This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of
to make the world’s books discoverable online.

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was nevel
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domair
are our gateways to the past, representing a wealth of history, culture and knowledge that’s often difficult to discover.

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book’s long journey fro
publisher to a library and finally to you.

Usage guidelines

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belon
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have take
prevent abuse by commercial parties, including placing technical restrictions on automated querying.

We also ask that you:

+ Make non-commercial use of the fild&e designed Google Book Search for use by individuals, and we request that you use these fil
personal, non-commercial purposes.

+ Refrain from automated queryirigo not send automated queries of any sort to Google’s system: If you are conducting research on m:
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encc
use of public domain materials for these purposes and may be able to help.

+ Maintain attributionThe Google “watermark” you see on each file is essential for informing people about this project and helping ther
additional materials through Google Book Search. Please do not remove it.

+ Keep it legalWhatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume |
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users
countries. Whether a book is still in copyright varies from country to country, and we can’t offer guidance on whether any specific
any specific book is allowed. Please do not assume that a book’s appearance in Google Book Search means it can be used in al
anywhere in the world. Copyright infringement liability can be quite severe.

About Google Book Search

Google’s mission is to organize the world’s information and to make it universally accessible and useful. Google Book Search helps
discover the world’s books while helping authors and publishers reach new audiences. You can search through the full text of this book on
athttp://books.google.com/ |



http://books.google.com/books?id=lxkPAAAAIAAJ&ie=ISO-8859-1&output=pdf

























THE THIRTEEN BOOKS

OF

EUCLID’S ELEMENTS

TRANSLATED FROM THE TEXT OF HEIBERG

WITH INTRODUCTION AND COMMENTARY

BY
T. L. HEATH, C.B,, Sc.D.,

SOMETIME FELLOW OF TRINITY COLLEGE, CAMBRIDGE

VOLUME 1I
BOOKS III—IX

CAMBRIDGE :
at the University Press

1908



Cambridge :
PRINTED BY JOHN CLAY, M.A.
AT THE UNIVERSITY PRESS,

161345



CONTENTS OF VOLUME II

PAGE

Book III. DEFINITIONS . . . . . . . . 1
PROPOSITIONS . . . . . . . . 6

Book IV. DEFINITIONS . . . . . . . . 78
PROPOSITIONS . . . . . . . . 8o

Book V. INTRODUCTORY NOTE . . . . . . 112
DEFINITIONS . . . . . . . . 113

ProrosITIONS . . . . . . . . 138

Book VI. INTRODUCTORY NOTE . . . . . . 187
DEFINITIONS . . . . . . . . 188
PRroPOSITIONS . . . . . . . . 191

Book VII. DEFINITIONS . . . . . . . . 277
PROPOSITIONS . . . . . . . . 296

Book VIIIL . . . . . . . . . . 345
Book IX. . . . . . . . . . . 384
GreEk INDEXx TO Vor. IL. . . . . . . . . 427

EncrisH INDEX TO VoL. II. . . . . . . . 431






BOOK III.

DEFINITIONS.

1. Equal circles are those the diameters of which are
equal or the radii of which are equal.

<A straight line is said to touch a circle Wthh
meetmg the circle and being produced, does not cut the
circle.

3. Circles are said to touch one another which,
meeting one another, do«not cut one another.

4. In a circle straight lines are said to be equally
distant from the centre when the perpendiculars drawn
to them from the centre are equal.

5. And that straight line is said to be at a greater
distance on which the greater perpendicular falls.

6. A segment of a circle is the figure contained by a
straight line and a circumference of a circle,

7. An angle of a segment is that contained by a
straight line and a circumference of a circle.

8. An angle in a segment is the angle which, when
a point is taken on the circumference of the segment and
straight lines are joined from it to the extremities of the
straight line which is the base of the segment, is contained
by the straight lines so joined.

9. And, when the straight lines containing the angle cut
off a circumference, the angle is said to stand upon that
circumference.

H. E. II. ’ 8

-

/:/'.
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10. “A’sector of a circle is the figure which, when an
angle js-constructed at the centre of the circle, is contained by
the straight lines containing the angle and the circumference
cut off by them.

