system is a projection along the description
axis (Article 6); to posit it as a substrate underlying the world is to mistake a projection
for the projected, the error Article 2 diagnosed, and to posit a substrate beneath the
substrate is to posit something beyond the block, which Article 4 marked ill-typed �
non-denoting, neither true nor false [5, 6]. �Is the world running on a deeper computer�
has, on this reading, no well-formed answer, because it reads a projection's predicate
back onto the axis-free substrate.

On the second reading, a simulation is what a su�ciently rich model-building subsystem
does : a model, the kind the receiver axis terminates in (Article 10) and the bridge
showed to recover structure by inference (Article 11), elaborated until running it forward
reproduces the subsystem's projection-stream. This reading is well-typed and real. It
locates the simulation in the subsystem, as the limit of the recovering model, defeasible
and costly and never the substrate � an executable map, which for all its detail is still
a map and not the territory. The relocation is the article's central move: the simulation,
real on the second reading, is moved from the world (where the �rst reading wrongly
put it) to the subsystem (where it belongs).

With the relocation in hand, the regress dissolves and a grain of truth is located. The
tower of nested simulations that powers the probabilistic argument is, on the substrate
frame, a tower of nested models inside one a-temporal substrate, not a stack of sub-
strates; the regress halts because each level is a subsystem in the one substrate, not a
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substrate of its own, and the count of levels is a count of models, telling us nothing
about whether �the world is a simulation,� which is the ill-typed question. And the
grain of truth the hypothesis feeds on � the sense in which we do seem to live �inside�
something � is representational isolation: a subsystem meets the world only through
its model [2, 3], so the world it experiences is already its model. That is a fact about
the receiver axis, not evidence of a deeper computer. The article claims neither that
the world is a simulation nor that it is not; it shows the question, as posed, to be
mislocated.

2 Logical Structure of the Argument

The article separates two readings and follows each to its place.

Step 1 (Section 3): Two readings of �simulation.�
The world-as-substrate reading and the model-in-subsystem reading are distin-
guished (Proposition 3.1).

Step 2 (Section 4): The world-as-simulation reading is ill-typed.
It rei�es a projection into a second substrate and posits something beyond the block;
ill-typed, not false (Proposition 4.1).

Step 3 (Section 5): The simulation is the limit of the recovering model.
On the well-typed reading the simulation is a model run forward, located in the
subsystem; an executable map is still a map (Proposition 5.1, Figure 1).

Step 4 (Section 6): The regress halts.
Nested simulations are nested models in one substrate, not a tower of substrates;
the probabilistic argument inherits the ill-typing (Proposition 6.1).

Step 5 (Section 7): The grain of truth.
Representational isolation is the receiver-axis fact the hypothesis feeds on, not a
deeper substrate (Proposition 7.1).

Step 6 (Section 8): Epistemic status.
A ledger separates what is proved, imported, and a�rmed, and states what the
article does not claim.

The dependencies are linear: Step 1 disambiguates; Steps 2 and 3 dispatch the two
readings, one as ill-typed, the other as a located reality; Step 4 dissolves the regress that
the �rst reading powered; Step 5 explains the hypothesis's appeal without conceding it.
The thesis is that �simulation� names a real activity of subsystems and not a possible
substrate of the world, and that the simulation hypothesis, posed as a question about
the world, is mislocated.
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3 Two Readings of �Simulation�

3.1 The substrate reading and the subsystem reading

The disambiguation is the whole foundation of the article, and it is worth stating
sharply.

Proposition 3.1 (Two readings of �simulation�). The term �simulation� admits two
distinct readings:

(A) (Substrate reading.) A simulation is a computational substrate beneath the world:
a deeper level of reality on which the world runs as a program, of which the world
is the output.

(B) (Subsystem reading.) A simulation is the activity of a model-building subsystem: a
model elaborated until running it forward reproduces the projections the subsystem
would receive.

The two are not variants of one notion. Reading (A) places the simulation below
the world, as its ground; reading (B) places it within a subsystem of the world, as a
model. The simulation hypothesis trades on reading (A); the bridge's recovering model
is reading (B).

Proof. That the readings are distinct follows from where each puts the simulation.
Reading (A) makes the simulation ontologically prior to the world � the world depends
on it, as an output on its program � so the simulation is a substrate. Reading (B)
makes the simulation ontologically posterior to and contained in a subsystem � the
model depends on the subsystem that maintains it � so the simulation is a projection
within the world (Articles 10, 11). Priority and posteriority to the world cannot coincide,
so the readings are genuinely two. The simulation hypothesis asks whether the world
stands to some computation as output to program, which is reading (A); the bridge's
model run forward is reading (B).

The proposition is easy to state and easy to con�ate in practice, because the same
vivid image � a world generated by a computation � serves both readings, and the
slide from one to the other is silent. When we run a detailed model and watch it
reproduce what we would observe, we have a simulation in sense (B), in our subsystem;
the hypothesis then asks, of the world itself, whether it is a simulation in sense (A),
beneath everything. The two questions feel like one because the image is shared, but
they are opposite in their ontology, and the rest of the article turns on keeping them
apart.
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3.2 Counterarguments and Responses

Objection 1 (the readings are the same: a simulation in a subsystem is itself
a substrate for whatever it simulates). Response. A simulation in a subsystem
is a substrate for the simulated entities, in the sense that they depend on it; but it
is not a substrate for the world, which is what reading (A) requires. The hypothesis
asks whether our world rests on a deeper computation, not whether the entities inside
a model we run rest on the model. The two readings di�er exactly on which world is
claimed to rest on what: reading (B)'s simulated entities rest on a model in a subsys-
tem; reading (A)'s world rests on a substrate beneath it. The objection collapses the
distinction by changing which world is at issue.

Objection 2 (the distinction is merely verbal; physically a simulation is a
simulation). Response. The distinction is the opposite of verbal: it is ontological,
concerning whether the simulation is prior to the world (a substrate) or contained in
it (a model). The same physical process � a computation reproducing a stream of
observations � is reading (B), a model in a subsystem, whether or not anyone also
entertains reading (A); reading (A) adds the metaphysical claim that the world as a
whole is such an output, which is a further and, we argue, ill-typed assertion. The
physics is all on the side of (B); (A) is an interpretation laid over it.

3.3 Section Result and Implications

�Simulation� has a substrate reading and a subsystem reading, opposite in ontology
and silently con�ated because they share an image (Proposition 3.1). The implication
is that the simulation hypothesis must be evaluated under the substrate reading it
actually employs. We evaluate it.

4 The World-as-Simulation Reading Is Ill-Typed

4.1 Reifying a projection into a second substrate

Under reading (A), the simulation hypothesis makes a de�nite ontological claim, and
the foundations have already classi�ed claims of its form.

Proposition 4.1 (The world-as-simulation reading is ill-typed). The substrate reading
posits a computational level beneath the world of which the world is the output. The
computational description of a system is a projection along the description axis (Arti-
cle 6); to posit it as a substrate underlying the world rei�es that projection, the error of
mistaking the projected for the substrate (Article 2). Moreover it posits a substrate be-
neath the substrate � a level more fundamental than the axis-free ground � which is to
posit something beyond the block, ruled ill-typed by the categorial boundary (Article 4).
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Hence �the world is a simulation,� on the substrate reading, is ill-typed: non-denoting,
neither true nor false, not a state of a�airs the world might be in.

Proof. A simulation in sense (A) is a computation, and a computation is speci�ed by an
algorithm� a projection along the description axis (Article 6). To say the world is such
a computation, beneath its physics, is to take that projection as the world's substrate,
which is the rei�cation Article 2 diagnosed: the projection is treated as the projected
[5]. Further, the posited computational substrate is claimed to be more fundamental
than the world, hence prior to the axis-free substrate the foundations identify as the
ground; but the substrate admits nothing prior or beneath, being that of which axes
are projections, so a �deeper substrate� is a predicate applied beyond the block, which
Article 4 marks ill-typed � a question that fails to denote rather than one with a
hidden answer [6]. Both diagnoses give the same verdict: the claim is ill-typed.

The verdict needs care, for ill-typed is not the same as false, and the di�erence is
the article's chief precaution. To say �the world is a simulation� is ill-typed is not
to say the world is de�nitely not a simulation; that would itself presuppose the ques-
tion well-formed and answer it in the negative. It is to say that the question, on the
substrate reading, does not pick out a genuine alternative � that there is no fact of
the matter it asks after, because it applies to the substrate a predicate (running-on-a-
deeper-computer) that belongs to projections within the world. The honest response to
�is the world a simulation?� is therefore not yes and not no but a diagnosis: the ques-
tion, so posed, mislocates a projection, and once the projection is relocated (Section 5)
nothing well-formed remains to answer.

4.2 Counterarguments and Responses

Objection 1 (we can clearly conceive the world being a simulation, so the
question is well-formed). Response. What is conceivable is reading (B): a world-
sized model, run in some subsystem, reproducing a stream of observations � a vivid
and coherent picture. Reading (A) borrows that picture's vividness and adds the claim
that our world, as a whole, is such an output beneath everything; the added claim is
what fails to denote, because it predicates of the axis-free substrate a relation (output-of-
a-deeper-program) that has sense only within the world. Conceivability of the model
does not confer well-formedness on the substrate claim; it is exactly the con�ation
Proposition 3.1 warned of.

Objection 2 (physics already describes the world computationally, so a com-
putational substrate is not a category error). Response. Physics describes the
world along the description and other axes, and those descriptions are projections, le-
gitimately so (Part II); the error is not in describing the world computationally but in
promoting the computational description to the world's substrate, beneath its physics.
Article 10a was at pains to make the same distinction for the cosmic web: a com-
putational regularity is realized at a scale, but the substrate is not the computation.
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Computational description is welcome; a computational substrate beneath the substrate
is the ill-typed addition.

4.3 Section Result and Implications

On the substrate reading the simulation hypothesis rei�es a projection and posits some-
thing beyond the block, and is therefore ill-typed � non-denoting, not false (Propo-
sition 4.1). The implication is that the real content of �simulation� lies in the other
reading. We develop it.

5 The Simulation Is the Limit of the Recovering

Model

5.1 The executable map

Under reading (B), �simulation� names something real and already in hand from the
bridge.

Proposition 5.1 (The simulation is the limit of the recovering model). A model-
building subsystem maintains a surrogate of the preimage, recovering the projectable
structure by inference (Article 11). As the surrogate is elaborated to predict the sub-
system's projection-stream in increasing detail, it approaches a simulation: a model
whose forward execution reproduces the projections the subsystem would receive. The
simulation is thus the limit of the recovering model. It is located in the subsystem; it
is defeasible, costly to run, and tested against further projections; and it is not the sub-
strate. An executable map is still a map: running a model does not convert it into the
territory it models.

Argument. By Article 11 the recovering model is a surrogate maintained in the subsys-
tem, updated to predict projections; a simulation is this surrogate carried to the point
where forward execution generates the projection-stream, the most elaborate form of
prediction. It inherits the recovering model's location and status: in the subsystem, re-
alized in the subsystem's states, costly by Landauer to run and update, fallible against
the next projection (Articles 9, 11). It is not the substrate, because it is a projection
within a subsystem (reading B, Proposition 3.1), and a projection is not the projected
(Article 2). The map-becomes-executable image makes the point: detail and dynamism
do not change a model's type; an executable map predicts the territory's projections
without being the territory.

The proposition completes the relocation. Reading (A) put the simulation beneath the
world, where it is ill-typed; reading (B) puts it within a subsystem, where it is a located
reality � the limit of the recovering model the bridge has been developing. The vivid
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base reality  ?

substrate / computer

substrate / computer

our world ?

runs

runs

runs

  ? infinite regress of substrates

reifies a projection into a second substrate
 ill-typed (Art. 2, 4)

(a) Mislocated: a tower of substrates

THE SUBSTRATE  (a-temporal, axis-free)

model-building subsystem

model

simulation

sub-model 

containment, not a tower: the regress halts in one substrate
 the simulation lives in the subsystem (well-typed)

(b) Relocated: one substrate, nested models

Figure 1: The relocation of the simulation. (a) The simulation hypothesis as usually
posed: a tower of substrates, each running the level above, regressing without end. On
the substrate frame this rei�es a projection into a second substrate, and a substrate
beneath the substrate is ill-typed (Articles 2, 4). (b) The relocation: one a-temporal,
axis-free substrate, within which sits a model-building subsystem, within it a model, at
the model's limit a simulation, and within the simulation possibly a sub-model. These
are nested models inside one substrate � containment, not a tower of substrates � so
the regress halts, because each level is a subsystem in the one substrate rather than a
substrate of its own. The simulation lives in the subsystem; that is well-typed.

scenario that makes the simulation hypothesis gripping � a complete, dynamic, world-
sized reproduction of experience � is entirely available on reading (B): a subsystem
can in principle build a model so rich that running it yields its whole projection-stream.
What reading (B) denies is only that such a model is the world's substrate. It is the
subsystem's map, executable and detailed, but a map, and the territory it maps is the
projected world, which remains a projection of the one axis-free substrate.

5.2 Counterarguments and Responses

Objection 1 (a perfect simulation is indistinguishable from the world, so
the map/territory distinction is empty). Response. Indistinguishability of the
projection-stream does not collapse the type distinction. A simulation perfect in its
outputs reproduces every projection a subsystem would receive, and to that subsystem
the two are observationally identical � which is precisely the condition of representa-
tional isolation (Section 7), not evidence that the map is the territory. The map and
territory di�er in type, not necessarily in observable output: one is a surrogate main-
tained in a subsystem, the other the projected world; their agreement in projections is
the model's success, not its promotion to substrate. The distinction is between what a
thing is and what it outputs, and only the latter can be made to coincide.
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Objection 2 (if the simulation is only ever a map, genuine arti�cial worlds
are impossible). Response. Not at all: a subsystem can build models containing
entities for which the model is the substrate (reading B's simulated entities), and those
entities are as real as any projection within the world. What is denied is only that
our world is such an entity in a deeper model � reading (A) � which is the ill-typed
claim. Arti�cial worlds, simulated agents, executable models of arbitrary richness are
all well-typed realities in subsystems; the relocation a�rms them and only refuses to
read the actual world as one of them beneath itself.

5.3 Section Result and Implications

On the subsystem reading the simulation is the limit of the recovering model, located
in the subsystem, defeasible and costly and never the substrate � an executable map
that is still a map (Proposition 5.1, Figure 1). The implication is that the simulation
is real but relocated, from the world to the subsystem. We turn the relocation on the
regress.

6 The Regress Halts

6.1 Nested models in one substrate

The probabilistic force of the simulation hypothesis comes from a regress: simulations
within simulations, a tower of levels, with the inference that we are likely far down it.
The relocation dissolves the regress.

Proposition 6.1 (The regress halts: nested models, one substrate). A simulation in a
subsystem may itself contain a model-building sub-subsystem running its own simulation,
and so on; this is a regress of nested models, each contained in the one before. On the
substrate frame it is not a tower of substrates: every level is a subsystem in the one a-
temporal substrate, not a substrate of its own (reading B). The regress therefore halts in
that single substrate � there is no stack of grounds to descend � and the count of nested
levels is a count of models, which says nothing about whether �the world is a simulation,�
the ill-typed question of reading (A). The probabilistic argument, presupposing a tower
of substrates, inherits the ill-typing.

Proof. By Proposition 5.1 each simulation is a model in a subsystem; a simulation
containing a sub-simulation is a model containing a sub-model, by containment, all
within the same world and so within the one substrate (Articles 1, 2). There is no point
in the nesting at which a new substrate is introduced, since every level is reading (B), a
projection within a subsystem, never reading (A), a substrate beneath the world. Hence
the regress is bounded below by the single substrate and halts there. The probabilistic
argument counts levels of a supposed tower of substrates and infers our likely position
in it; but the levels are models, not substrates, and �which substrate-level are we?� is
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the ill-typed question of Proposition 4.1, so the count supports no inference about the
world's being a simulation.

The proposition removes the engine of the simulation argument. That argument pic-
tures reality as a stack: a base reality runs simulations, those run sub-simulations, and
since the simulated outnumber the base inhabitants, a random observer is probably
simulated. The picture requires that each level be a substrate for the next, a genuine
descent of grounds. On the relocation there is no such descent: the nesting is contain-
ment of models within models, all inside one substrate, and �how deep are we in the
stack of substrates?� has no answer because there is no stack of substrates � only one
substrate with models nested inside its subsystems. The vivid arithmetic of simulated
versus base observers presupposes exactly the tower the relocation denies, and so it
does not get started.

6.2 Counterarguments and Responses

Objection 1 (even nested models give nested observers, so the counting
argument survives without a tower of substrates). Response. Nested models can
contain simulated observers, and one may count them; but the simulation hypothesis's
conclusion is about whether our world is a simulation in sense (A), beneath which lies
a base reality, and that is the ill-typed claim. Counting observers inside models we run
tells us how many simulated agents our models contain; it does not bear on whether the
axis-free substrate stands beneath our world as a program's base, because no count of
models within the world reaches outside it to a substrate of substrates. The arithmetic
is about the contents of subsystems, not about the world's ground.

Objection 2 (perhaps there really is a base reality running ours, regress or
not). Response. �A base reality running ours� is reading (A) again � a computational
substrate beneath the world � and is ill-typed for the reasons of Proposition 4.1, not
refuted by the present section but diagnosed by the previous one. This section adds only
that the regress the argument leans on does not exist as a tower of substrates; whether
a single base reality could underlie ours is the ill-typed question already addressed. The
relocation neither asserts nor denies a base reality; it shows the question to mislocate
a projection.