.. 11. Similar segments of circles are those which
~~admit equal angles, or in which the angles are equal to one

-.~.another.

DEFINITION 1.
"loot xikAot elaiv, dv ai Sudperpor icar eloiv, % dv ai éx Tdv kévTpwy loat elaiv,

Many editors have held that this should not have been included among
definitions. Some, e.g. Tartaglia, would call it a posfulate; others, e.g. Borelli
and Playfair, would call it an axiom ; others again, as Billingsley and Clavius,
while admitting it as a definition, add explanations based on the mode of
constructing a circle; Simson and Pfleiderer hold that it is a theorem. 1
think however that Euclid would have maintained that it is a definition in
the proper sense of the term ; and certainly it satisfies Aristotle’s requirement
that a “definitional statement” (8pwrrikds Adyos) should not only state the
JSact (16 6r) but should indicate the cause as well (De anima 1. 2z, 413 a
13). The equality of circles with equal radii can of course be proved by
superposition, but, as we have seen, Euclid avoided this method wherever he
could, and there is nothing technically wrong in saying “ By egua/ circles 1
mean circles with equal radii.” No flaw is thereby introduced into the system
of the Elements ; for the definition could only be objected to if it could be
proved that the equality predicated of the two circles in the definition was
not the same thing as the equality predicated of other equal figures in the
Elements on the basis of the Congruence-Axiom, and, needless to say, this
cannot be proved because it is not true. The existence of equal circles (in
the sense of the definition) follows from the existence of equal straight lines
and 1. Post. 3.

The Greeks had no distinct word for radius, which is with them, as here,
the (straight line drawn) from the centre v éx 10b xévrpov (edfeta); and so
definitely was the expression appropriated to the radius that éx To% xérpov
was used without the article as a predicate, just as if it were one word. Thus,
e.g., in L 1 ék xérrpov ydp means “for they are radii”: cf. Archimedes, Or
the Sphere and Cylinder 11. 2, 7 BE éx Tob xévrpov éori 100...x0kAov, BE is a
radius of the circle.

DEFINITION 2.

Ebfeia xixhov épdrreafar Néyerar, fjris dmropérny Tob xikAov xai éxSBallopéry
oV Téuvet TOV KUkAov.

Euclid’s phraseology here shows the regular distinction between dwreofac
and its compound éddnreafa:, the former meaning ““to meet” and the latter
“to fouckh.” The distinction was generally observed by Greek geometers
from Euclid onwards. There are however exceptions so far as drrecfac is
concerned ; thus it means ‘“to souck” in Eucl. 1v. Def. 5 and sometimes in
Archimedes. On the other hand, épdmrecfa: is used by Aristotle in certain
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cases where the orthodox geometrical term would be dwrecfac. Thus in
Meteorologica 111. 5 (376 b 9) he says a certain circle will pass through all the
angles (dwacdv épayperar Tdv yondv), and (376 a 6) M will lic on a given
(circular) circumference (8cBopévns wepidpepelas édpdperar 70 M). We shall find
axrecfac used in these senses in Book 1v. Deff. 2, 6 and Deff. 1, 3 respectively.
The latter of the two expressions quoted from Aristotle means that 2ke Jocus
of M is a given cirdle, just as in Pappus dyerar 70 oqpelov Oérer Sedopérns
edeias means that 24e Jocus of the point is a straight line given in position.

DEFINITION 3.

KvxAo épdmreafac dAMjAwy Aéyovrar olrwves drrdpevor GAAJAwy o0 Téuvovow

Todhunter remarks that different opinions have been held as to what is,
or should be, included in this definition, one opinion being that it only means
that the circles do not cut in the neighbourhood of the point of contact,
and that it must be shown that they do not cut elsewhere, while another
opinion is that the definition means that the circles do not cut at all
Todhunter thinks the latter opinion correct. I do not think this is proved ;
and I prefer to read the definition as meaning simply that the circles meet
at a point but do not cut a? that point. 1 think this interpretation
preferable for the reason that, although Euclid does practically assume in
L. 11—13, without stating, the theorem that circles touching at one point
do not intersect anywhere else, he has given us, before reaching that
point in the Book, means for proving for ourselves the truth of that
statement. In particular, he has given us the propositions 111. 7, 8 which,
taken as a whole, give us more information as to the general nature of a
circle than any other propositions that have preceded, and which can be used,
as will be seen in the sequel, to solve any doubts arising out of Euclid’s
unproved assumptions. Now, as a matter of fact, the propositions are not used
in any of the genuine proofs of the theorems in Book 111 ; 111 8 is required
for the second proof of 111. 9 which Simson selected in preference to the first
proof, but the first proof only is regarded by Heiberg as genuine. Hence it
would not be easy to account for the appearance of 1n1. 7, 8 at all unless as
affording means of answering possible odsections (cf. Proclus’ explanation of
Euclid’s reason for inserting the second part of 1. 5).

External and internal contact are not distinguished in Euclid until 111
11, 12, though the figure of 111. 6 (not the enunciation in the original text)
represents the case of internal contact only. But the definition of touching
circles here given must be taken to imply so much about snfernal and external
contact respectively as that (4) a circle touching another internally must,
immediately before ‘“meeting” it, have passed through points within the
circle that it touches, and (4) a circle touching another externally must,
immediately before meeting it, have passed through points ousside the circle
which it touches. These facts must indeed be admitted if inferna/ and
external are to have any meaning at all in this connexion, and they constitute
a minimum admission necessary to the proof of 111. 6.

DEFINITION 4.

kJ ~ -
'Ev xvxAp loov dméxewv amd Tod xévtpov ebletar Aéyovrar, 6tav al dmd Tob
’ *
xérrpov éx’ abras xalerol ayduevar ioar o,

- 1—2
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DEFINITION 5.

Meilov 8¢ dwéxew Aéyerar, ¢’ v 1 peilwv xdberos nimre.

DEFINITION 6.

Tufjpa xixhov éori 70 wepiexopevov axipa vme Te ebfelas xal kvxAov
wepupepeias.

DEFINITION 7.

Tuijpartos 8¢ yuvia éoriv 1) weprexopévn vmd Te ebbelas xai kvxAov Tepipepeias.

This definition is only interesting historically. The angle of a segment,
being the “angle” formed by a straight line and a circumference,” is of the
kind described by Proclus as “mixed.” A particular “angle” of this sort is
the “angle of a semicircle,” which we meet with again in 111. 16, a]ong with
the so-called ‘horn-like angle (xepatoerdsjs), the supposed * angle between
a tangent to a circle and the circle itself. The “angle of a semicircle ” occurs
once in Pappus (vIL. p. 670, 19), but it there means scarcely more than the
corner of a semicircle regarded as a point to which a straight line is directed.
Heron does not give the definition of the angle of a segment, and we may
conclude that the mention of it and of the angle of a semicircle in Euclid is a
survival from earlier text-books rather than an indication that Euclid considered
either to be of importance in elementary geometry (cf. the note on nr. 16
below).

We have however, in the note on 1. 5 above (Vol. 1. pp. 252—3), seen evi-
dence that the angle of a segment had played some part in geometrical proofs up
to Euclid’s time. It would appear from the passage of Aristotle there quoted
(Anal. prior. 1. 24, 41 b 13 5qq.) that the theorem of 1. § was, in the text-books
immediately preceding Euclid, proved by means of the equality of the two
“angles of” any one segment. This latter property must therefore have been
regarded as more elementary (for whatever reason) than the theorem of 1. 5;
indeed the definition as given by Euclid practlcally implies the same thing,
since it speaks of only oze ““angle of a segment,” namely ““the angle contained
by a straight line and a circumference of a circle.” Euclid abandoned the
actual use of the “angle” in question, but no doubt thought it unnecessary
to break with tradition so far as to strike the definition out also.