6.3 Section Result and Implications

Nested simulations are nested models in one substrate, not a tower of substrates, so the
regress halts and the probabilistic argument inherits the ill-typing of its central claim
(Proposition 6.1). The implication is that the hypothesis has no probabilistic engine.
We locate the grain of truth it nonetheless feeds on.
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7 The Grain of Truth: Representational Isolation

7.1 We meet the world through the model

The simulation hypothesis is compelling, and an account that merely diagnosed it as
ill-typed would leave its appeal unexplained. The appeal has a real source, and locating
it is the article's last task.

Proposition 7.1 (The grain of truth is representational isolation). A model-building
subsystem meets the world only through its model: its access to the projected world is
mediated by the surrogate it maintains, never direct [2, 3]. Hence the world a subsystem
experiences is, in a precise sense, already its model � the recovered surrogate, not the
substrate unmediated. This representational isolation is the grain of truth the simulation
hypothesis feeds on: the sense that we live �inside� a constructed world is correct, but
the construction is the receiver-axis model (Article 10), not a computational substrate
beneath the world. The truth is about how a subsystem accesses the world, not about
what the world rests on.

Argument. That access is model-mediated is the content of representational isolation,
argued in the prior corpus on evolutionary and information-theoretic grounds: a
bounded subsystem receiving lossy projections cannot access the world directly and
must act on a maintained surrogate [2, 3], the recovering model of Article 11. The
world as experienced is therefore the model's, a receiver-axis projection (Article 10),
which is exactly the felt situation the simulation hypothesis describes � living within a
constructed appearance. The hypothesis errs only in locating the construction beneath
the world as a substrate (reading A) rather than within the subsystem as a model
(reading B); the construction is real, the relocation corrects its place.

The proposition explains the hypothesis without conceding it. We do, in a sense, live
inside a constructed world: not the substrate met face to face, but the model our
subsystem maintains, the only thing a representationally isolated system ever has. That
is why the suggestion that reality is �generated,� that we inhabit an appearance rather
than the thing itself, rings true � it is true, on the receiver axis. The simulation
hypothesis takes this genuine insight and mislocates it, projecting the model we live
inside outward and downward into a computational substrate beneath the world, where
it becomes the ill-typed claim of reading (A). The relocation puts the insight back
where it belongs: the constructed world we inhabit is our model, in our subsystem, a
projection of the one substrate � not a program run by a deeper machine.

7.2 Counterarguments and Responses

Objection 1 (if we only ever access our model, then for all we know the
world is a simulation). Response. Representational isolation means access is model-
mediated, not that the world is a simulation in sense (A); the model mediates access to
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the projected world, a projection of the substrate, not to a deeper computation. �For
all we know� invites reading (A) again, and reading (A) is ill-typed, so there is no
hidden possibility that isolation leaves open. Isolation is a fact about the receiver axis
� we know the world through a model � and it is fully compatible with there being no
deeper substrate; indeed the relocation shows the deeper substrate to be not an open
possibility but a mislocated projection.

Objection 2 (calling experience �already the model� is idealism, denying
the external world). Response. It is not idealism: the model is a surrogate of the
projected world, answerable to the projections the world delivers and corrected against
them (Article 11); the external world is presupposed throughout, as the source of
the projections the model recovers. Representational isolation concerns the mediation
of access, not the existence of what is accessed. The world is there, projecting; the
subsystem meets it through a model; both are a�rmed. The relocation is realist about
the substrate and the projected world, and locates only the simulation � the model �
in the subsystem.

7.3 Section Result and Implications

The grain of truth in the simulation hypothesis is representational isolation � a sub-
system meets the world only through its model, so the world it experiences is already
its model � which is a receiver-axis fact, not a deeper substrate (Proposition 7.1).
The implication is that the hypothesis's appeal is explained and relocated, not merely
dismissed. We record the status of the article's claims.

8 Epistemic Status: Proved, Imported, A�rmed, and

What Is Not Claimed

In the manner of the series, we close with an explicit ledger, and we state plainly
what the article does not claim. Proved (here) marks results established in this article;
Imported marks results from prior articles; A�rmed (standard) marks established work
the article locates; Not claimed records the positions the article is careful not to take.

Claim Status Locus

Substrate vs projection; rei�cation diagnosis;
apophatic boundary

Imported Kriger, IST 2 [5],
Kriger, IST 4 [6]

Recovering model; the simulation remark Imported Kriger, IST 11
[10]

�Simulation� has a substrate and a subsystem
reading

Proved (here) Prop. 3.1

World-as-simulation (substrate reading) is ill-
typed, not false

Proved (here) Prop. 4.1

continued on next page
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Epistemic-status ledger (continued)

Claim Status Locus

Simulation is the limit of the recovering model,
in the subsystem

Proved (here) Prop. 5.1

Executable map is still a map (type, not out-
put)

Proved (here) Prop. 5.1

Regress halts: nested models in one substrate Proved (here) Prop. 6.1
Grain of truth is representational isolation (re-
ceiver axis)

Proved (here) Prop. 7.1

Bounded systems meet the world only through
a model

Imported (prior corpus) Kriger [2, 3]

The simulation argument (tower, probabilistic
inference)

A�rmed (located) Bostrom [1]

That the world is a simulation Not claimed �
That the world is not a simulation Not claimed �

The ledger's last two rows are the article's chief precaution. The relocation does not
assert that the world is a simulation, and it does not assert that the world is not a
simulation; either assertion would presuppose the ill-typed question well-formed and
answer it. The article's claim is the diagnosis: the question, on the substrate reading,
mislocates a projection, and the well-typed residue � a subsystem can build a world-
sized model that simulates its projection-stream � is true and located in the subsystem.
Everything proved here follows the foundations of Articles 2 and 4 and the bridge of
Article 11; the prior corpus on representational isolation is imported; and Bostrom's
argument is located, neither endorsed nor refuted on its own terms but shown to rest
on a mislocation.

9 Discussion

The result of this article is a relocation. The simulation hypothesis, posed as a question
about the world � is the world the output of a computation on a deeper substrate?
� mislocates a projection. �Simulation� has two readings: a computational substrate
beneath the world, and the activity of a model-building subsystem. The �rst rei�es a
projection into a second substrate and posits something beneath the axis-free ground,
and is therefore ill-typed, non-denoting rather than false. The second is real and is the
limit of the recovering model the bridge developed: a model elaborated until running it
reproduces the subsystem's projection-stream, an executable map that for all its detail
remains a map, located in the subsystem and never the substrate. The simulation,
real on the second reading, is relocated from the world to the subsystem, and with
it the regress that powered the probabilistic argument dissolves: nested simulations
are nested models in one substrate, not a tower of substrates, so there is no stack
of grounds to count. The appeal the hypothesis nonetheless exerts is explained by
representational isolation, the receiver-axis fact that a subsystem meets the world only
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through its model, so that the world we experience is already our model � a genuine
insight the hypothesis mislocates by projecting it downward into a substrate.

The relocation is of a piece with the volume's method and continues its bridge. Where
Article 2 refused to mistake a projection for the substrate and Article 4 marked the
predicates that do not cross the block, this article applies both to the most vivid
contemporary case, the simulation hypothesis, and �nds it an instance of the same
mislocation. Where Article 11 established that the model recovers what projection
loses, this article follows the recovering model to its limit and �nds the simulation there,
in the subsystem, exactly where the asymmetry placed it. And where the volume insists
throughout that the substrate carries no projection value, this article refuses to grant
the world a computational substrate beneath itself, while a�rming every well-typed
simulation a subsystem can build. The world is not shown to be a simulation, nor
shown not to be; the question is shown to be the wrong question, and the right one �
what can a model-building subsystem construct, and where does the construction live
� is answered: in the subsystem, as a map, however executable.

9.1 Limitations

Three limitations are material. First, the article's central verdict is a type-diagnosis,
that the world-as-simulation question is ill-typed; a reader who rejects the apophatic
boundary of Article 4 � who holds that �a substrate beneath the substrate� is mean-
ingful � will not accept the diagnosis, and the article does not re-argue Article 4 here.
Second, the relocation a�rms that a subsystem can in principle build a world-sized
simulation but does not address the practical or thermodynamic limits on doing so;
the cost of such a model, bounded by the cost axis (Article 9), is acknowledged but
not quanti�ed. Third, the grain-of-truth account rests on representational isolation, im-
ported from the prior corpus; its full defense lies in that work, and the article assumes
rather than re-establishes it.

9.2 Future Directions

The sequel is the incompleteness article, which takes up the residual �oor of Article 11
and the apophatic boundary of Article 4 directly, and to which the present article con-
tributes a case: the ill-typed world-as-simulation question is one of the predicates that
do not cross the block, and the incompleteness article can locate it among them. Be-
yond the volume, the relocation invites a precise question continuous with the receiver
axis: whether the richness at which a model becomes a simulation � the point where
forward execution reproduces the projection-stream � can be characterized as a thresh-
old on the receiver-relative measures of Article 10, so that �simulation� would acquire a
place in the family of receiver-relative projections rather than a merely intuitive sense.
That question is left to the work that can address it; the present article's task was the
relocation, and the simulation is relocated.
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Abstract

The opening bridge article showed that a model-building subsystem recovers the
projectable structure of the world by inference and leaves a residual �oor: a part
of the discarded �ber that no accumulation of projections ever resolves, of positive
entropy H∞ > 0. This article turns the �oor into a theorem. We de�ne a subsys-
tem's projective access as the family of projections available to it, and the joint
�ber as the set of substrate con�gurations that every available projection fails to
distinguish; the residual �oor is precisely the entropy of the joint �ber. The in-
completeness of measurement is then the statement that for any proper projective
access � any family of genuine reductions short of the bijective, non-projecting
limit � the joint �ber is non-trivial and the �oor is positive: a subsystem con�ned
to projections necessarily has structure it cannot measure, not for want of e�ort
or instruments but because projective access has �bers. A coverage construction
makes the �oor concrete: as projections accumulate the unresolved count falls
but plateaus at the distinctions no projection touches, and only the maximal ob-
server that is no subsystem reaches zero. We then draw the distinction the bridge
has been preparing. The apophatic boundary of the categorial-boundary article
concerns predicates that are ill-typed � questions that do not denote because
they read an axis-internal predicate onto the substrate. The incompleteness �oor
concerns questions that are well-typed � genuine distinctions of the projected
world, with determinate answers � yet are forever unresolved by a given access.
Two limits bound a subsystem's knowledge from two sides: the categorial limit at
the substrate, where questions cease to be well-formed, and the projective limit
within the projected world, where well-formed questions cease to be answerable.
Finally we note that self-measurement has a �ber too: a subsystem measuring
from within is part of what it measures, and complete self-measurement from
inside is impossible � a structural cousin, by analogy and not by reduction, of
algorithmic incompleteness.

Keywords: incompleteness of measurement; projective access; joint �ber; residual
entropy; apophatic boundary; ill-typed predicates; self-measurement; foundations of
physics.
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1 Introduction

The opening article of the bridge established the central asymmetry and, with it, a
residue. A model-building subsystem recovers the projectable structure of the world by
inference rather than by inversion, conditioning an internal surrogate on the projections
it receives; but the recovery stops at a �oor. There is a part of the discarded �ber that
no accumulation of projections ever distinguishes � the part every projection holds in
common as a collapsed distinction � and on that part the subsystem's posterior cannot
concentrate. The residual uncertainty H∞ > 0 persists as projections accumulate
without bound, and it was named, there, the seed of the incompleteness of measurement
[6]. This article grows the seed into a theorem.

The construction is direct. A subsystem does not have all projections; it has the ones
its organization a�ords � a de�nite family, its projective access. Each projection in
the family is a reduction, collapsing a �ber of substrate con�gurations it does not
distinguish (Article 11); the con�gurations that every projection in the access collapses
together form the joint �ber, the set of substrate states the subsystem cannot tell
apart by any measurement available to it. The residual �oor is the entropy of this
joint �ber. And the incompleteness of measurement is the statement that, for any
proper projective access � any family of genuine reductions that stops short of the
bijective, non-projecting limit � the joint �ber is non-trivial, so the �oor is positive.
A subsystem con�ned to projections necessarily has structure it cannot measure. The
limitation is not contingent, not a matter of �ner instruments or longer observation; it
is the structural consequence of access being projective, and projections having �bers.

The theorem invites a distinction the bridge has been preparing since Part I, and
drawing it is the article's second task. There are two ways a question about the world
can fail to be answerable, and they are not the same. The categorial-boundary article
identi�ed the �rst: some predicates are ill-typed � they ask of the substrate something
only a projection can satisfy, reading an axis-internal predicate (a colour, an age, a
position) onto the axis-free ground, and so they do not denote; they are neither true
nor false but malformed [4]. The incompleteness �oor is the second, and it is di�erent in
kind. The questions it concerns are well-typed : they ask about genuine distinctions of
the projected world, distinctions with determinate answers, con�gurations that really
do or do not obtain. What fails is not their sense but their reachability: no projection
in the subsystem's access resolves them. The �oor is well-typed and unresolved; the
apophatic boundary is ill-typed. One is a limit within the projected world, the other a
limit at the substrate.

These two limits bound a subsystem's knowledge from two sides, and seeing them to-
gether is the article's point. Above, at the substrate, lies the categorial limit: questions
that cease to be well-formed, the apophatic silence of Article 4. Within, in the projected
world, lies the projective limit: well-formed questions that cease to be answerable, the
incompleteness �oor of this article. Neither is a defect to be repaired. The �rst is the
price of the substrate's being axis-free; the second is the price of a subsystem's access be-
ing projective. We make the �oor a theorem, distinguish it sharply from the apophatic
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boundary, and close by observing that even a subsystem's measurement of itself has a
�ber � that complete self-measurement from within is impossible, a structural cousin
of algorithmic incompleteness which we draw as an analogy and not a reduction [1].

2 Logical Structure of the Argument

The article moves from the joint �ber to the two boundaries and the self-�ber.

Step 1 (Section 3): Projective access and the joint �ber.
The access is the family of available projections; the joint �ber is what they all
collapse; the residual �oor is its entropy (De�nition 3.1, Proposition 3.2).

Step 2 (Section 4): The incompleteness of measurement.
For proper access the joint �ber is non-trivial and the �oor is positive: structure no
measurement resolves (Theorem 4.1, Figure 1).

Step 3 (Section 5): Two boundaries.
The incompleteness �oor is well-typed-but-unresolved; the apophatic boundary is
ill-typed; they are limits of di�erent kinds (Proposition 5.1).

Step 4 (Section 6): Measurement from within.
A subsystem measuring itself is part of what it measures; its self-directed access has
a �ber; complete self-measurement is impossible (Proposition 6.1).

Step 5 (Section 7): Epistemic status.
A ledger separates what is proved, imported, and a�rmed, and marks the algorith-
mic analogy as analogy.

The dependencies are linear: Step 1 identi�es the �oor with the joint �ber; Step 2
proves the �ber non-trivial for proper access; Step 3 distinguishes this projective limit
from the categorial one; Step 4 extends the limit to self-measurement. The thesis is
that incompleteness of measurement is a theorem of projective access, distinct in kind
from the apophatic boundary, and that it reaches even the subsystem's knowledge of
itself.

3 Projective Access and the Joint Fiber

3.1 The �oor is the joint �ber

We make the residual �oor a de�nite object, the joint �ber of a subsystem's projective
access.
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De�nition 3.1 (Projective access and the joint �ber). A subsystem's projective access
is the family P = {ρi}i∈I of projections available to it. Each ρi collapses a �ber
of substrate con�gurations it does not distinguish. The joint �ber FP is the set of
substrate con�gurations that every ρi fails to distinguish: those mapped to the same
value by all available projections, FP = {x : ρi(x) = ρi(x

′) for all i and some x′ ̸= x},
i.e. the con�gurations the subsystem cannot tell apart by any measurement it has.

Proposition 3.2 (The residual �oor is the entropy of the joint �ber). The residual
�oor H∞ of the recovering model (Article 11) equals the entropy of the joint �ber: H∞ =
H(X | {ρi(X)}i∈I), the uncertainty about the substrate con�guration X remaining after
conditioning on all available projections. For a uniform prior over a �nite joint �ber,
H∞ = log |FP |. The model recovers everything the access jointly distinguishes and
nothing it jointly collapses.

Proof. By Article 11 the recovering model conditions on the projections received, and
its residual uncertainty about the preimage is the conditional entropy of the substrate
con�guration given those projections [2, 6]. As projections accumulate within the access,
the posterior concentrates on the set of con�gurations consistent with all of them � the
complement of what they jointly distinguish � and cannot fall below the entropy of the
con�gurations they jointly fail to distinguish, which is the joint �ber (De�nition 3.1).
Hence H∞ = H(X | {ρi(X)}), equal to log |FP | for a uniform prior. The �oor is the
joint �ber's entropy.

The proposition �xes what was, in Article 11, a limit of an accumulating posterior
as a de�nite structural object. The �oor is not a vague residue but the joint �ber of
the subsystem's access: the equivalence class of substrate con�gurations that all of the
subsystem's projections map alike. Two worlds that di�er only within the joint �ber
deliver the subsystem identical projections under every measurement it has, and so are,
for it, indistinguishable � not provisionally, pending better data, but exactly, because
no available projection separates them. The size of that class is the �oor.

3.2 Counterarguments and Responses

Objection 1 (a subsystem can acquire new projections, enlarging its access,
so the joint �ber is not �xed). Response. The joint �ber is relative to an access,
and enlarging the access shrinks it: adding a projection that distinguishes some previ-
ously collapsed con�gurations removes them from the joint �ber and lowers the �oor
(Section 4, Figure 1). The theorem of the next section concerns what remains for any
proper access, however enlarged; it does not claim a �xed �ber but a positive �oor for
every access short of the non-projecting limit. The relativity to access is built in and
is exactly what the staircase of Figure 1 displays.