DEFINITION 8.
Ev 'rp.ma.aﬂ. 8¢ 'yama icr'rw, orav érl Tijs ‘u’epuﬁcp(ms TOD 'rm;,ua‘ros M,¢9~” T

aqueiov xai dr’ abrod dmi 7d 1r¢pa.‘m s cvﬂaas, 7 éore Bdais Tod Turjpatos,
txlevxloow ebbeiar, 1 meprexopévy yuwvia vmo 1oy dmibevxfeody edfedv.

DEFINITION 9.

- ,
"Orav 8¢ ai rtpte’xovo;m. ﬂ.)v -yw,v[av ebleiar dmodapfdvwol Tva Tepidépeay,
* ’,

&r’ éxelvys Aéyerar Befykeévar 7 ywvia.
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DEFINITION IO.

To;uvs 8¢ xixdov ¢ wﬂ.v, drav ‘u-pos 'm xcwpcp Tod KUkAov o'vo"ra0y 'yuww.,
70 tepuxop.svov pa vme TE TOV ‘n)v yoviay mepiexovadv elfady xai Tis
atohpﬁavopcms lﬂl' GW(I)V r(puﬁcpculs

A scholiast says that it was the skoemaker’s knife, axvrorouwds Topevs,
which suggested the name rouevs for a sector of a circle. The derivation of
the name from a resemblance of shape is parallel to the use of dpByhos (also
a shoemaker’s knife) to denote the well known figure of the Book of Lemmas.
partly attributed to Archimedes.

A wider definition of a sector than that given by Euclid is found in a
Greek scholiast (Heiberg’s Euclid, Vol. v. p. 260) and in an-Nairizi (ed. Curtze,
p- 112). “There are two varieties of sectors ; the one kind have the angular
vertices at the centres, the other at the circumferences. Those others which
have their vertices neither at the circumferences nor at the centres, but at
some other points, are for that reason not called sectors but sector-like
figures (topoed oxijpara).” The exact agreement between the scholiast and
an-Nairizi suggests that Heron was the authority for this explanation.

The sector-like figure bounded by an arc of a circle and two lines drawn
from its extremities to meet at any point actually appears in Euclid’s book On
divisions (wept Suawpéogewv) discovered in an Arabic Ms. and edited by
Woepcke (cf. Vol. 1. pp. 8—10 above). This treatise, alluded to by Proclus,
had for its object the division of figures such as triangles, trapezia,
quadrilaterals and circles, by means of straight lines, into parts equal or
in given ratios. One proposmon e.g. is, To drvide a triangle into two equal
parts by a straight line passing through a given point on one side. The
proposition (28) in which the guasi-sector occurs is, 7o divide suck a figure by a
straight line into two equal parts. The solution in this case is given by Cantor
(Gesch. d. Matk. 1,, pp. 287—8).

If ABCD be the given figure, £ the middle point
of BD and EC at right angles to B.D, A
the broken line 4EC clearly divides the figure into
two equal parts.

Join AC, and draw EF parallel to it meeting B
ABin F.

Join CF, when it is seen that CF divides the C
figure into two equal parts.

F

DEFINITION 1I1.

Oy.oux Tpijpara xikdwv éori Ta Sexdpeva ywvias ioas, % év ols ai ywviat irat
AAAPAass eloiv.

De Morgan remarks that the use of the word similar in *similar
segments ” is an anticipation, and that similarity of form is meant. He adds
that the definition is a theorem, or would be if “similar” had taken its final
meaning.



BOOK III. PROPOSITIONS.

ProrosITION 1.

To find the centre of a given circle.

Let ABC be the given circle ;
thus it is required to find the centre of the circle ABC.
Let a straight line 4B be drawn
s through it at random, and let it be bisected
at the point D ;
from D let DC be drawn at right angles
to AB and let it be drawn through to £;
let CE be bisected at F~';
10] say that F is the centre of the circle
ABC.
For suppose it is not, but, if possible,
let G be the centre,
and let GA, GD, GB be joined.
15 Then, since AD is equal to DB,
and DG is common,
the two sides 4D, DG are equal to the two sides
BD, DG respectively ;
and the base GA4 is equal to the base GB, for they are
20 radii ;
therefore the angle A DG is equal to the angle GDB. [1. 8]
But, when a straight line set up on a straight line makes
the adjacent angles equal to one another, each of the equal
angles is right; [1. Def. 10]
25 therefore the angle GD2Z is right.
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But the angle FD2B is also right;

therefore the angle FDB is equal to the angle GDB, the
greater to the less: which is impossible.

Therefore G is not the centre of the circle 4A58C.

3o Similarly we can prove that neither is any other point
except £,
Therefore the point # is the centre of the circle A5C.,

PorisM. From this it is manifest that, if in a circle a
straight line cut a straight line into two equal parts and at
3sright angles, the centre of the circle is on the cutting straight

line.
Q. E. F.

12. For suppose it is not. This is expressed in the Greck by the two words My ydp,
but such an elliptical phrase is impossible in English.

17. the two sides AD, DG are equal to the two sides BD, DG respectively.
As before observed, Euclid is not always careful to put the equals in corresponding order.
The text here has *“ GD, DB.”

Todhunter observes that, when, in the construction, DC is said to be
produced to E, it is assumed that D is within the circle, a fact which Euclid
first demonstrates in 111. 2. This is no doubt true, although the word 8ujxfw,
“let it be drawn through,” is used instead of éxBeBAjobu, “let it be produced.”
And, although it is not necessary to assume that D is within the circle, it is
necessary for the success of the construction that the straight line drawn
through D at right angles to 4.3 shall meet the circle in two points (and no
more): an assumption which we are not entitled to make on the basis of what
has gone before only.

Hence there is much to be said for the alternative procedure reccommended
by De Morgan as preferable to that of Euclid. De Morgan would first prove
the fundamental theorem that “the line which bisects a chord perpendicularly
must contain the centre,” and then make 1i1. 1, 111. 25 and 1v. § immediate
corollaries of it. The fundamental theorem is a direct consequence of the
theorem that, if 2P is any point equidistant from A4
and B, then P lies on the straight line bisecting 45
perpendicularly. We then take any two chords 4.5,

AC of the given circle and draw DO, EO bisecting 8

them perpendicularly. Unless BA4, AC are in one

straight line, the straight lines DO, £0 must meet

in some point O (see note on 1v. 5 for possible

methods of proving this). And, since both DO,

EO must contain the centre, O must be the centre. /

This method, which seems now to be generally
preferred to Euclid’s, has the advantage of showing
that, in order to find the centre of a circle, it is sufficient to know three points
on the circumference. If therefore two circles have three points in common,
they must have the same centre and radius, so that two circles cannot have
three points in common without coinciding entirely. Also, as indicated by
De Morgan, the same construction enables us (1) to draw the complete circle
of which a segment or arc only is given (111, 25), and (2) to circumscribe a
circle to any triangle (1v. 5).
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But, if the Greeks had used this construction for finding the centre of a
circle, they would have considered it necessary to add a proof that no other
point than that obtained by the construction can be the centre, as is clear
both from the similar reductio ad absurdum in m. 1 and also from the fact
that Euclid thinks it necessary to prove as a separate theorem (111. 9) that, if
a point within a circle be such that three straight lines (at least) drawn from it
to the circumference are equal, that point must be the centre. In fact,
however, the proof amounts to no more than the remark that the two
perpendicular bisectors can have no more than one point common.

And even in De Morgan’s method there is a yet unproved assumption.
In order that D0, £0O may meet, it is necessary that 4.8, 4C should not be
in one straight line or, in other words, that BC should not pass through 4.
This results from 11. 2, which therefore, strictly speaking, should precede.

To return to Euclid’s own proposition mr. 1, it will be observed that the
demonstration only shows that the centre of the circle cannot lie on either
side of CD, so that it must lie on CD or CD produced. It is however taken
for granted rather than proved that the centre must be the middle point of
CE. The proof of this by reductio ad absurdum is however so obvious as to
be scarcely worth giving. The same consideration which would prove it may
be used to show that a circle cannot have more than one centre, a proposition
which, if thought necessary, may be added to 111. 1 as a corollary.