Objection 2 (conditional entropy is an information-theoretic quantity, not a
fact about what a subsystem can measure). Response. The conditional entropy
H(X | {ρi(X)}) is precisely the uncertainty about X that no function of the available
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projections can remove, and a measurement available to the subsystem is, by de�nition,
a function of its projections (it has no other access). So the conditional entropy is
the exact information-theoretic form of �what the subsystem cannot measure�: any
estimator it builds is a function of {ρi(X)}, and the data-processing inequality bounds
what any such function recovers (Article 11). The quantity and the measurement limit
coincide.

3.3 Section Result and Implications

The residual �oor is the entropy of the joint �ber of a subsystem's projective access �
the con�gurations all its projections collapse together (De�nition 3.1, Proposition 3.2).
The implication is that incompleteness, if it holds, is the non-triviality of this joint �ber.
We prove it non-trivial.

4 The Incompleteness of Measurement

4.1 The theorem

The �oor is the joint �ber's entropy; the theorem is that, for any proper access, this is
positive.

Theorem 4.1 (Incompleteness of measurement). Let P = {ρi} be a proper projective
access: each ρi is a genuine reduction (non-trivial �ber), and P is not the bijective, non-
projecting limit that distinguishes every con�guration. Then the joint �ber FP is non-
trivial, |FP | > 1, and the residual �oor is positive, H∞ > 0. A subsystem with proper
projective access necessarily has substrate structure it cannot measure � distinctions
no available projection resolves � and this is a structural feature of projective access,
not a contingent shortfall of instruments or observation.

Proof. By hypothesis P is not the bijective limit, so the joint reduction ρP : x 7→
(ρi(x))i∈I is not injective: there exist x ̸= x′ with ρi(x) = ρi(x

′) for all i, since otherwise
the family would jointly distinguish every pair and P would be the bijective limit
excluded by hypothesis. Hence the joint �ber containing x has at least two elements,
|FP | > 1, and by Proposition 3.2 the �oor is H∞ = H(X | {ρi(X)}) ≥ log 2 >
0 for a prior giving positive weight to x and x′. That this holds for every proper
access establishes the limitation as structural: only the non-projecting limit, which
distinguishes all con�gurations and is therefore no reduction at all, achieves H∞ =
0.

The theorem says, plainly, that to access the world by projection is to leave some of
it unmeasured, and that no enlargement of one's measurements short of becoming the
world's bijective image removes the residue. Figure 1 shows the mechanism. Each pro-
jection resolves some distinctions and not others; as projections are added the resolved
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Figure 1: The incompleteness of measurement as the joint �ber. A substrate state
carries D = 12 independent distinctions; a subsystem's access is a family of projections,
each resolving a subset and blind to the rest. (a) As projections accumulate the
unresolved count H∞ falls as a staircase but plateaus at the �oor � the distinctions no
projection touches. More measurement lowers the �oor; it does not close it. Only the
non-projecting (bijective) limit, the maximal observer that is no subsystem, reaches
zero. (b) The coverage grid: which distinction (column) each projection (row) resolves.
The columns no row touches are the joint �ber (boxed) � the �oor, the well-typed
structure this access can never resolve.

distinctions accumulate and the unresolved count falls; but the fall plateaus at exactly
the distinctions that no projection in the access touches, the joint �ber, and there the
�oor sits. The only way to drive the �oor to zero is to possess a family of projections
that jointly distinguish every con�guration � the bijective limit, which is not a pro-
jective access at all but the maximal observer of Article 10, the receiver that reduces
nothing. A subsystem, which is by de�nition a reducing receiver, never occupies that
limit, and so always has a positive �oor.

4.2 Counterarguments and Responses

Objection 1 (with enough independent projections the �oor can be made as
small as one likes, so �incompleteness� overstates a quantitative smallness).
Response. The �oor can indeed be made small by a rich access, and the theorem asserts
not that it is large but that it is positive for every proper access � that it never reaches
zero. The claim is qualitative and exact: there is always some well-typed structure
unresolved, however much is resolved. �Incompleteness� names this strict positivity,
the impossibility of total measurement, not a claim about magnitude; a subsystem may
know almost everything and still, necessarily, not everything.

Objection 2 (the bijective limit is achievable in principle, so the �oor is not
necessary). Response. The bijective limit distinguishes every con�guration and so
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collapses no �ber; it is the non-reducing receiver, which Article 10 identi�ed as the
maximal observer and Article 11 noted is not available to a subsystem inside the world,
since a subsystem's access is �nite and organized and therefore reduces. A receiver that
reduced nothing would have to register every distinction of the entire substrate, which
is not a subsystem's situation but the limit in which receiver and world coincide. For
any actual subsystem the limit is unattained, and the �oor is positive � which is the
theorem.

4.3 Section Result and Implications

For any proper projective access the joint �ber is non-trivial and the �oor is positive:
a subsystem con�ned to projections necessarily has well-typed structure it cannot mea-
sure (Theorem 4.1, Figure 1). The implication is that this projective limit must be
distinguished from the categorial limit of Article 4. We distinguish them.

5 Two Boundaries: Apophatic and Projective

5.1 Ill-typed and well-typed-but-unresolved

The incompleteness �oor is a limit on knowledge, and so is the apophatic boundary of
Article 4; the article's second task is to keep them apart, for they are di�erent in kind.

Proposition 5.1 (Two boundaries of di�erent kinds). A subsystem's knowledge is
bounded in two distinct ways:

(i) (Categorial / apophatic.) The apophatic boundary concerns ill-typed questions:
predicates applied to the axis-free substrate that only a projection can satisfy. These
do not denote; they are neither true nor false but malformed (Article 4). The limit
is at the substrate.

(ii) (Projective / incompleteness.) The incompleteness �oor concerns well-typed ques-
tions: genuine distinctions of the projected world, with determinate answers, that
no projection in a given access resolves (Theorem 4.1). These denote and have
answers; the answers are unreachable. The limit is within the projected world.

The two are not the same boundary at di�erent strengths; one marks where questions
cease to be well-formed, the other where well-formed questions cease to be answerable.

Proof. The apophatic boundary is the set of predicates whose application to the sub-
strate is a category error (Article 4): to ask the substrate's colour or age is to apply an
axis-internal predicate to the axis-free ground, which fails to denote. The incomplete-
ness �oor, by contrast, consists of distinctions within the projected world � con�gu-
rations x, x′ that genuinely di�er (Theorem 4.1) and so pose a well-formed question,
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�is it x or x′?�, with a determinate answer �xed by which obtains. That question de-
notes and has a truth-value; what the joint �ber establishes is only that no available
projection delivers it. The �rst failure is of sense, the second of access; a malformed
non-question and a well-formed unanswerable question are di�erent, so the boundaries
di�er in kind.

The distinction matters because the two limits are easily con�ated, and con�ating them
distorts both. Treat the incompleteness �oor as apophatic, and one wrongly concludes
that the unmeasured distinctions are not real � that because we cannot resolve them
there is no fact of the matter � when the theorem says they are perfectly real dis-
tinctions of the projected world, merely beyond a given access. Treat the apophatic
boundary as incompleteness, and one wrongly imagines that the substrate's �colour� is
a hidden fact awaiting a better instrument, when Article 4 showed there is no such fact
to �nd, the question being malformed. The bridge keeps them separate: the substrate
is apophatically silent, not incompletely measured; the projected world is incompletely
measured, not apophatically silent. The two silences have di�erent sources and di�erent
honest responses � to the �rst, that the question does not denote; to the second, that
the answer exists and is unreachable.

5.2 Counterarguments and Responses

Objection 1 (an unresolvable distinction is operationally meaningless, so the
�oor collapses into the apophatic after all). Response. Operationally inaccessible
is not meaningless. The con�gurations x and x′ in the joint �ber di�er as substrate
con�gurations and would be distinguished by some projection outside the access �
indeed by the bijective limit � so the distinction is well-de�ned and the question �x
or x′?� is well-formed, with an answer. A veri�cationist who equates meaning with
the subsystem's veri�ability will indeed collapse the two; the substrate frame does not,
holding that what a particular access cannot resolve may still be a genuine distinction
of the world. The �oor's distinctions are real and unreached, which is exactly not the
apophatic case of no-fact-to-�nd.

Objection 2 (if the �oor's distinctions can never be resolved, asserting they
are �real� is idle metaphysics). Response. It is not idle: it is the di�erence between
two diagnoses with di�erent consequences. That the �oor's distinctions are real and
unreached means a richer access would resolve them (Figure 1), so the limit is relative
to access and can be lowered, whereas the apophatic limit cannot be lowered by any
access because there is nothing to resolve. The reality of the �oor's distinctions is
what makes the �oor a function of access rather than an absolute silence, and that is
a substantive, not idle, di�erence � it is why measurement can progress at all.
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5.3 Section Result and Implications

The incompleteness �oor (well-typed, unresolved, within the projected world) and the
apophatic boundary (ill-typed, non-denoting, at the substrate) are limits of di�erent
kinds, bounding a subsystem's knowledge from two sides (Proposition 5.1). The impli-
cation is that the projective limit reaches even inward. We turn it on the subsystem
itself.

6 Measurement from Within

6.1 The subsystem's self-�ber

The incompleteness �oor concerns a subsystem's access to the world; the subsystem is
part of the world, so the �oor reaches its access to itself.

Proposition 6.1 (Self-measurement has a �ber). A subsystem that measures from
within is part of what it measures: its self-directed projections are taken by a part of
the system about the whole, including the measuring part. Such self-access is a proper
projective access (it reduces, being �nite and organized), so by Theorem 4.1 its joint
�ber is non-trivial: there is structure of the subsystem itself � including of its own
measuring apparatus � that the subsystem cannot resolve from within. Complete self-
measurement from inside is therefore impossible. This is a structural cousin, by analogy
and not by reduction, of algorithmic incompleteness, in which a su�ciently rich formal
system cannot certify all truths about itself [1].

Argument. A subsystem's self-measurement is a projection whose domain includes the
subsystem, taken by a proper part of it; the apparatus that records cannot, in the act,
fully project its own recording state, since registering a state changes it and the regis-
tration of the registration regresses. The self-access is thus a proper projective access
(it omits at least the current state of its own apparatus), and Theorem 4.1 gives a non-
trivial joint �ber: self-structure the subsystem cannot resolve from within. The analogy
to algorithmic incompleteness is that a system rich enough to model itself cannot, from
inside, settle every question about itself; we mark it as an analogy, the present result
resting on the projective �ber of self-access, not on a formal arithmetization [1].

The proposition extends the limit to its most re�exive case and tempers a hope. One
might suppose that whatever a subsystem cannot measure of the external world it could
at least measure of itself, having privileged inner access; the proposition denies it. Self-
access is projective too � a part registering the whole � and so has its own joint �ber,
its own �oor. The measuring apparatus cannot fully measure its own measuring state
in the act of measuring, and the regress of measuring the measurement does not close.
A subsystem is incompletely transparent to itself for the same structural reason it is
incompletely informed about the world: its access, inward or outward, is projective, and
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projections have �bers. We draw the kinship with algorithmic incompleteness carefully,
as an analogy of structure � a system rich enough to represent itself meets a limit on
self-certi�cation � and not as a derivation of one from the other; the present limit is
information-theoretic and projective, Chaitin's is computational and arithmetical, and
the resemblance is in shape, not in proof.

6.2 Counterarguments and Responses

Objection 1 (a subsystem could be measured completely by an external
observer, so the limit is not absolute). Response. An external observer with a
richer access could resolve distinctions the subsystem cannot resolve of itself, exactly as
a richer access lowers any �oor (Figure 1); the proposition concerns self-measurement
from within, not measurement in principle. The limit is on the subsystem's own access
to itself, which is proper and so has a �ber; it is not a claim that the subsystem's
states are absolutely unmeasurable, only that they are not fully self-measurable. The
relativity to access holds inward as outward.

Objection 2 (the algorithmic-incompleteness analogy is doing illegitimate
work). Response. It is doing no probative work and is �agged as analogy in the
statement, the proof, and the ledger. The proposition rests entirely on the projective
�ber of self-access (Theorem 4.1); the mention of algorithmic incompleteness only notes
a structural resemblance � a self-modelling system limited in self-certi�cation � to
orient the reader, and explicitly disclaims a reduction. Removing the analogy would
not weaken the proof, which is information-theoretic throughout.

6.3 Section Result and Implications

Self-measurement is projective and so has a joint �ber: complete self-measurement
from within is impossible, a structural cousin of algorithmic incompleteness drawn as
analogy (Proposition 6.1). The implication is that the projective limit is fully general,
reaching the world and the subsystem alike. We record status and close.

7 Epistemic Status: Proved, Imported, A�rmed

In the manner of the series, we close with an explicit ledger. Proved (here) marks
results established in this article; Imported marks results from prior articles; A�rmed
(standard) marks established work the article applies; Analogy (not reduction) marks
the algorithmic kinship.
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Claim Status Locus

Residual �oor H∞ > 0 of the recovering model Imported Kriger, IST 11
[6]

Apophatic boundary; ill-typed predicates Imported Kriger, IST 4 [4]
Maximal observer as non-reducing receiver Imported Kriger, IST 10

[5]
Projective access; joint �ber Proved (here) Def. 3.1
Floor equals entropy of the joint �ber Proved (here) Prop. 3.2
Incompleteness: proper access ⇒ H∞ > 0 Proved (here) Thm. 4.1
Floor lowers with access but never closes Proved (here) Fig. 1
Two boundaries: well-typed-unresolved vs ill-
typed

Proved (here) Prop. 5.1

Self-measurement from within is incomplete Proved (here) Prop. 6.1
Conditional entropy; data-processing bound A�rmed (standard) Cover and

Thomas [2]
Bounded systems access the world projectively Imported (prior corpus) Kriger [3]
Kinship with algorithmic incompleteness Analogy (not reduction) Chaitin [1]

The ledger marks the division of labor. The article imports the residual �oor, the
apophatic boundary, and the maximal observer; it proves that the �oor is the joint
�ber, that proper access entails a positive �oor, that the �oor lowers but never closes,
that the projective limit di�ers in kind from the apophatic, and that self-measurement
is incomplete; it a�rms the standard information theory it applies; and it marks the
algorithmic-incompleteness kinship explicitly as an analogy, not a reduction.

8 Discussion

The result of this article is a theorem and a distinction. The theorem turns the resid-
ual �oor of the opening bridge article into a structural fact: a subsystem's projective
access has a joint �ber, the con�gurations all its projections collapse together, and for
any proper access this �ber is non-trivial, so the �oor H∞ is positive. A subsystem
con�ned to projections necessarily has well-typed structure it cannot measure, and
no enlargement of its measurements short of the non-projecting limit � the maximal
observer that is no subsystem � removes the residue. The distinction sets this projec-
tive limit beside the categorial one of Article 4 and keeps them apart: the apophatic
boundary concerns ill-typed questions that do not denote, a limit at the substrate; the
incompleteness �oor concerns well-typed questions that denote and have answers but
are unreachable, a limit within the projected world. Two boundaries, of di�erent kinds,
bound a subsystem's knowledge from two sides � the silence of malformed questions
above, the silence of unanswerable well-formed questions within.

The two limits complete the bridge's account of the model-builder. Article 11 showed
that projection loses and the model recovers by inference; Article 12 found the arrow
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of time in the model-builder's record gradient; Article 13 relocated the simulation into
the model; and this article marks the outer edge of what the model can recover at
all. The recovering model is powerful � it climbs the entropy gradient laying down
records, it can become a simulation rich enough to reproduce its projection-stream �
but it is bounded, above by the apophatic silence of the substrate and within by the
incompleteness �oor of its own access. The model-builder is neither omniscient nor
deluded: it recovers the projectable structure of its world, truly and progressively, and
it meets, at the joint �ber, a limit that is not a failure but the shape of projective
access itself. That even its self-measurement is incomplete � that it cannot be fully
transparent to itself from within � places the limit at the most intimate possible point
and con�rms its generality. The prior corpus had argued that bounded systems access
the world only projectively, through a maintained model [3]; the present article draws
the consequence: projective access, inward or outward, leaves a �oor, and the �oor is
where measurement ends.

8.1 Limitations

Three limitations are material. First, the theorem establishes that the �oor is positive
for proper access but does not, in general, compute its size; the magnitude H∞ depends
on the joint �ber of a particular access and is not given by the theorem, which asserts
only strict positivity. Second, the distinction between the apophatic and projective
boundaries presupposes the categorial boundary of Article 4; a reader who rejects that
boundary will read both limits as one, and the article does not re-argue Article 4
here. Third, the self-measurement result is argued at the level of the projective �ber
of self-access and drawn as an analogy to algorithmic incompleteness; a precise formal
correspondence, if one exists, is not established and is not claimed.

8.2 Future Directions

The sequel is the volume's closing treatment of the apophatic boundary, which can now
incorporate both limits � the categorial silence of the substrate and the projective
�oor of access � into a single account of what lies beyond a subsystem's reach and
why. Beyond the volume, the theorem invites the precise question the series has raised
at each stage: whether the �oor H∞ of an access is a projection-theoretic invariant,
computable from the joint �ber's relation to the inter-axis morphisms of Article 3, so
that the limit of what any model can recover would be read o� the same diagram that
classi�es the axes. The completeness conjecture and the incompleteness �oor would
then be two faces of one structure � what the morphisms preserve and what the joint
�ber discards. That question is left to the work that can address it; the present article's
task was to make the �oor a theorem, and the �oor is a theorem.

14333



Prepared for submission to Foundations of Physics

Acknowledgments

The author thanks colleagues of the Information Physics Institute and the Institute of
Integrative and Interdisciplinary Research for sustained discussion of the foundations
of the series.

15334



Prepared for submission to Foundations of Physics

References

[1] G. J. Chaitin. A theory of program size formally identical to Gödel's incomplete-
ness theorem. Journal of the ACM, 22(3):329�340, 1975.

[2] T. M. Cover and J. A. Thomas. Elements of Information Theory. Wiley-
Interscience, Hoboken, NJ, 2nd edition, 2006.

[3] B. Kriger. Evolutionary and information-theoretic argument for the necessity of
representational isolation: why direct perception was never an option for complex
systems. IIIR. Zenodo, 2026. doi:10.5281/zenodo.18331202.

[4] B. Kriger. The categorial boundary: on predicates that do not cross the block.
IST, Volume VII, Article 4. Zenodo, 2026.

[5] B. Kriger. The axis of the receiver: Bateson's di�erence and the pragmatic projec-
tion. IST, Volume VII, Article 10. Zenodo, 2026.

[6] B. Kriger. Projection loses, the model recovers: the central asymmetry and the
opening of the bridge. IST, Volume VII, Article 11. Zenodo, 2026.

16335

https://doi.org/10.5281/zenodo.18331202


Prepared for submission to Foundations of Physics

A Code for Figure 1

The following Python script generates Figure 1: a substrate carrying D = 12 distinc-
tions, a projective access of six projections, and the joint �ber � the distinctions no
projection resolves � as the residual �oor.

D = 12

access = [{0,1,2}, {2,3,4}, {4,5}, {5,6,7}, {7,8}, {8,9,0}] # each resolves a subset

# distinctions 10, 11 are resolved by NO projection -> the joint fiber (floor = 2)

covered, unresolved = set(), [D]

for S in access:

covered |= S

unresolved.append(D - len(covered)) # staircase: 12, 9, 7, 6, 4, 3, 2

joint_fiber = [d for d in range(D) if all(d not in S for S in access)] # [10, 11]

floor = len(joint_fiber) # H_inf = 2
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Abstract

The volume has found two limits on what a subsystem can know, and this article,
beginning the close, draws them into a single account. The �rst was established
at the foundations: the categorial boundary, where predicates applied to the axis-
free substrate fail to denote, so that certain questions are not unanswered but
ill-formed. The second was established as a theorem of the bridge: the projective
boundary, where well-formed questions about genuine distinctions of the projected
world go forever unresolved because a subsystem's access is projective and projec-
tions have �bers. The two are silences of di�erent kinds, and the article's chief
work is to keep them distinct while exhibiting them as the single boundary of
a subsystem's reach. We give the map: between the two silences lies the rich
interior of the recovered and projectable, the whole content of Parts II and III;
the boundaries bound that interior, they do not empty it. We then state the dis-
cipline of speech proper to each. At the categorial boundary only the via negativa
is well-formed: of the substrate one may say what it is not, and what it stands
in relation to, but never a positive axis-value, since every such �lling is the rei�-
cation the foundations forbid. At the projective boundary a di�erent discipline
holds: one asserts that there is a determinate fact and that it is unreached by
the present access, lowerable by a richer access but never closable short of the
non-projecting limit; one must not conclude that there is no fact, nor that some
instrument will surely reach it. The two errors to avoid are symmetric � treating
the substrate as a hidden fact awaiting a better measurement, and treating the
unreached distinctions as no facts at all � and both collapse the two silences
into one. The account is neither skeptical nor mystical: it is a disciplined map
of a vast knowable interior and the two di�erent edges that bound it. The kin-
ship of the categorial silence to the apophatic method of older traditions is noted
and, as �rmly, distinguished: the substrate's ine�ability is its axis-freeness, fully
explicable, not a mystery.

Keywords: apophatic boundary; projective boundary; via negativa; ill-typed predi-
cates; incompleteness; limits of knowledge; substrate; foundations of physics.
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1 Introduction

The volume has arrived, by two routes, at two limits, and the work of this article is
to set them side by side. The �rst limit was �xed at the foundations. The categorial-
boundary article showed that predicates belonging to an axis � a colour, an age, a
position, a measure � cannot be applied to the axis-free substrate without category
error; questions that so apply them do not denote, and are therefore not unanswered
but ill-formed, neither true nor false but malformed [4]. The second limit was proved on
the bridge. The incompleteness article showed that a subsystem's projective access has
a joint �ber � con�gurations every available projection collapses together � and that
for any proper access this �ber is non-trivial, so there is well-typed structure, genuine
distinctions of the projected world with determinate answers, that no measurement
the subsystem has ever resolves [7]. Two limits, two silences, reached from opposite
directions: one at the edge of sense, one at the edge of reach.

They are easy to confuse and important not to, and the confusion runs both ways. One
may take the categorial silence for an incompleteness � imagining that the substrate's
�colour� or �age� is a hidden fact awaiting a �ner instrument � when the categorial
article showed there is no such fact to �nd, the question being malformed. Or one
may take the projective �oor for an apophatic silence � concluding that because some
distinction can never be measured there is no fact of the matter � when the incom-
pleteness theorem showed the distinction is perfectly real, a genuine di�erence of the
projected world, merely beyond a given access. The two errors are symmetric, and
each collapses the two silences into one. Keeping them apart, and saying exactly what
discipline of speech each demands, is this article's task.

The map is simple and worth stating at once. Between the two silences lies the inte-
rior: the recovered and projectable, everything Part II classi�ed as the projections and
Part III showed the model-builder to recover, time's arrow and the relocated simulation
included. This interior is vast and real; the boundaries bound it, they do not empty
it. At its outer edge stands the categorial boundary, beyond which is the axis-free
substrate, approached only by the via negativa � one may say what the substrate is
not, and what it stands in relation to, but never a positive axis-value, since every posi-
tive �lling rei�es a projection into the substrate, the error the foundations forbid [2, 3].
Within the interior, between what a subsystem has reached and what its world contains,
runs the projective boundary, the joint �ber of its access: well-typed distinctions, real
and determinate, that this access never resolves, lowerable by a richer access but never
closable short of the non-projecting limit that is no subsystem [5�7].

Two boundaries, then, of di�erent kinds and di�erent disciplines, bounding one rich
interior. The article gives the map (Section 3), states the via negativa proper to the
categorial edge (Section 4) and the real-and-unreached discipline proper to the projec-
tive edge (Section 5), names the symmetric double error that collapses them (Section 6),
and insists that the result is neither skeptical nor mystical but a disciplined account of
a knowable world and its two honest limits (Section 7). The kinship of the categorial
silence to the apophatic method of older traditions of thought is real and is noted; but
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it is, as �rmly, distinguished, for the substrate's ine�ability is nothing mysterious � it
is simply its axis-freeness, fully explicable, the precise reason no axis-predicate applies.

2 Logical Structure of the Argument

The article uni�es the two limits, states the discipline of each, and guards against two
errors.

Step 1 (Section 3): The boundary has two components.
The categorial and projective limits are the two edges of a subsystem's reach, bound-
ing a rich interior (Proposition 3.1, Figure 1).

Step 2 (Section 4): The via negativa.
At the categorial boundary only negative and relational predication of the substrate
is well-formed; positive axis-predication is rei�cation (Proposition 4.1).

Step 3 (Section 5): Real and unreached.
At the projective boundary one asserts a determinate, unreached, lowerable-but-not-
closable fact (Proposition 5.1).

Step 4 (Section 6): The double error.
Collapsing either silence into the other is an error; the two di�er in source and
discipline (Proposition 6.1).

Step 5 (Section 7): The interior is rich.
The boundaries bound a vast knowable interior; the account is neither skeptical nor
mystical (Proposition 7.1).

Step 6 (Section 8): Epistemic status.
A ledger separates what is proved, imported, and a�rmed.

The dependencies are linear: Step 1 sets the two edges side by side; Steps 2 and 3
give each its discipline; Step 4 forbids their con�ation; Step 5 a�rms the interior they
bound. The thesis is that a subsystem's reach has two boundaries of di�erent kinds,
each demanding its own discipline of speech, and that together they bound a rich
knowable world rather than emptying it.

3 The Boundary Has Two Components

3.1 Two edges of one reach

We �rst set the two limits, separately established, into one structure.
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Proposition 3.1 (The boundary of a subsystem's reach has two components). The
boundary of what a subsystem can know comprises two edges of di�erent kinds:

(i) the categorial (apophatic) boundary, at the axis-free substrate, where predicates
fail to denote and questions are ill-formed (Article 4); and

(ii) the projective boundary, within the projected world, where well-typed questions
about real distinctions go unresolved by a given projective access (Article 14).

Between them lies the interior: the recovered and projectable, the content of Parts II
and III. The two edges bound this interior; they do not constitute its whole, and they
do not empty it.

Proof. The categorial boundary is established in Article 4 as the set of ill-typed pred-
ications of the substrate [4]; the projective boundary in Article 14 as the joint �ber
of a proper access, of positive residual entropy [7]. They are of di�erent kinds: one
concerns sense (whether a question denotes), the other reach (whether a well-formed
question is answerable), as Article 14 already distinguished. The interior is what lies
inside both: the projections classi�ed in Part II and the structure the model-builder
recovers in Part III, all well-typed and all reached. Its non-emptiness is the content of
those parts. Hence the boundary of reach has exactly these two components, with the
interior between.

The map (Figure 1) shows the structure at a glance and corrects a re�ex. The re�ex,
when one hears of limits on knowledge, is to picture a small lit clearing in a vast
darkness � knowledge as a precarious exception. The map inverts the picture: the lit
interior is vast, comprising every projection and every recovery the volume has treated,
and the darkness is two thin edges of di�erent kinds, one where sense gives out and one
where reach gives out. The boundaries are real and the article will be precise about
each, but they are edges of a rich country, not the rumor of one. To mistake the edges
for the whole � to read the volume as a counsel of ignorance � is the �rst thing the
map forbids.

3.2 Counterarguments and Responses

Objection 1 (two boundaries are one too many; a single notion of �the
unknowable� would do). Response. A single notion blurs exactly what matters.
The unknowable-because-malformed and the unknowable-because-unreached call for
opposite responses: to the �rst, that there is nothing to know, the question being ill-
formed; to the second, that there is something to know, determinate and real, which
this access cannot reach. Lumping them as �the unknowable� licenses the two errors
of Section 6, treating real distinctions as non-facts or malformed questions as hidden
facts. Two boundaries are the minimum the distinctions require.
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THE SUBSTRATE  axis-free (Art. 1)
only the via negativa is well-formed · positive predication = reification (Art. 2)

THE PROJECTED WORLD  well-typed facts

ca
te

go
ria

l /
 a

po
ph

at
ic 

bo
un

da
ry

WELL-TYPED, UNREACHED  the projective floor / joint fiber (Art. 14)

REACHED

the recovered & projectable

(Parts II III)

projective boundary
real · unreached · lowerable, not closable

Figure 1: The map of a subsystem's reach. The innermost region is reached: the
recovered and projectable, the content of Parts II�III. The surrounding ring is well-
typed, unreached: the projective �oor, the joint �ber of the subsystem's access
(Article 14) � real distinctions of the projected world this access never resolves. The
inner edge between them is the projective boundary : real, unreached, lowerable by a
richer access but not closable. The outer frame is the projected world of well-typed
facts; its border is the categorial / apophatic boundary (Article 4). Outside everything
is the axis-free substrate (Article 1), of which only the via negativa is well-formed and
positive predication is rei�cation (Article 2). Two boundaries of di�erent kinds bound
a rich interior, not an empty one.

Objection 2 (the interior may be less rich than claimed; perhaps most of
the world is in the �oor). Response. The size of the �oor relative to the interior
is a quantitative matter the incompleteness theorem leaves open (Article 14), and the
article does not claim the interior is most of the world by measure. It claims the
interior is rich in the sense that matters � it contains every projection and recovery
the volume treats, the entire positive content of physics as the volume reads it � and
that the boundaries bound rather than constitute it. A large �oor would mean much
is real and unreached, which is a claim about reach, not a demotion of the interior's
reality or richness.
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3.3 Section Result and Implications

A subsystem's reach is bounded by two edges of di�erent kinds, the categorial and the
projective, with a rich interior between (Proposition 3.1, Figure 1). The implication is
that each edge demands its own discipline of speech. We give them.

4 The Discipline at the Categorial Boundary: the Via

Negativa

4.1 What may be said of the substrate

At the outer edge, where predicates meet the axis-free substrate, the discipline is the
via negativa.

Proposition 4.1 (Only the via negativa is well-formed of the substrate). Of the sub-
strate, the well-formed predications are exactly the negative and the relational. One
may say truly what the substrate is not � not in time, not in space, not coloured, not
a measure, not a code � for each such denial removes an axis-predicate that does not
apply (Article 4). One may say truly what the substrate stands in relation to � that
it is that of which the axes are projections, that di�erentiatedness is its character (Ar-
ticle 1). One may not say what the substrate positively is in any axis-value, for every
such positive predication applies an axis-internal predicate to the axis-free ground and
so rei�es a projection into the substrate (Article 2). The mode proper to the categorial
boundary is therefore apophatic: approach by negation and relation, never by positive
axis-predication.

Proof. A positive axis-predication of the substrate � �the substrate is [an axis-value]�
� applies a predicate that has sense only within an axis to the ground that is prior
to every axis, which Article 4 marks ill-typed and Article 2 diagnoses as rei�cation
[3, 4]. A negative predication � �the substrate is not [an axis-value]� � is well-formed
and true precisely because the axis-predicate does not apply: to deny an inapplicable
predicate is correct, not malformed. A relational predication � �the substrate is that
of which axes are projections� � is well-formed because it speaks of the substrate's
relation to the axes, not of its possessing an axis-value, and is the substrate's positive
characterization established in Article 1 [2]. Hence the well-formed modes are the
negative and the relational, and the positive-axial mode is excluded; the discipline is
the via negativa.

The proposition gives the categorial boundary its rule of speech, and the rule is exacting.
The temptation at this boundary is to �ll the silence with a positive picture � to say
the substrate is a �eld, or a computation, or information, or a mind, or pure potential �
and the temptation is strong because the human demand for a positive answer is strong.
Every such �lling is a rei�cation: it takes a projection (the �eld, the computation, the
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information) and installs it as the substrate, exactly the error Article 2 diagnosed and
the relocation of the simulation (Article 13) found at work in the simulation hypothesis.
The via negativa is the discipline that resists the temptation. It does not leave the
substrate uncharacterized � the relational mode says the true and substantive thing,
that the substrate is the di�erentiated ground of which the axes are projections � but
it refuses the positive axis-value the demand keeps asking for, because there is none to
give: not a missing one, but a mis-typed one.

4.2 The kinship to the apophatic tradition, and its limit

The term is borrowed deliberately, and the borrowing should be neither hidden nor
overread. Older traditions of thought developed an apophatic or negative method for
approaching what they took to be ultimate � speaking of it only by negation, refusing
positive predication, holding that the ground exceeds every category. The structure
of the categorial boundary is kin to this method, and naming the kinship is honest.
But the kinship is structural only, and the di�erence is decisive. In those traditions
the refusal of positive predication marked a mystery � the ground was held to exceed
the understanding, ine�able in principle. Here nothing is mysterious. The substrate's
resistance to positive axis-predication is not an excess beyond understanding but a
precise, fully explicable fact: it is axis-free, and axis-predicates apply only within axes,
so they do not apply to it � as a matter of type, not of depth. The �ine�ability� of
the substrate is its axis-freeness, stated plainly; there is no remainder of mystery once
the type is understood. The via negativa here is a logical discipline, not a mystical one,
and the article claims the structure while declining the mystery.

4.3 Counterarguments and Responses

Objection 1 (the relational characterization �ground of the axes� is itself a
positive predication, so the via negativa is not consistently kept). Response.
It is positive but not axial: it predicates of the substrate a relation to the axes, not
possession of an axis-value, and that is exactly the line the proposition draws. �Is the
ground of which axes are projections� ascribes no colour, age, position, or measure; it
locates the substrate relative to the projections, which is well-formed (Article 1). The
via negativa excludes positive axis-values, not all positive speech; relational characteri-
zation is the permitted positive mode, and it is consistent with the discipline.

Objection 2 (if no positive axis-value applies, the substrate is empty, a mere
word). Response. It is not empty: it is di�erentiated, the ground of all the distinctions
the axes project (Article 1), and this is a substantive character, not a word. What it
lacks is an axis-value, because axis-values are projections and the substrate is what
projects; lacking a projection-value is not being empty but being prior to projection.
The re�ex that equates �no positive axis-value� with �nothing� is the rei�cation re�ex
again, demanding the substrate be some projection or none; the substrate is neither a
projection nor nothing, but the di�erentiated ground of projections.
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4.4 Section Result and Implications

At the categorial boundary the well-formed modes are the negative and the relational;
positive axis-predication is rei�cation, and the discipline is the via negativa, a logical
and not a mystical one (Proposition 4.1). The implication is that the inner boundary
demands a di�erent discipline, since there the questions denote. We give it.

5 The Discipline at the Projective Boundary: Real

and Unreached

5.1 What may be said of the �oor

At the inner edge, where well-formed questions meet the joint �ber, the discipline is
the opposite of silence.

Proposition 5.1 (At the projective boundary: real, unreached, lowerable not closable).
Of a distinction in the projective �oor � a di�erence no projection in the present
access resolves (Article 14) � the well-formed assertions are three, held together: that
there is a determinate fact of the matter (the con�gurations genuinely di�er); that it
is unreached by the present access (no available projection resolves it); and that it is
lowerable but not closable � a richer access would resolve it, yet no proper access
closes the �oor entirely. The two assertions to refuse are symmetric: that there is no
fact (veri�cationism, denying the real distinction), and that some instrument will surely
reach it (denying the �oor's persistence under proper access).

Proof. That there is a determinate fact is the incompleteness theorem of Article 14: the
�oor's con�gurations genuinely di�er, posing a well-formed question with an answer [7].
That it is unreached is the de�nition of the joint �ber: no available projection resolves
it. That it is lowerable but not closable is the staircase of Article 14: a richer access
removes some �oor distinctions, but for any proper access the joint �ber remains non-
trivial [7]. The refused assertions contradict these: �no fact� denies the real distinction
the theorem establishes; �surely reachable� denies the strict positivity of the �oor for
proper access. Holding the three and refusing the two is the discipline.