Simson observed that the proof of 11. 1 could not but be by reductio ad
absurdum. At the beginning of Book 111. we have nothing more to base the
proof upon than the definition of a circle, and this cannot be made use of
unless we assume some point to be the centre. We cannot however assume
that the point found by the construction is the centre, because that is the
thing to be proved. Nothing is therefore left to us but to assume that some
other point is the centre and then to prove that, whatever other point is
taken, an absurdity results; whence we can infer that the point found is
the centre.

The Porism to n1. 1 is inserted, as usual, parenthetically before the words
omep Be woujoay, which of course refer to the problem itself.

ProrosiTiON 2.

If on the civcumference of a circle two points be taken at
random, the straight line joining the points will fall within
the circle.

Let ABC be a circle, and let two points 4, B be taken
at random on its circumference ;

I say that the straight line joined from
A to B will fall within the circle.

For suppose it does not, but, if
possible, let it fall outside, as A£ZB ;
let the centre of the circle 48C be
taken [ 1], and let it be D; let DA,
DB be joined, and let DFE be drawn
through.
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Then, since DA is equal to DB,
the angle DAE is also equal to the angle DBE. [ 5]
And, since one side 4 EB of the triangle DAE is produced,
the angle DER is greater than the angle DAE. [1. 16]
But the angle DAE is equal to the angle DBE;
therefore the angle DER is greater than the angle DBE.
And the greater angle is subtended by the greater side; [1. 19]
therefore DB is greater than DE.
But DB is equal to DF;
therefore DF is greater than DE,
the less than the greater: which is impossible.

Therefore the straight line joined from A4 to B will not
fall outside the circle.

Similarly we can prove that neither will it fall on the
circumference itself ;

therefore it will fall within.

Therefore etc.
Q. E. D.

The reductio ad absurdum form of proof is not really necessary in this case,
and it has the additional disadvantage that it requires the destruction of two
hypotheses, namely that the chord is (1) outside, (2) on
the circle. To prove the proposition directly, we have
only to show that, if £ be any point on the straight line
AB between A and B, DE is less than the radius of the
circle. This may be done by the method shown above,
under 1. 24, for proving what is assumed in that
proposition, namely that, in the figure of the proposition, \
Ffalls below £G if DE is not greater than DF. The N
assumption amounts to the following proposition, which
De Morgan would make to precede 1. 24: ‘Every
straight line drawn from the vertex of a triangle to the base is less than
the greater of the two sides, or than either if they be equal.” The case
here is that in which the two sides are equal ; and, since the angle DAB is
equal to the angle DBA, while the exterior angle DEA is greater than the
interior and opposite angle DBA, it follows that the angle DEA is greater
than the angle DAE, whence DE must be less than D4 or DB.

Camerer points out that we may add to this proposition the further
statement that all points on 4B produced in either direction are outside the
circle. This follows from the proposition (also proved by means of the
theorems that the exterior angle of a triangle is greater than either of the
interior and opposite angles and that the greater angle is subtended by
the greater side) which De Morgan proposes to introduce after 1. 21, namely,

“The perpendicular is the shortest straight line that can be drawn from a
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given point to a given straight line, and of others that which is nearer to the
perpendicular is less than the more remote, and the converse ; also not more
than two equal straight lines can be drawn from the point to the line, one on
each side of the perpendicular.”

The fact that not more than two equal straight lines can be drawn from a
given point to a given straight line not passing through it is proved by Proclus
on 1. 16 (see the note to that proposition) and can alternatively be proved by
means of 1. 7, as shown above in the note on 1. 12. It follows that

A straight line cannot cut a circle in more than two points :

a proposition which De Morgan would introduce here after 111. 2. The proof
given does not apply to a straight line passing through the centre ; but that
such a line only cuts the circle in two points is self-evident.

ProrosITION 3.

If in a circle a straight line through the centre bisect a
straight line not through the centre, it also culs it at right
angles ; and if it cut it al right angles, it also bisects it.