The proposition gives the projective boundary a discipline as exacting as the via nega-
tiva but pointed the other way. Here one must not fall silent, for the questions denote
and have answers; the honest acknowledgment is that the answer exists and this ac-
cess does not reach it. The veri�cationist temptation � to say that what cannot be
measured is no fact � is the error to resist, and it is the mirror of the rei�cation temp-
tation at the outer boundary: where rei�cation �lls the apophatic silence with a false
positive, veri�cationism empties the projective fact into a false silence. Equally to be
resisted is the opposite optimism, that any unreached fact is surely reachable with bet-
ter instruments; the incompleteness theorem forbids it for proper access, since the �oor
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lowers but never closes. The disciplined stance is the threefold one: real, unreached,
lowerable-not-closable � neither denying the fact nor promising its capture.

5.2 Counterarguments and Responses

Objection 1 (�lowerable but not closable� is unstable: if every �oor dis-
tinction is reachable by some richer access, then none is permanently un-
reached). Response. Each �oor distinction is reachable by some richer access, yet
no single proper access reaches all of them, and a subsystem has one access at a time,
enlarged only by becoming a di�erent, still proper, subsystem. The distinction reached
by enlarging the access is removed from the �oor, but the enlarged access has its own
joint �ber, its own �oor (Article 14). So �lowerable but not closable� is stable: any
given distinction may be reached, but the �oor as such is never emptied, because every
proper access has one. The relativity to access is the whole point, not an instability.

Objection 2 (asserting a fact one can never reach is idle, indistinguishable
in practice from denying it). Response. It is not idle, and the practical di�erence
is real: the assertion that the fact is real and unreached licenses the search for a richer
access that would reach it (the �oor is lowerable), whereas denying the fact forecloses the
search. A century of physics has lowered �oors that earlier looked absolute by �nding
new projections; that progress presupposes the disciplined stance, that the unreached
is real and possibly-reachable, not the veri�cationist one that the unmeasured is unreal.
The stance is what makes inquiry rational rather than complacent.

5.3 Section Result and Implications

At the projective boundary the discipline is to assert a real, unreached, lowerable-
not-closable fact, refusing both veri�cationist denial and optimistic capture (Proposi-
tion 5.1). The implication is that the two boundaries demand opposite disciplines, and
con�ating them confuses the disciplines. We name the error.

6 The Double Error: Why the Two Must Not Be Col-

lapsed

6.1 The symmetric mistake

With each boundary's discipline in hand, the error of collapsing them can be stated
exactly, and it is symmetric.

Proposition 6.1 (The double error). Collapsing the two silences into one produces a
symmetric pair of errors:
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(i) (Categorial as projective.) Treating the categorial boundary as an incompleteness
� supposing the substrate has a positive axis-value that a �ner measurement would
reach � imports the projective discipline where the apophatic belongs, and so rei�es
(Article 2): it seeks a hidden fact where there is none, the question being ill-formed.

(ii) (Projective as categorial.) Treating the projective �oor as apophatic � supposing
the unreached distinctions are no facts at all � imports the apophatic discipline
where the projective belongs, and so falls into veri�cationism: it denies a real fact
because the present access cannot reach it.

The two boundaries di�er in source � the axis-freeness of the substrate versus the
projectivity of access � and in discipline � the via negativa versus real-and-unreached
� and so must not be collapsed.

Proof. Error (i) applies the projective discipline (�real, unreached, reachable by richer
access�) to the substrate, treating its lacking an axis-value as a fact awaiting mea-
surement; but the substrate's lacking an axis-value is categorial, not a hidden fact
(Articles 2, 4), so the error rei�es. Error (ii) applies the apophatic discipline (�no fact,
the question being ill-formed�) to the �oor, treating an unreached distinction as mal-
formed; but the distinction is well-typed and determinate (Article 14), so the error
is veri�cationist. Each error is the misapplication of one boundary's discipline at the
other, and each is avoided by respecting the sources: the substrate is axis-free (no fact
to �nd), the access is projective (real facts unreached). Hence the two must be kept
distinct.

The proposition locates the two great misreadings the volume is at pains to avoid, and
shows them to be one mistake made in opposite directions. The rei�cationist hears that
the substrate cannot be positively predicated and reads it as incompleteness � surely
there is some deeper fact, some code or �eld, that better physics will reach � and so
�lls the apophatic silence with a projection installed as substrate. The veri�cationist
hears that some distinctions can never be measured and reads it as meaninglessness �
surely what cannot be measured is no fact � and so empties a real distinction into
apophatic silence. Each takes one boundary for the other; each gets the discipline ex-
actly backward. The volume's whole method, from the rei�cation diagnosis of Article 2
to the incompleteness theorem of Article 14, is the steady refusal of both, and this
article names the refusal as a single principle: respect the source of each silence, and
never speak at one boundary in the voice of the other.

6.2 Counterarguments and Responses

Objection 1 (perhaps the substrate's axis-freeness is itself just our current
incompleteness, to be overcome). Response. This is error (i) stated as a hope.
Axis-freeness is not a measurement shortfall but a categorial fact: the substrate is what
the axes are projections of, so it cannot itself bear an axis-value without circularity (a
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projection of itself), as Article 1 established. No future measurement changes a type;
better physics resolves more distinctions within the projected world (lowering projective
�oors), but it cannot make an axis-predicate apply to the axis-free ground, any more
than a sharper ruler measures the colour of a number. The hope misreads a type as a
quantity.

Objection 2 (perhaps the projective �oor's distinctions are, in the unreach-
able cases, genuinely factless, so veri�cationism is right there). Response.
This is error (ii) stated as a concession. The �oor's distinctions are, by the incom-
pleteness theorem, genuine di�erences of the projected world � con�gurations x ̸= x′

that a richer access would distinguish (Article 14); their reality does not depend on
the present access's reaching them, only their measurement does. To make their reality
depend on measurability is veri�cationism, and it is refuted by the lowerability of the
�oor: distinctions once unreachable have been reached by new projections throughout
the history of physics, which would be unintelligible if the unreached were factless.
Reality outruns a given access; that is why access can be enriched.

6.3 Section Result and Implications

Collapsing the two silences yields a symmetric double error � rei�cation and veri�-
cationism � avoided by respecting each boundary's source and discipline (Proposi-
tion 6.1). The implication is that the volume's method is the steady refusal of both.
We close by a�rming the interior the boundaries bound.

7 The Interior Is Rich

7.1 Neither skeptical nor mystical

A volume that ends on two limits invites a misreading: that its lesson is the smallness
of knowledge. The map forbids it.

Proposition 7.1 (The boundaries bound a rich interior). The interior bounded by
the two silences � the recovered and projectable � is rich: it comprises every projec-
tion classi�ed in Part II and every structure the model-builder recovers in Part III, the
whole positive content of physics as the volume reads it. The two boundaries bound this
interior and keep it honest; they do not empty it. The account is therefore neither skep-
tical (it a�rms a vast knowable world) nor mystical (its one ine�ability, the substrate's,
is the explicable fact of axis-freeness). The limits are the edges of knowledge, not its
measure.

Proof. The interior's content is the union of Parts II and III: the six projections and
their morphisms (Part II), and the model-builder's recovery, the arrow of time, and the
relocated simulation (Part III), all well-typed and all within reach. That this content
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is vast and substantive is the demonstrated matter of those parts. The categorial
boundary excludes only ill-typed predications of the substrate (Article 4); the projective
boundary excludes only the joint �ber of a given access (Article 14); neither touches
the interior, which they bound from outside and inside respectively. Skepticism would
deny the interior's knowability, which the volume establishes; mysticism would make
the substrate's ine�ability a depth beyond understanding, which Section 4 reduced to
axis-freeness. Hence neither, and a rich bounded interior.

The proposition is the volume's guard against its own ending. Books that arrive at the
limits of knowledge often leave the impression that the limits are the message � that
the upshot is how little we can know, how the deepest things recede. The substrate
frame ends otherwise. Its two limits are thin and well-understood: one is the edge
where axis-predicates stop applying to the axis-free ground, the other the edge where a
given access stops resolving real distinctions, and between them lies the entire knowable
world, classi�ed and recovered. The limits are not a verdict of ignorance but a discipline
of honesty � they tell us precisely where not to speak positively (the substrate) and
where not to fall silent (the �oor) � and a discipline of honesty about the edges is
what keeps the vast interior trustworthy. The volume's lesson is not that little can be
known but that what can be known is bounded cleanly, and that knowing the bounds
is part of knowing well.

7.2 Counterarguments and Responses

Objection 1 (an account whose ground is approached only by negation is
mystical whatever it protests). Response. The via negativa here issues from a
type distinction, not a mystery: the substrate is axis-free, axis-predicates apply only
within axes, so they do not apply to it, and we say so by negation for that exact
reason. A mystical apophasis holds the ground to exceed understanding; the present
one holds it to be of the wrong type for axis-predicates, which is a matter of logic
fully understood. The test is whether anything remains unexplained once the type
is grasped, and nothing does: the negation is complete and its reason transparent.
Structure shared with mysticism, mystery not.

Objection 2 (calling the interior �rich� is rhetoric; the limits are what is
philosophically signi�cant). Response. The limits are signi�cant, and the article
has given each a theorem and a discipline; the richness of the interior is not rhetoric but
the demonstrated content of two-thirds of the volume, Parts II and III. Both matter,
and the article's point is their relation: the limits are edges of the rich interior, not
substitutes for it. To treat the limits as the whole signi�cance is the very misreading
Proposition 7.1 guards against � mistaking the edges for the country.
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7.3 Section Result and Implications

The two boundaries bound a rich, knowable interior and keep it honest; the account is
neither skeptical nor mystical (Proposition 7.1). The implication is that the volume's
close is an a�rmation bounded by discipline, not a retreat into limits. We record status
and conclude.

8 Epistemic Status: Proved, Imported, A�rmed

In the manner of the series, we close with an explicit ledger. Proved (here) marks results
established in this article; Imported marks results from prior articles; A�rmed marks
positions taken; Kinship (noted, distinguished) marks the apophatic-tradition relation.

Claim Status Locus

Substrate axis-free; rei�cation diagnosis Imported Kriger, IST 1 [2],
Kriger, IST 2 [3]

Categorial (apophatic) boundary: ill-typed
predicates

Imported Kriger, IST 4 [4]

Projective boundary: incompleteness theorem,
joint �ber

Imported Kriger, IST 14
[7]

Maximal observer as non-reducing receiver Imported Kriger, IST 10
[5]

The reach has two boundaries; rich interior be-
tween

Proved (here) Prop. 3.1

Via negativa: only negative/relational predica-
tion of substrate

Proved (here) Prop. 4.1

Projective discipline: real, unreached, lower-
able not closable

Proved (here) Prop. 5.1

The double error (rei�cation / veri�cationism) Proved (here) Prop. 6.1
The interior is rich; account neither skeptical
nor mystical

Proved (here) Prop. 7.1

Substrate's ine�ability = axis-freeness (not
mystery)

A�rmed �4

Boundary of sense (locus classicus) A�rmed (located) Wittgenstein [8]
Limit-to-negation in the substrate frame Imported (prior corpus) Kriger [1]
Kinship to the apophatic method of older tra-
ditions

Kinship (noted, distin-
guished)

�4

The ledger marks the division of labor. The article imports the substrate's axis-freeness,
the categorial boundary, the incompleteness theorem, and the maximal observer; it
proves that the reach has two boundaries bounding a rich interior, that each demands
its own discipline of speech, that collapsing them is a symmetric double error, and that
the account is neither skeptical nor mystical; it a�rms that the substrate's ine�ability
is axis-freeness; and it notes and distinguishes the kinship to the apophatic method,
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claiming the structure and declining the mystery.

9 Discussion

The result of this article is a uni�ed account of the boundary of a subsystem's reach.
The volume reached two limits by two routes: the categorial boundary at the axis-
free substrate, where predicates fail to denote and questions are ill-formed, and the
projective boundary within the projected world, where well-typed questions about real
distinctions go unresolved by a given access. This article sets them side by side as
the two edges of one reach, gives the map on which a rich interior � the recovered
and projectable of Parts II and III � lies between them, and states the discipline of
speech each edge demands. At the categorial edge the discipline is the via negativa:
of the substrate one says what it is not and what it stands in relation to, never a
positive axis-value, since every such �lling rei�es a projection into the substrate. At
the projective edge the discipline is the opposite of silence: one asserts a determinate,
real fact, unreached by the present access, lowerable by a richer access but never closable
short of the non-projecting limit. The two errors to refuse are symmetric � reifying
the substrate into a hidden fact, and emptying a real distinction into a non-fact � and
each collapses the two silences into one. The account is neither skeptical nor mystical:
the limits are thin, well-understood edges, and the interior they bound is the whole
knowable world the volume has charted.

The article completes the bridge's turn toward the close. Part III opened with the
central asymmetry � projection loses, the model recovers � and followed the recov-
ering model through the arrow of time and the relocation of the simulation to the
incompleteness of measurement, where it met the projective �oor. This article joins
that projective �oor to the categorial boundary of the foundations, so that the two
limits the volume found at its two ends � the apophatic silence of Article 4 and the
incompleteness theorem of Article 14 � are seen as the two edges of one reach, each
with its discipline, bounding the interior the rest of the volume built. What remains
is the volume's �nal synthesis, drawing the whole into one view. The substrate frame
began by refusing to mistake a projection for the substrate; it ends by mapping exactly
where speech must turn negative and where it must not fall silent, and by a�rming,
between those two edges, a world that can be known.

9.1 Limitations

Three limitations are material. First, the article presupposes the categorial boundary of
Article 4 and the incompleteness theorem of Article 14; a reader who rejects either will
not accept the uni�ed account, and the article re-argues neither. Second, the disciplines
of speech are stated as principles � the via negativa, the threefold projective stance
� and illustrated, but their application to speci�c contested cases (which predications
of a given physical posit are axis-internal, which distinctions lie in a given �oor) is
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not worked through and would require case-by-case analysis. Third, the kinship to
the apophatic method of older traditions is noted and distinguished but not studied; a
serious comparison, which the author's other work pursues elsewhere, lies outside the
scope of a physics article and is not attempted here.

9.2 Future Directions

The immediate sequel is the volume's closing synthesis, which can now draw the foun-
dations, the projections, the bridge, and the two boundaries into a single statement of
the substrate frame. Beyond the volume, the uni�ed account invites a precise question
continuous with the series: whether the two boundaries are related by the inter-axis
morphisms of Article 3 � whether the categorial boundary is the limit of the morphism
diagram as the axes are stripped away and the projective �oor its limit as access is held
�xed � so that both edges would be read o� one structure. That question, joining the
apophatic and the incomplete in a single geometry of the knowable, is left to the work
that can address it; the present article's task was to map the two silences, and the map
is drawn.
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A Code for Figure 1

Figure 1 is a schematic map drawn with nested rounded rectangles: the innermost the
reached interior, the surrounding ring the well-typed unreached �oor, the outer frame
the projected world (its border the categorial boundary), and the background the axis-
free substrate. The two boundaries � projective (inner) and apophatic (outer) � are
labeled with their disciplines of speech. No numerical computation is involved; the
�gure encodes the structure of Propositions 3.1, 4.1, and 5.1.
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Abstract

This article is the keystone of the volume: it draws the foundations, the projec-
tions, and the bridge into a single statement of the substrate frame and shows
that the whole is one argument turning on one distinction. The descent runs with-
out a gap. Something exists, since absolute nothing is impossible; what exists is
necessarily di�erentiated; information is the name of that di�erentiatedness, not
a substance or a �uid; the axes along which the world is read � time, space,
energy � and the laws stated in their terms are facets, projections of the di�er-
entiated substrate, which is itself axis-free and carries no projection value. The
known measures of information are then projections along six axes, classi�ed and
related by their morphisms and shown to materialize across the scales of the prior
volumes. Physical projection loses irreversibly, and a model-building subsystem
recovers the projectable structure by inference rather than by inversion; from that
central asymmetry follow the arrow of time as the subsystem's record gradient,
the relocation of the simulation into the model, the incompleteness of measure-
ment as a theorem of projective access, and the two boundaries that bound a
subsystem's reach. We show that this entire descent turns on a single distinction
� substrate versus projection � and a single discipline: never mistake a projec-
tion for the substrate. From the one distinction the whole follows, and under it a
family of standing puzzles dissolves together rather than one at a time: whether
the universe computes, whether the world is made of information, whether it is
a simulation, what the arrow of time is, why measurement cannot be complete.
These are not �ve problems with �ve solutions but one confusion � projection
taken for substrate � corrected once. Finally we say plainly what the frame is and
is not: an ontology and a discipline, conservative about physics, which it a�rms
entirely; not a new physics, adding no equation; not a speculative metaphysics,
positing no hidden entity; and neither idealism nor mysticism. The volume is one
argument with one premise and one discipline, bounding one knowable world.

Keywords: information substrate; substrate and projection; di�erentiation; synthesis;
rei�cation; dissolution of puzzles; ontology; foundations of physics.
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1 Introduction

A volume of seventeen articles risks reading as seventeen arguments, and this one, the
keystone, exists to show that it is one. The substrate frame was built in three move-
ments � foundations, projections, bridge � and each movement was developed in its
own articles with its own results; but the movements are not independent contributions
gathered under a title. They are the stages of a single descent, each entailed by the one
before, from a single premise to a bounded conclusion. This article states the descent
whole, exhibits the one distinction on which it all turns, shows the puzzles it dissolves
to be one confusion corrected once, and says plainly what the frame is and is not.

The descent runs without a gap, and it is worth tracing in a breath. Something exists,
because absolute nothing is impossible [3]. What exists is necessarily di�erentiated, for
an undi�erentiated existent would be no existent at all. Information is the name of that
di�erentiatedness � not a substance the world is made of, not a �uid it contains, but
the word for its being di�erentiated [3]. The axes along which we read the world � time,
space, energy � and the laws we state in their terms are facets of the di�erentiated
substrate, projections of it onto single coordinates; the substrate itself is axis-free and
carries no projection value, no number of bits, no entropy, no program length [3, 4].
The known measures of information are accordingly projections: Shannon's along the
channel axis, Kolmogorov's along the description axis, and the rest, descending from
the substrate by the projection theorem, classi�ed into six axes and related by their
morphisms, and materializing across the scales of the prior volumes from the nucleon
to the cosmic web [5, 7, 8]. Physical projection loses irreversibly � the data-processing
inequality, the second law, and the uncomputability of inversion are its three faces �
and a model-building subsystem recovers the projectable structure not by inverting the
projection, which is blocked, but by inference [9]. From that central asymmetry the
bridge unfolds: the arrow of time is the subsystem's gradient of accumulated records
[10]; the simulation, real as the limit of the recovering model, lives in the subsystem
and not in the world [11]; the incompleteness of measurement is the non-trivial joint
�ber of any proper projective access [12]; and two boundaries, the apophatic at the
substrate and the projective within the world, bound a subsystem's reach around a
rich interior [13].

The whole of this turns on one distinction. Substrate is not projection; the di�erentiated
ground is not any of the single-coordinate readings of it; and the one discipline the
frame demands is never to mistake the second for the �rst. Every result of the volume
is a consequence of holding that line. The known measures are projections because
they are readings along axes, not the axis-free ground (Part II). The rei�cation puzzles
dissolve because each takes a projection � a computation, an information content,
a simulation � for the substrate (Section 5). The model-builder's situation follows
because a subsystem with projective access loses and recovers and is bounded exactly as
projection dictates (Part III). One distinction, held steadily, generates the classi�cation,
dissolves the puzzles, and bounds the knowable; that is the unity this article exhibits.

And because the distinction is one, the puzzles it dissolves are one. It can seem that the

4 359



Prepared for submission to Foundations of Physics

frame answers a list of separate questions � does the universe compute, is the world
information, is it a simulation, what is time's arrow, why is measurement incomplete
� but they are not a list. They are a single confusion, projection taken for substrate,
appearing in �ve costumes, and the frame does not solve them one by one; it removes
the confusion once, and they go together. Seeing this is seeing the frame's economy: a
single corrective move, not a battery of separate solutions. We end by stating, in the
plainest terms, what the frame therefore is � an ontology and a discipline, conservative
about physics, which it a�rms entirely � and what it is not: not a new physics, not a
speculative metaphysics, neither idealism nor mysticism. The volume is one argument,
with one premise and one discipline, bounding one knowable world.

2 Logical Structure of the Argument

The article states the descent, isolates its hinge, shows the puzzles to be one, and
characterizes the frame.

Step 1 (Section 3): The descent is one argument.
The stages from di�erentiatedness to the two boundaries form a single chain, each
entailed by the prior (Proposition 3.1, Figure 1).

Step 2 (Section 4): One distinction, one discipline.
The whole turns on substrate versus projection and the discipline of not con�ating
them (Proposition 4.1).

Step 3 (Section 5): The puzzles are one confusion.
The standing puzzles are one rei�cation appearing in several costumes, dissolved
together (Proposition 5.1).

Step 4 (Section 6): What the frame is, and is not.
An ontology and a discipline, conservative about physics; not a new physics, not
speculative metaphysics, not idealism or mysticism (Proposition 6.1).

Step 5 (Section 7): Epistemic status.
A ledger consolidates the volume's results by part and status.

The dependencies are those of a synthesis: Step 1 assembles the descent the prior
articles built; Step 2 names its hinge; Step 3 draws the consequence for the puzzles;
Step 4 places the whole. The thesis is that the substrate frame is one argument turning
on one distinction, dissolving one confusion, and amounting to an ontology and a
discipline rather than a new physics or a metaphysics.
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3 The Descent Is One Argument

3.1 The single chain

We state the descent as a chain and claim its links established.

Proposition 3.1 (The volume is one argument). The substrate frame is a single chain
of entailments, each link established in the cited articles:

(1) Absolute nothing is impossible, so something exists, and what exists is di�erenti-
ated; information is the name of di�erentiatedness [3].

(2) Axes (time, space, energy) and the laws stated in them are facets; the substrate is
axis-free and carries no projection value [3, 4].

(3) The known information measures descend from the substrate as projections along
axes (projection theorem); some predicates of the substrate are ill-typed (apophatic
boundary) [5, 6].

(4) There are six projection axes, related by morphisms and materialized across scales
[7, 8].

(5) Physical projection loses irreversibly; the model-building subsystem recovers by
inference, not inversion [9].

(6) Hence the arrow of time (record gradient), the relocation of the simulation, the
incompleteness of measurement, and the two boundaries [10�13].

Each link is entailed by the prior together with the cited result; the volume is therefore
one argument, not a collection.

Remark in lieu of proof. The links are not re-proved here � each is the established
content of its articles � but their order of entailment is the claim, and it is linear.
Link (2) follows from (1): if information is the name of di�erentiatedness, the measures
of information are readings of it along chosen coordinates, i.e. projections, and the
ground read is axis-free. Link (3) follows from (2): the known measures, being pro-
jections, descend from the substrate, and predicates internal to an axis do not apply
to the axis-free ground. Link (4) re�nes (3) into the classi�cation. Link (5) follows
because a projection is many-to-one, hence lossy and non-invertible, so recovery must
be inferential. Link (6) follows because a subsystem with lossy projective access has a
record asymmetry (arrow), a recovering model whose limit is simulation, a joint �ber
(incompleteness), and two boundaries. Each step uses only its predecessors and one
cited result; the chain is unbroken.

The proposition and Figure 1 make visible what a volume's worth of separate articles
can obscure: that there is a single thread. One does not adopt the foundations and
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Something exists; nothing is impossible  so being is differentiated
Art. 1

Information = the name of differentiatedness; axes & laws are facets
Art. 1, 2

Known measures descend from the substrate (projection theorem);
the apophatic boundary

Art. 3, 4

Six projection axes  channel · description · regularity ·
macrostate · cost · receiver; morphisms; the Atlas

Art. 5 10, 10a

Physical projection loses (DPI · second law · uncomputability);
the model recovers by inference, not inversion

Art. 11

Arrow of time (record gradient) · simulation relocated to the model ·
incompleteness floor

Art. 12, 13, 14

Two boundaries: apophatic (at the substrate) +
projective (within the world)

Art. 15
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The substrate frame entire: one descent

one premise (differentiatedness) · one discipline (substrate  projection) · one bounded, knowable world

Figure 1: The substrate frame as one descent. The spine runs from the foundations
(Part I, blue) through the projections (Part II, green) to the bridge and the two bound-
aries (Part III, amber), each stage entailed by the one above and annotated with its
articles. Down the right runs the through-line that ties every stage together: the one
distinction, substrate ̸= projection, and the discipline of never mistaking a projection
for the substrate. One premise � di�erentiatedness � and one discipline yield one
bounded, knowable world.

then, as a further and optional step, the projections, and then, as a third, the bridge;
the projections are what the foundations make of the known measures, and the bridge
is what the projections make of a subsystem that has only projections to go on. The
architecture is not modular but sequential, a descent in which each level is the previous
level's consequence for the next question. That is why the volume can be stated in a
breath, as the introduction stated it: the breath follows the single thread.

3.2 Counterarguments and Responses

Objection 1 (the links are looser than �entailment�; each article adds substan-
tive assumptions). Response. Each article adds apparatus � de�nitions, a theorem,
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a �gure � but the load-bearing move at each link is the entailment stated, and the
apparatus serves it. The projection theorem (link 3) does real work, but it works be-
cause the measures are projections (link 2); the incompleteness theorem (link 6) does
real work, but it works because access is projective (link 5). The claim is not that no
article adds anything, but that the spine is a chain of entailments, with each article's
apparatus discharging its link. The objection is right that articles add content and
wrong that the additions break the chain.

Objection 2 (a reader may accept some links and reject others, so the unity
is overstated). Response. A reader may, and the chain shows exactly what such a
reader must give up. Reject link (1) and nothing starts; accept (1) but reject (2)'s axis-
freeness and the projections lose their ground; accept the projections but reject (5)'s
lossiness and the bridge does not follow. The unity is not that the chain cannot be
broken but that it is a chain � breaking a link drops everything below it. That is a
stronger claim than a loose family of theses, and it is the one the proposition makes:
the volume stands or falls in segments, from the top, not article by independent article.

3.3 Section Result and Implications

The volume is a single chain of entailments from di�erentiatedness to the two bound-
aries, each link established in its articles (Proposition 3.1, Figure 1). The implication
is that the chain has a hinge. We name it.

4 One Distinction, One Discipline

4.1 The hinge of the whole

The descent is long, but it turns on a single point, repeated at every link.

Proposition 4.1 (One distinction, one discipline). The entire frame turns on the dis-
tinction between the substrate � the di�erentiated, axis-free ground � and a projection
� a reading of it along a single axis. The one discipline the frame demands is to hold
this distinction: never to predicate of the substrate what belongs to a projection, never
to install a projection as the substrate. Every result is a consequence of holding the line:
the measures are projections (not the ground); the substrate carries no projection value;
physical projection loses because it is a many-to-one reading; the model recovers a pro-
jection's preimage, not the substrate unmediated; the boundaries mark where projection
meets the axis-free (apophatic) and where projective access meets its �ber (projective).
Drop the distinction and the frame collapses into the rei�cations it was built to avoid.

Proof. Each result invokes the distinction. �The measures are projections� (Part II) is
the distinction applied to information theory: a measure is a reading along an axis, not
the ground. �The substrate carries no projection value� (Article 2) is the distinction
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stated of the ground. �Projection loses� (Article 11) is the many-to-one character of a
reading, not of the ground, which loses nothing because it is not a reading. �The model
recovers a preimage� (Article 11) recovers projectable structure, a projection's �ber,
not the substrate. The two boundaries (Article 15) are the two places the distinction
bites: the apophatic, where a projection's predicate is wrongly sought of the ground;
the projective, where a subsystem's readings leave a �ber. Remove the distinction �
identify substrate with projection � and each result becomes a rei�cation: the ground
is a measure, is a computation, is information. The discipline of the distinction is thus
necessary and su�cient for the frame.

The proposition identi�es the frame's economy. A theory that needed a separate prin-
ciple for each result would be a list; the substrate frame needs one, applied repeatedly.
The single distinction � ground versus reading, substrate versus projection � is doing
all the work, at every link of the descent, and the single discipline of not con�ating
them is the whole method. This is why the frame can be taught in a sentence and why
its errors are all one error: to forget the distinction anywhere is to reify somewhere, and
to hold it everywhere is to have the frame entire. The volume's length is the unfolding
of one short idea, not the accumulation of many.

4.2 Counterarguments and Responses

Objection 1 (a single distinction cannot carry a whole physics-adjacent
framework; something is being smuggled). Response. Nothing is smuggled; the
distinction's power is exactly that it is a type distinction, and type distinctions are
load-bearing precisely because they apply everywhere at once. Distinguishing a func-
tion from its argument, or a set from its members, organizes vast tracts of mathematics
from one stroke; the substrate�projection distinction does the same for the reading of
the world. It carries the framework not by hidden content but by being the right cut,
repeated. That a single correct distinction organizes much is the ordinary power of
getting a type right, not a smuggling.

Objection 2 (if the distinction is so simple, why seventeen articles). Response.
Because applying a simple distinction correctly across information theory, thermody-
namics, cosmology, cognition, and the philosophy of measurement requires showing, in
each domain, what the distinction implies and what rei�cations it forbids � work that
is neither short nor automatic. The distinction is simple; its disciplined application
is not, and the articles are that application. A simple principle with intricate conse-
quences is the normal shape of a foundational idea; the simplicity of the principle and
the length of its working-out are not in tension.

4.3 Section Result and Implications

The frame turns on one distinction � substrate versus projection � and one discipline,
holding it; every result follows, and dropping it collapses the frame into rei�cation
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(Proposition 4.1). The implication is that the puzzles the frame dissolves are one
confusion. We show it.

5 The Puzzles Are One Confusion, Dissolved Once

5.1 Five costumes, one error

The frame is often met as a set of answers to a set of questions. The questions are one.

Proposition 5.1 (The standing puzzles are one rei�cation). Several standing puzzles
about information and the world are a single confusion � a projection taken for the
substrate � in di�erent costumes, and the frame dissolves them together:

(i) Does the universe compute / process information? It need not: computation is a
projection we apply, not an activity of the ground (Article 2).

(ii) Is the world made of information (�it from bit�)? No: information is the name of
di�erentiatedness, not a substance the world is made of (Article 1).

(iii) Is the world a simulation? The question, on the substrate reading, is ill-typed: it
installs a computational projection as a substrate beneath the world (Article 13).

(iv) What is the arrow of time? The model-builder's record gradient, not a �ow of the
substrate, which is a-temporal (Article 12).

(v) Why can measurement never be complete? Because projective access has �bers;
the limit is the joint �ber, not a failing of instruments (Article 14).

Each is the confusion of a projection (a computation, an information-substance, a sim-
ulation, a �ow, a complete reading) with the substrate or with what projective access
can be. The frame does not solve �ve problems; it removes one confusion, and the �ve
dissolve together.

Proof. Each item is the distinction of Proposition 4.1 applied to a costume of the one
error. (i) treats a description-axis projection (computation) as the ground's activity;
corrected, the universe need not compute (Article 2). (ii) treats information as a
substance rather than the name of di�erentiatedness; corrected, �made of information�
is a category error (Article 1). (iii) treats a computation as a substrate beneath the
world; corrected, the reading is ill-typed (Articles 4, 13). (iv) treats the time axis's
gradient as a �ow of the a-temporal ground; corrected, the arrow is the subsystem's
(Articles 1, 12). (v) treats the limit of measurement as contingent rather than as the
joint �ber of projective access; corrected, incompleteness is structural (Article 14). In
each, the same correction � do not take a projection for the substrate, or for more than
projective access can be � dissolves the puzzle; so they are one confusion corrected
once.
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The proposition is the frame's most visible payo� and its clearest economy. The puzzles
it addresses are among the most discussed at the border of physics and philosophy, and
they are usually treated as distinct, each with its own literature and its own proposed
answers. The substrate frame declines to add a sixth answer to each; it observes that
the �ve are one question wearing �ve costumes � in every case, a projection has been
promoted to the substrate or mistaken for the whole of what can be accessed � and
that correcting the one promotion answers all �ve. This is not a claim to have solved
�ve hard problems by cleverness but a claim that they were never �ve: that a single
confusion, once named and refused, takes its several appearances with it. The economy
is the test of the distinction's being the right one.

5.2 Counterarguments and Responses

Objection 1 (dissolving puzzles rather than solving them is evasion; the
questions are real). Response. The questions are real as questions people ask, and
the frame takes them seriously enough to diagnose precisely why each mis�res � which
costume of the rei�cation it wears � rather than dismissing them. Dissolution is not
evasion when it is earned: it shows the question to rest on a confusion and shows the
confusion exactly. Where a well-formed residue remains � a subsystem can build a
simulation, measurement has a determinate �oor � the frame a�rms it (Articles 13, 14).
What it declines is to answer the malformed part as though it were well-formed, which
would be the evasion of pretending a confusion is a discovery.

Objection 2 (perhaps some of the �ve are genuinely distinct and only re-
semble one another super�cially). Response. They di�er in subject matter �
computation, substance, simulation, time, measurement � and resemble one another
not super�cially but structurally: each, when analyzed, is found to promote a projec-
tion to the substrate or to mistake projective access for unmediated access (the proof
traces the promotion in each). The claim is not that the �ve are the same question on
the surface but that they share one underlying error, which the analysis exhibits case
by case. Di�erent surfaces, one structure, is precisely what makes the single correction
dissolve them all.

5.3 Section Result and Implications

The standing puzzles � computation, it-from-bit, simulation, the arrow, incomplete-
ness � are one rei�cation in �ve costumes, dissolved together by the one distinction
(Proposition 5.1). The implication is that the frame's contribution is a corrective on-
tology, not a new physics. We say what it is.
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6 What the Frame Is, and Is Not

6.1 An ontology and a discipline

A synthesis should say plainly what has been built. We state it, with its limits.

Proposition 6.1 (What the substrate frame is and is not). The substrate frame is an
ontology � a claim about what there is at bottom: a di�erentiated, axis-free substrate,
of which the axes and their measures are projections � and a discipline � a rule for
speaking of it: never mistake a projection for the substrate. It is conservative about
physics: it adds no equation, predicts no new number, and a�rms physical theory en-
tirely, re-describing the status of its quantities rather than revising them. It is not a
new physics; not a speculative metaphysics positing hidden entities, the substrate being
the di�erentiatedness physics already studies, not an extra thing behind it; not idealism,
since the projected world and its substrate are a�rmed as real and mind-independent;
and not mysticism, since the substrate's only ine�ability is its axis-freeness, fully expli-
cable.

Proof. That the frame is an ontology and a discipline is the content of Parts I and II:
an account of the ground and a rule for predication [3, 4]. That it is conservative about
physics is shown by Article 2, which a�rms that the universe needs no information
added to its physics, and by Article 10a, which re-describes established results (the
nucleon, the cosmic web) as materializations without revising them [4, 8]; the frame
changes the status of physical quantities (projections, not substances) and leaves their
content untouched. It is not metaphysics in the speculative sense because it posits no
entity beyond what physics studies � the substrate is di�erentiatedness, not a hidden
thing (Article 1). It is not idealism because the recovering model is answerable to a
mind-independent world (Article 13). It is not mysticism because the apophatic silence
reduces to axis-freeness (Article 15). Each negative is the explicit content of the cited
article.

The proposition �xes the frame's modest and exact ambition, against two opposite
misreadings. The �rst overstates it: the frame is taken for a new fundamental physics,
a rival to or replacement of established theory, from which novel predictions should �ow.
It is not; it adds no equation and a�rms the physics entire, and its contribution is to
the interpretation of physical quantities � their status as projections � not to their
content. The second understates it: the frame is taken for mere words, a relabeling
that changes nothing. It is more than that, for getting the type of the world's measures
right dissolves a family of puzzles and disciplines a family of inferences, which words
that changed nothing could not do. Between overstatement and understatement lies
the frame's actual claim: an ontology and a discipline, conservative about physics, that
re-describes the known and dissolves the confused, and does so by one distinction held
without exception.
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6.2 Counterarguments and Responses

Objection 1 (an interpretation that yields no new prediction is idle; only
predictions matter). Response. Interpretation that dissolves standing puzzles and
disciplines inference is not idle, even without new predictions: it changes which ques-
tions are pursued and which are seen to mis�re, which is consequential for inquiry.
Much foundational work � the interpretation of probability, of spacetime, of measure-
ment � yields clarity rather than new numbers and is not therefore idle. The frame's
value is of this kind, and it is honest about it: it claims clarity and discipline, not
prediction, and a reader who counts only predictions is applying a standard the frame
does not pretend to meet, not exposing a failure to meet its own.

Objection 2 (calling the substrate �di�erentiatedness physics already studies�
makes it redundant � either it is physics or it is a posit). Response. It is
neither redundant nor a posit beyond physics: it is the di�erentiatedness of the world
physics studies, considered as such, prior to its projection onto any axis. Physics
studies the projections � �elds, states, entropies � and the substrate is what those
are projections of, named and characterized (Articles 1, 2). That is not an extra entity
(which would be a speculative posit) nor a mere synonym for physics (which would be
redundant); it is the ground of the projections physics works with, made explicit. The
frame's ontology is the explicitation of what physics presupposes, not an addition to it.

6.3 Section Result and Implications

The substrate frame is an ontology and a discipline, conservative about physics; not a
new physics, not speculative metaphysics, not idealism, not mysticism (Proposition 6.1).
The implication is that the volume's contribution is clarity disciplined by one distinction.
We record status and close.

7 Epistemic Status: the Volume Consolidated

In the manner of the series, we close with a ledger, here consolidating the volume by
part and status rather than by single claim. Established (in the volume) marks results
proved across the articles; Imported (prior corpus) marks results from the broader
programme the volume rests on; Conjectured marks the open horizon; Stance marks
the disciplines the frame adopts.

Claim Status Locus

Di�erentiatedness as ground; information as its
name

Established (in the vol-
ume)

Kriger, IST 1 [3]

Substrate axis-free; carries no projection value Established (in the vol-
ume)

Kriger, IST 1 [3],
Kriger, IST 2 [4]

continued on next page

13368



Prepared for submission to Foundations of Physics

Consolidated ledger (continued)

Claim Status Locus

Known measures descend as projections (pro-
jection theorem)

Established (in the vol-
ume)

Kriger, IST 3 [5]

Six axes; morphisms; Atlas materialization Established (in the vol-
ume)

Kriger, IST 5 [7],
Kriger, IST 10a
[8]

Projection loses; model recovers by inference Established (in the vol-
ume)

Kriger, IST 11
[9]

Arrow, simulation relocated, incompleteness,
two boundaries

Established (in the vol-
ume)

Kriger, IST 12
[10], Kriger,
IST 13
[11], Kriger,
IST 14
[12], Kriger,
IST 15 [13]

The volume is one chain of entailments Established (here) Prop. 3.1
One distinction (substrate ̸= projection) car-
ries all

Established (here) Prop. 4.1

The standing puzzles are one rei�cation, dis-
solved once

Established (here) Prop. 5.1

Frame is ontology + discipline, conservative
about physics

Stance Prop. 6.1

Impossibility of absolute nothing; di�erentia-
tion as condition

Imported (prior corpus) Kriger [1, 2]

Morphism geometry; H∞ as projective invari-
ant

Conjectured �8

The consolidated ledger is the volume in one view: the established descent across
Parts I�III, the three synthetic claims of this article (one chain, one distinction, one
dissolved confusion), the frame's stance, the prior corpus it rests on, and the conjectural
horizon it leaves open. What the volume establishes it marks established; what it
imports it marks imported; what it leaves to future work it marks conjectured; and
what it adopts as discipline it marks stance, not theorem.

8 Discussion

The result of this article is the volume seen whole. The substrate frame is one descent:
from the impossibility of absolute nothing to the di�erentiated ground, from di�eren-
tiatedness to information as its name, from there to the axes as facets and the known
measures as projections, from the lossiness of projection to the recovering model, and
from the model-builder's situation to the two boundaries that bound its reach. The
descent is a single chain, each link the prior link's consequence, and it turns at every
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link on one distinction � substrate versus projection � held by one discipline: never
mistake a projection for the substrate. From that distinction the classi�cation of the
projections follows, the model-builder's arrow and simulation and incompleteness follow,
and the two silences follow; and under it the standing puzzles of the �eld � whether the
universe computes, whether the world is information, whether it is a simulation, what
time's arrow is, why measurement is incomplete � are seen to be one rei�cation in
several costumes, dissolved not one at a time but together. The frame is, in the end, an
ontology and a discipline: an account of the di�erentiated ground physics presupposes,
and a rule for speaking of it without rei�cation. It is conservative about physics, which
it a�rms entirely, and it is neither a new physics nor a speculative metaphysics nor
idealism nor mysticism.

What remains is the volume's �nal article, which can now stand back from the frame
and ask what it leaves open and where it sits in the wider programme. For the synthesis
has not closed every question; it has, if anything, sharpened the open ones. The deepest
is the conjecture the series has raised at each stage: that the inter-axis morphisms of
the projection theorem form a geometry from which both the unity of the measures
and the limits of their recovery could be read � the completeness of the classi�cation
and the incompleteness �oor as two faces of one structure. If that geometry exists,
the substrate frame would acquire a mathematical spine to match its conceptual one,
and the descent this article traced in prose would have a diagram. Whether it exists is
not settled here. What is settled is the frame itself: one premise, one distinction, one
discipline, one bounded and knowable world, set out in a single descent that this article
has, at its keystone, drawn together.

8.1 Limitations

Three limitations are material. First, the synthesis presupposes the results it consol-
idates; it re-proves nothing, and a reader who rejects a link of the descent rejects
everything below it, as Proposition 3.1 makes explicit. Second, the claim that the
standing puzzles are one confusion is argued by exhibiting the shared structure case
by case, not by a general theorem that all such puzzles reduce to rei�cation; puzzles
outside the �ve treated would need their own analysis. Third, the characterization of
the frame as conservative about physics holds for the volume's re-description of estab-
lished results; whether every future physical posit can be accommodated as a projection
without strain is not guaranteed and would be tested case by case.

8.2 Future Directions

The immediate sequel is the volume's �nal article, standing back to place the frame and
mark its open horizon. Beyond the volume, the central open question is the morphism
geometry: whether the inter-axis maps of Article 3 form a structure whose invariants are
the unity of the measures and whose limits are the incompleteness �oor of Article 14, so
that classi�cation and incompleteness would be two faces of one geometry. Establishing
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or refuting that geometry would be the natural continuation of the programme, giving
the substrate frame the mathematical articulation its conceptual descent invites. That
work is left to what can address it; the present article's task was to draw the frame
together, and the frame is drawn together.
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A Code for Figure 1

Figure 1 is a schematic drawn with stacked rounded rectangles forming a vertical spine:
seven stages from the foundations through the projections to the bridge and the two
boundaries, grouped by part (brackets at left) and tied by the through-line at right
(substrate ̸= projection). No numerical computation is involved; the �gure encodes the
chain of Proposition 3.1 and the hinge of Proposition 4.1.

18373



The Lens and the Open Geometry:

The Place of the Substrate Frame and the Problem It

Leaves Open

Volume VII as the lens that reads the Atlas, the morphism

geometry as the central conjecture, and the frame as a portable discipline

Boris Kriger1,2

1 Information Physics Institute
boris.kriger@informationphysicsinstitute.net

2 Institute of Integrative and Interdisciplinary Research, Toronto
boriskriger@interdisciplinary-institute.org

ORCID: https://orcid.org/0009-0001-0034-2903

The Information Substrate Theory (IST) � Volume VII, Article 17
Part III: The Bridge � the close of the volume

https://orcid.org/0009-0001-0034-2903


Prepared for submission to Foundations of Physics

Abstract

The synthesis stated the substrate frame whole; this closing article stands back
from it to place it, mark what it leaves open, and say how it is meant to be used.
Three things are done. First, we place Volume VII within the programme of which
it is the seventh part. The prior six volumes built an Atlas of structure across the
scales of the cosmos � the nucleon, the atom, the knotted molecule, the living cell,
the cosmic web � by physical methods; Volume VII is the lens that reads that
Atlas, the information-theoretic ontology under which each scale is the material-
ization of a projection. The six are the realizations and the seventh is the frame,
and together they form one programme, monolithic not because every scale is the
same but because each realizes a facet of one di�erentiated substrate. Second, we
state the central open problem the volume bequeaths. The projection theorem
related the axes by inter-axis morphisms, and the incompleteness theorem found
a residual �oor; we conjecture that a single geometry � the diagram of the axes
and their morphisms � carries both, with the completeness of the classi�cation
as the diagram's connectedness and the incompleteness �oor as the substrate re-
gion no morphism into an access covers. If the conjecture holds, classi�cation
and incompleteness are two faces of one structure, and the conceptual descent of
the volume acquires a mathematical spine. We state the conjecture precisely and
mark it, throughout, as a conjecture. Third, we o�er the frame as a portable
discipline rather than a system to be believed: a single diagnostic question �
does this predicate of the substrate what belongs only to a projection? � that
travels beyond the volume and disciplines reasoning about information wherever
the temptation to reify arises. We close with the restraint the series has kept: the
frame claims an ontology, a discipline, and a set of dissolutions, and it refuses to
be a theory of everything, a source of predictions, or a creed. The volume ends
not with a �ourish but with a clear statement of what was built, what remains,
and how to carry it.

Keywords: substrate frame; research programme; morphism geometry; completeness;
incompleteness; portable discipline; rei�cation; foundations of physics.
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1 Introduction

The synthesis drew the substrate frame together into a single descent and a single
distinction [5]. With the frame stated whole, the volume's last article has a di�erent
task: not to build, but to place, to mark, and to hand over. To place the frame within
the programme of which it is one part; to mark the central problem it leaves unsolved;
and to hand it over as something usable � a discipline a reader can carry, not only a
system a reader can assent to. These three are the work of the close.

The placement �rst. Volume VII did not arrive from nowhere. It is the seventh part
of a programme whose prior six volumes built, by the ordinary methods of physics
and a topological�dissipative analysis across scales, an Atlas of structure in the cosmos:
the nucleon as a self-consistent closure, the atom as a contraction to its spectrum, the
knotted topology of biomolecules, the deviation of the living cell from its attractor, the
cosmic web mapped by survey data, the closed topology of the universe [3]. Those
volumes computed and measured; Volume VII interprets. It is the lens that reads the
Atlas � the ontology under which each computed object is seen as the materialization,
at its scale, of a projection of one di�erentiated substrate. The relation was exhibited
in the Atlas article [3]; here we state it as the architecture of the whole: six volumes
of realizations and one of the frame, forming a single programme. The programme is
monolithic, but not because it claims every scale to be the same thing; it is monolithic
because each scale, in its own physics, realizes a facet of the one substrate, and the
seventh volume is the account of that one substrate and its facets.

The central open problem next. The volume proved two things that ask to be joined.
The projection theorem related the six axes by inter-axis morphisms � rescaling, kernel-
averaging, re�nement � and conjectured the classi�cation complete [2]. The incom-
pleteness theorem found, for any proper projective access, a residual �oor: the joint
�ber no measurement resolves [4]. We conjecture that these are two faces of one geom-
etry. The diagram whose nodes are the axes and whose edges are the morphisms would
carry, in its connectedness, the completeness of the classi�cation � every known mea-
sure an object, every relation a composite � and would locate, in its complement, the
incompleteness �oor � the substrate region no morphism into a given access reaches.
If the conjecture holds, the volume's conceptual descent acquires a mathematical spine,
and what the classi�cation preserves and what the �oor discards are read o� one struc-
ture. We state the conjecture carefully and, as the series has done throughout, mark it
a conjecture and not a result.

The handing-over last. The frame is o�ered not as a creed to be believed but as a
discipline to be practiced, and a discipline travels. Its portable core is a single diagnostic
question, asked of any claim about information and the world: does this predicate of
the substrate something that belongs only to a projection? Where the answer is yes, a
rei�cation is in progress, and the frame says how to correct it. The question outlasts
the volume; it applies to claims the volume never treated, wherever the temptation to
install a projection as the ground arises. We end with the restraint the series has kept:
the frame claims an ontology, a discipline, and a set of dissolutions, and refuses to be
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a theory of everything, a generator of predictions, or a system demanding assent. The
volume closes with a plain statement of what was built, what remains open, and how
to carry what was built into questions still to come.

2 Logical Structure of the Argument

The article places the frame, states the open problem, o�ers the discipline, and closes.

Step 1 (Section 3): The place of Volume VII.
The frame is the lens reading the Atlas the prior volumes built; the seven volumes
form one programme (Proposition 3.1).

Step 2 (Section 4): The central open problem.
A single morphism geometry would carry both the completeness of the classi�cation
and the incompleteness �oor (Conjecture 4.1, Figure 1).

Step 3 (Section 5): The frame as a portable discipline.
A single diagnostic question carries the frame beyond the volume (Proposition 5.1).

Step 4 (Section 6): Claim and restraint.
The frame claims an ontology, a discipline, and dissolutions, and refuses to be a
theory of everything, a source of predictions, or a creed (Proposition 6.1).

Step 5 (Section 7): Epistemic status.
A ledger marks the placement, the conjecture, and the stance.

The dependencies are those of a close: Step 1 places what was built, Step 2 marks
what remains, Step 3 hands it over, Step 4 states the spirit in which it is o�ered. The
thesis is that Volume VII is the lens of a seven-volume programme, that its central open
problem is the morphism geometry, and that the frame is best carried as a discipline
rather than believed as a system.

3 The Place of Volume VII: the Lens and the Atlas

3.1 Six realizations and one frame

We state the architecture of the programme of which this volume is the seventh part.

Proposition 3.1 (Volume VII is the lens that reads the Atlas). The prior volumes of
the programme built an Atlas of structure across the scales of the cosmos by physical
methods � the nucleon and atom at the microscale, the knotted molecule and living
cell at the mesoscale, the cosmic web and the closed cosmic topology at the macroscale.
Volume VII is the lens that reads this Atlas: the information-theoretic ontology under
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which each Atlas object is the materialization, at its scale, of a projection of one dif-
ferentiated substrate (Article 10a). The six prior volumes are the realizations and the
seventh is the frame; together they are one programme, monolithic not because every
scale is the same but because each realizes a facet of the one substrate.

Remark in lieu of proof. That the Atlas was built by the prior volumes and that each
object materializes a projection is the content of the Atlas article, which mapped the
description axis to the nucleon and atom, the regularity axis to the knotted molecule
and cell, the channel and macrostate axes to the cosmic web, and the global register
to the cosmic topology [3]. The present proposition states the relation as architecture:
the prior volumes supply the realizations, by physics; this volume supplies the frame,
the ontology of substrate and projection under which the realizations are read as facets
of one ground. The monolithic character is the Atlas article's anti-rei�cation result
restated � the unity is that each scale realizes a facet, not that the substrate is any
measure � and so the programme coheres without collapsing its scales into one.

The proposition �xes how the volume should be read in its setting. A reader who came
to Volume VII alone might take it for a free-standing philosophy of information; a
reader who knows the programme sees it as the keystone of an arch whose other stones
are the computed and measured structures of the prior volumes. The frame is not
speculation laid over physics but the lens through which the programme's own physics
is seen as one � the account that lets the nucleon and the cosmic web, computed by
entirely di�erent means at scales forty orders of magnitude apart, be recognized as
materializations of the same few projections of the same di�erentiated ground. The
seventh volume earns its place not by adding to the Atlas but by reading it, and the
programme is complete as an arch only with the keystone in.

3.2 Counterarguments and Responses

Objection 1 (a lens that adds no physics is dispensable; the Atlas stands
without it). Response. The Atlas stands as physics without the frame, and the frame
insists on exactly that (it is conservative about physics). What the frame adds is not
physics but unity and discipline: the recognition that the Atlas's scales realize a few
common projections, and the refusal to reify those projections into the substrate. That
recognition is dispensable for computing any single scale and indispensable for seeing
the scales as one programme; a reader content with the scales severally may omit it, a
reader who wants the programme whole may not. The lens is optional for the parts
and constitutive of the whole.

Objection 2 (calling the programme �monolithic� overstates a loose family
of results across disparate �elds). Response. The monolithic claim is precise and
modest: each scale realizes a facet of one substrate, established case by case in the Atlas
article, not that the �elds are reducible to one another or that one theory predicts
all scales. The unity is at the level of the frame � one ground, several projections,

6 379



Prepared for submission to Foundations of Physics

materialized severally � not at the level of the physics, which remains plural and scale-
speci�c. �Monolithic� names the unity of the frame over plural realizations, which is
exactly what the Atlas article established and the synthesis consolidated, neither more
nor less.

3.3 Section Result and Implications

Volume VII is the lens that reads the Atlas built by the prior volumes; the seven form
one programme, six realizations and one frame (Proposition 3.1). The implication is
that the programme, like the volume, leaves a central problem open. We state it.

4 The Central Open Problem: the Morphism Geom-

etry

4.1 The conjecture

The volume proved two results that ask to be joined, and joining them is the central
open problem it bequeaths.

Conjecture 4.1 (The morphism geometry). Let D be the diagram whose objects are
the six projection axes and whose morphisms are the inter-axis maps of the projection
theorem � rescaling (S = kBH), kernel-averaging (E[K] ≈ H), re�nement (K =
Keff + R), and the relations of the receiver and cost axes (the maximal observer, the
Maxwell demon). Then:

(A) (Completeness.) Every known information measure is an object of D, and every
relation between measures is a composite of its morphisms: the classi�cation is
complete, and D is connected [2].

(B) (Incompleteness.) For any proper projective access P, the residual �oor H∞(P) is
computable from D as the entropy of the substrate region not in the image of any
morphism into P � the diagram's complement relative to the access [4].

If the conjecture holds, the completeness of the classi�cation (Part II) and the incom-
pleteness of measurement (Article 14) are two faces of one geometry: what D connects,
and what lies outside its image.

The conjecture is stated as a conjecture, and the emphasis is deliberate. The volume
has been careful, at every stage, to mark what it proves and what it surmises, and
the morphism geometry is the largest of its surmises � the structure that would unify
the classi�cation and the incompleteness �oor into one mathematical object, giving the
conceptual descent of the synthesis a formal spine. We do not establish it. We state it
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R1: S = kBH
(rescaling)

R2: [K] H
(kernel)

R3: K = Keff + R
(refinement)

maximal
observer

demon /
Landauer

The morphism geometry: the central open problem

Conjecture A (completeness): the diagram connects every known measure.
Conjecture B (incompleteness): the floor H  of an access = the substrate region no morphism into it covers.

Channel
H

Description
K

Regularity
Keff

Receiver
(Bateson)

Cost
(Landauer)

Macrostate
S

Figure 1: The morphism geometry as the central open problem. The six projection
axes are nodes; the inter-axis morphisms of the projection theorem are edges � rescal-
ing (R1), kernel-averaging (R2), re�nement (R3), the maximal-observer relation of the
receiver axis, and the demon/Landauer relation of the cost axis. The conjecture is that
this diagram carries both faces of the volume: its connectedness the completeness of
the classi�cation (Conjecture 4.1A), and its complement relative to an access the in-
completeness �oor (Conjecture 4.1B). The �gure states the problem; it does not claim
it solved.

precisely enough to be a research target: a diagram of axes and morphisms (Figure 1),
a completeness claim about its connectedness, and an incompleteness claim about its
complement. Whether the diagram is genuinely a category with the conjectured proper-
ties, whether the �oor is genuinely its complement, and whether the morphisms su�ce
to connect every measure � these are open, and they are the natural continuation of
the programme. The conjecture's appeal is its economy: if true, the two great results
of the volume, one from Part II and one from Part III, would be the image and the
complement of a single structure.
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4.2 Counterarguments and Responses

Objection 1 (the conjecture is too vague to be a research target; �the dia-
gram's complement� is not de�ned). Response. The conjecture is stated at the
level of precision appropriate to a closing article � objects, morphisms, a connectedness
claim, a complement claim � and it is explicitly a conjecture, not a theorem awaiting
only details. Making �the diagram's complement relative to an access� fully precise �
as, say, the cokernel of the morphisms into the access, or the substrate quotient by their
joint image � is itself part of the open problem, and di�erent precisi�cations are worth
trying. The article's task is to pose the problem clearly enough to be worked on, not
to solve it; a posed problem with alternative precisi�cations is a research target, not a
vagueness.

Objection 2 (treating information measures as objects of a category may
simply not work). Response. It may not, and the conjecture is falsi�able in that
direction: if some known measure is not an object of D, or some relation is not a
composite of the morphisms, completeness fails; if the �oor is not recoverable from the
diagram, the incompleteness face fails. That the conjecture can fail is a virtue, marking
it a genuine claim rather than a slogan. The projection theorem already established
three of the morphisms with their composition relations [2], so the category-theoretic
reading is not idle speculation but the extrapolation of a started construction; whether
it completes is exactly the open question.

4.3 Section Result and Implications

The central open problem is the morphism geometry: whether one diagram carries
both the completeness of the classi�cation and the incompleteness �oor, as image and
complement (Conjecture 4.1, Figure 1). The implication is that the volume bequeaths
a precise target, not merely a mood. We turn from what remains to how the frame is
carried.

5 The Frame as a Portable Discipline

5.1 One diagnostic question

The frame is most useful not as a system to assent to but as a discipline to practice,
and a discipline reduces to a habit.

Proposition 5.1 (The frame travels as a diagnostic question). The substrate frame's
portable core is a single diagnostic question, applicable to any claim about information
and the world: does this predicate of the substrate something that belongs only to a
projection? Where the answer is no, the claim is in order. Where it is yes, a rei�cation
is in progress, and the frame's correction applies: relocate the predicate to the projection
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where it belongs, and leave the substrate axis-free. The question outlasts the volume and
applies to claims the volume never treated; it is the frame in usable form, a habit rather
than a creed.

Argument. The whole frame turns on the substrate�projection distinction and the dis-
cipline of not con�ating them (Article 16). To practice that discipline on a given claim
is exactly to ask whether the claim predicates of the substrate what belongs to a pro-
jection � the diagnostic question. If it does not, no con�ation occurs; if it does, the
con�ation is the rei�cation Article 2 diagnoses, corrected by relocating the predicate
to its projection. Since the distinction is general, the question is general: it applies
wherever a claim about information and the world might con�ate ground and reading,
including claims outside the volume's cases. The frame thus reduces, for use, to one
repeatable question.

The proposition is the article's gift to the reader who will not adopt the whole frame but
might use part of it. One need not accept the descent from the impossibility of nothing,
nor the classi�cation of six axes, nor the bridge, to �nd the diagnostic question useful;
one need only suspect, of some con�dent claim that the universe is information, or is a
computation, or is a simulation, that a reading has been mistaken for the ground, and
ask the question. The frame's value travels at the level of the question even when its
system stays behind. This is the sense in which the volume o�ers a discipline rather
than a doctrine: a doctrine is believed whole or not at all, a discipline is practiced
wherever it helps, and the substrate frame is built to be practiced � one question,
asked whenever the temptation to reify a projection arises.

5.2 Counterarguments and Responses

Objection 1 (a diagnostic question detached from the system is just a slogan
against information talk). Response. It is not a blanket prohibition on information
talk; it is a test that passes most such talk and �ags only the reifying kind. �The signal
carries two bits,� �the genome encodes control information,� �the web shows neighbour
mutual information� all pass � they predicate of projections, correctly. Only claims
that predicate of the substrate what belongs to a projection � the world is information,
is a computation beneath physics � are �agged. The question discriminates, which a
slogan does not; it is the system's discipline in portable form, with the system available
behind it for anyone who wants the justi�cation.

Objection 2 (without the full system, a user cannot tell substrate-
predication from projection-predication). Response. The full system is
exactly what supplies the criterion, and it is available; the portable question is a
shortcut for the practiced, not a replacement of the justi�cation for the unpracticed.
A user uncertain whether a predicate is axis-internal can consult the classi�cation
(Part II) and the categorial boundary (Article 4), which say which predicates belong
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to which axes and which fail to apply to the substrate. The question is the handle; the
volume is the tool behind it. O�ering a handle does not deny the tool.

5.3 Section Result and Implications

The frame travels as one diagnostic question � does this predicate of the substrate what
belongs only to a projection? � usable beyond the volume, a discipline rather than a
creed (Proposition 5.1). The implication is that the frame is o�ered to be practiced, in
a spirit the close should state. We state it.

6 Envoi: Claim and Restraint

6.1 What the volume claims, and refuses

A volume should end by saying, without in�ation, what it has and has not claimed.

Proposition 6.1 (The frame's claim and its restraint). The substrate frame claims
three things and refuses three. It claims an ontology (a di�erentiated, axis-free substrate
of which the known measures are projections), a discipline (never mistake a projection
for the substrate), and a set of dissolutions (the rei�cation puzzles, resolved together).
It refuses to be a theory of everything (it adds no physics and predicts no new number),
a generator of predictions (its contribution is interpretive and disciplinary), and a creed
(it asks practice of a discipline, not assent to a system). The volume ends, accordingly,
with a statement of what was built and what remains, not with a claim to have �nished.

Remark in lieu of proof. The three claims are the established content of the volume:
the ontology of Part I [1], the discipline that runs throughout [5], and the dissolutions
of the synthesis [5]. The three refusals are the volume's explicit self-characterization:
conservative about physics, hence no theory of everything and no new predictions (Ar-
ticle 16), and o�ered as a discipline, hence no creed (Section 5). The restraint is not
modesty for its own sake but accuracy: to claim more � a �nal theory, a predictive
engine, a doctrine � would be to reify the frame's reach, the very error the frame
forbids of the substrate. The close is therefore disciplined by the frame's own rule.

The proposition closes the volume in the register it has kept. The series has been,
throughout, an exercise in saying exactly as much as is warranted and no more �
marking proofs as proofs, conjectures as conjectures, analogies as analogies, and rei�-
cations as errors. It would be untrue to that register to end with a �ourish, a claim
that the nature of information has been settled or the puzzles of physics dissolved for
good. What has been done is bounded and statable: an ontology of the di�erenti-
ated substrate and its projections has been set out, a discipline for speaking of them
without rei�cation has been established and applied, a family of standing puzzles has
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been shown to be one confusion and dissolved, and a central problem � the morphism
geometry � has been posed and left open. That is the volume, and to say more would
be to do the thing the volume warns against. The frame ends by declining to overreach,
which is the last and most �tting application of its own discipline.

6.2 Counterarguments and Responses

Objection 1 (a framework that predicts nothing and claims to be no theory
of everything is too modest to matter). Response. Modesty about scope is not
smallness of consequence. The frame dissolves puzzles that have occupied the border of
physics and philosophy for decades, disciplines inference about information across �elds,
and uni�es a seven-volume programme under one lens � consequences a predictive
theory does not supply and a clarifying frame does. The refusal of prediction is honesty
about the kind of contribution, not a confession of triviality; foundational clarity and
predictive power are di�erent goods, and the frame claims the �rst plainly rather than
pretending to the second.

Objection 2 (ending on an open conjecture leaves the volume un�nished).
Response. The volume is �nished as what it is � an ontology, a discipline, a set
of dissolutions � and open as what it points toward, the morphism geometry. A
foundational work that closed every question it raised would be suspect, not admirable;
the honest end of such a work is a clear account of what is settled and a precise statement
of what is not, which is what the close provides. The conjecture is not a loose end but
a bequeathed problem, marked as such. The volume ends complete in its claims and
open in its horizon, which is the proper shape of a foundational close.

6.3 Section Result and Implications

The frame claims an ontology, a discipline, and a set of dissolutions, and refuses to
be a theory of everything, a source of predictions, or a creed (Proposition 6.1). The
implication is that the volume ends as it proceeded: saying exactly what is warranted.
We record the �nal status.

7 Epistemic Status: the Close

In the manner of the series, we close with a �nal ledger. Established (in the volume)
marks the volume's proven content; Placement marks the architectural claim of this
article; Conjectured marks the open problem; Stance marks the spirit of the o�ering.
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Claim Status Locus

The substrate frame (ontology, discipline, dis-
solutions)

Established (in the vol-
ume)

Kriger, IST 16
[5]

Atlas materialization of the axes across scales Established (in the vol-
ume)

Kriger, IST 10a
[3]

Inter-axis morphisms of the projection theorem Established (in the vol-
ume)

Kriger, IST 3 [2]

Incompleteness �oor of projective access Established (in the vol-
ume)

Kriger, IST 14
[4]

Volume VII is the lens reading the Atlas; one
programme

Placement Prop. 3.1

The morphism geometry (completeness + in-
completeness as one)

Conjectured Conj. 4.1

The frame travels as one diagnostic question Established (here) Prop. 5.1
The frame's claim (ontology, discipline, disso-
lutions)

Stance Prop. 6.1

The frame's refusal (not a theory of everything
/ predictions / creed)

Stance Prop. 6.1

The �nal ledger is the close in one view: the volume's established content, the placement
of the volume within the programme, the conjecture it bequeaths, the discipline it hands
over, and the stance in which it is o�ered. What the volume proved it marks established;
what this article asserts about the volume's place it marks placement; what it leaves
to future work it marks conjectured; and the spirit of the whole it marks stance, not
theorem.

8 Discussion

The result of this article is the close of the volume. Volume VII is the lens of a seven-
volume programme: the prior six built an Atlas of structure across the scales of the
cosmos by physical means, and the seventh reads that Atlas as the materialization,
scale by scale, of the projections of one di�erentiated substrate. The programme is
one, monolithic not because its scales collapse into one thing but because each realizes
a facet of the one ground. The volume bequeaths a central open problem, stated as
a conjecture: that a single morphism geometry carries both the completeness of the
classi�cation and the incompleteness of measurement, the former in its connectedness
and the latter in its complement, so that what the volume proved in Part II and what
it proved in Article 14 would be two faces of one structure. And the volume hands
itself over as a discipline rather than a creed, reducible for use to a single diagnostic
question � does this predicate of the substrate what belongs only to a projection? �
that travels wherever the temptation to reify a projection arises. The frame claims an
ontology, a discipline, and a set of dissolutions, and refuses to be a theory of everything,
a source of predictions, or a doctrine demanding assent.
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So the volume ends where its discipline directs. It set out to do for the foundations of
information what the prior volumes did for the cosmos: not to add a new substance or
a new law, but to get the type of things right � to see that information is the name
of di�erentiatedness, that the known measures are projections, that the substrate is
axis-free, and that almost every puzzle at the border of physics and philosophy about
information is a single confusion of the reading for the read. Having shown this, having
classi�ed the projections, traced the bridge from loss to recovery, and mapped the two
silences that bound a subsystem's reach, the volume has done its work. What remains
� the morphism geometry, the further anchoring across scales, the application of the
diagnostic question to questions not yet posed � is the programme's continuing horizon,
and it is left, with a precise statement of what it requires, to the work that can address
it. The substrate frame is set out, placed, and handed over; the volume is closed.

8.1 Limitations

Three limitations are material. First, the placement of Volume VII within the pro-
gramme presupposes the prior volumes and the Atlas article; a reader without them
has the frame but not its realizations, and the monolithic claim rests on work outside
this volume. Second, the morphism geometry is a conjecture, stated at the precision of
a closing article and not established; its central terms admit alternative precisi�cations,
and whether any yields the conjectured unity is open. Third, the diagnostic question is
o�ered as a portable discipline, but its correct application in contested cases requires
the full system behind it, so the portability is real for the practiced and partial for the
newcomer.

8.2 Future Directions

The programme's continuation is the morphism geometry: to make the diagram of
axes and morphisms a precise mathematical object, to test whether it is complete in the
conjectured sense, and to determine whether the incompleteness �oor is its complement
relative to an access. Beyond that, the diagnostic discipline invites application to
questions the volume did not treat � the status of information in quantum foundations,
in biology, in the theory of computation � wherever a projection risks being installed
as a substrate. And the programme as a whole invites the further anchoring of the
frame across the scales of the Atlas, extending the materialization of the axes as new
structure is computed and measured. These are the horizon; the volume's task was to
set out the frame, place it, and hand it over, and that task is complete.

Acknowledgments

The author thanks colleagues of the Information Physics Institute and the Institute of
Integrative and Interdisciplinary Research for sustained discussion of the foundations of

14387



Prepared for submission to Foundations of Physics

the series, and acknowledges the six prior volumes of the programme that this volume
reads, and the readers who have followed the argument to its close.

15388



Prepared for submission to Foundations of Physics

References

[1] B. Kriger. The information substrate: di�erentiation as the ground of information.
IST, Volume VII, Article 1. Zenodo, 2026.

[2] B. Kriger. The projection theorem: how known information measures descend
from the substrate. IST, Volume VII, Article 3. Zenodo, 2026.

[3] B. Kriger. The Atlas projection: where the substrate axes materialize across the
scales of the SPCA programme. IST, Volume VII, Article 10a. Zenodo, 2026.

[4] B. Kriger. The incompleteness of measurement: the residual �oor as a theorem of
projective access. IST, Volume VII, Article 14. Zenodo, 2026.

[5] B. Kriger. The substrate frame entire: one descent from di�erentiatedness to the
boundaries of reach. IST, Volume VII, Article 16. Zenodo, 2026.

[6] B. Kriger. Volume I: The Local Gravitation of Quantum Vacuum � A Uni�ed
Solution to the Dark Sector (αLGQV Theory Monograph). IIIR Cosmology and
Theoretical Physics, Toronto, 2026. doi:10.5281/zenodo.19027460.

[7] B. Kriger. Volume VI: Structural Persistence and Coherence Analysis � A
Topological�Dissipative Method Across Physical Scales. IIIR Cosmology and Theo-
retical Physics, Toronto, 2026. doi:10.5281/zenodo.20455316.

16389

https://doi.org/10.5281/zenodo.19027460
https://doi.org/10.5281/zenodo.20455316


Prepared for submission to Foundations of Physics

A Code for Figure 1

Figure 1 is a schematic graph: six nodes for the projection axes and �ve edges for the
inter-axis morphisms of the projection theorem (rescaling, kernel-averaging, re�nement,
the maximal-observer relation, and the demon/Landauer relation). No numerical com-
putation is involved; the �gure encodes the diagram D of Conjecture 4.1 and poses, as
its caption states, the open problem of whether D carries both the completeness of the
classi�cation and the incompleteness �oor.
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