Let ABC be a circle, and in it let a straight line CD
s through the centre bisect a straight line
AR not through the centre at the point c
F;
I say that it also cuts it at right angles.
For let the centre of the circle A8C £
10 be taken, and let it be £; let £4, EB
be joined. A
Then, since AF is equal to 75,
and FE is common, D
two sides are equal to two sides;
15 and the base £A4 is equal to the base £5;
therefore the angle 4FE is equal to the angle BFE. [1.8]
But, when a straight line set up on a straight line makes
the adjacent angles equal to one another, each of the equal
angles is right ; [1. Def. 10]
20 therefore each of the angles 4FE, BFE is right.
Therefore CD, which is through the centre, and bisects
AB which is not through the centre, also cuts it at right
angles.
Again, let CD cut 42 at right angles ;

25 | say that it also bisects it, that is, that AF is equal to F5.
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For, with the same construction,
since £4 is equal to £5,
the angle £A4F is also equal to the angle £BF. [1 5]
But the right angle 4FZ is equal to the right angle BFE,
o therefore £AF, EBF are two triangles having two angles
equal to two angles and one side equal to one side, namely
EF, which is common to them, and subtends one of the equal
angles;
therefore they will also have the remaining sides equal to
35 the remaining sides; [1. 26]
therefore AF is equal to FB.
Therefore etc.
Q. E. D.

26. with the same construction, 7dv atrdy xaracxevacfévrwr.

This proposition asserts the two partial converses (cf. note on 1. 6) of the
Porism to 111. 1. De Morgan would place it next to 111 1.

ProrosiTION 4.

If in a circle two straight lines cut one another whick are
not through the centre, they do not bisect one another.

Let ABCD be a circle, and in it let the two straight lines
AC, BD, which are not through the
centre, cut one another at £;

I say that they do not bisect one

another. D
For, if possible, let them bisect one F

another, so that 4 is equal to £C, A \ A

and BE to ED; \iu

let the centre of the circle ABCD be ~

taken [ 1), and let it be 7'; let FE be 8

joined.

Then, since a straight line #£ through the centre bisects
a straight line 4C not through the centre,

it also cuts it at right angles ; - [ 3)
therefore the angle #£A is right. ‘
Again, since a straight line ~£ bisects a straight line 8D,
it also cuts it at right angles; [ 3]
therefore the angle ~£2B is right.
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But the angle #£A4 was also proved right;
therefore the angle FE£A is equal to the angle FEB,
the less to the greater: which is impossible.
Therefore AC, BD do not bisect one another.
Therefore etc.
Q. E. D.

PROPOSITION 5.

If two civcles cut one another, they will not have the same
centre.

For let the circles ABC, CDG cut one another at the
points B, C;

1 say that they will not have the same
centre.

For, if possible, let it be £; let £C
be joined, and let £FG be drawn
through at random.

Then, since the point £ is the
centre of the circle ABC,

EC is equal to EF. [1. Def. 15]

Again, since the point £ is the centre of the circle COG,

EC is equal to £G.
But £C was proved equal to £F also;
therefore £F is also equal to EG, the less to the
greater : which is impossible.

Therefore the point £ is not the centre of the circles
ABC, CDG.
Therefore etc.

Q. E. D,

The propositions 111. §, 6 could be combined in one. It makes no
difference whether the circles cut, or meet without cutting, so long as they do
not coincide altogether; in either case they cannot have the same centre.
The two cases are covered by the enunciation : Jf the crcumferences of two
circles meet at a point they cannot have the same centre. On the other hand, If
two circles have the same centre and one point in thesy crcumferences common,
they must coincide altogether.
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PropoSITION 6.

If two civcles touck one another, they will not have the
same centre.

For let the two circles ABC, CDE touch one another
at the point C;

I say that they will not have the
same centre.

For, if possible, let it be F; let
FC be joined, and let F£B be drawn
through at random.

Then, since the point / is the
centre of the circle ABC,

FC is equal to FB.

Again, since the point # is the
centre of the circle CDE,

FC is equal to FE.
But /C was proved equal to 5B ;

therefore /£ is also equal to /5, the less to the greater:
which is impossible.

Therefore /' is not the centre of the circles A8C, CDE.

Therefore etc.
Q. E. D.

The English editions enunciate this proposition of circles touching
internally, but the word (évrds) is a mere interpolation, which was no doubt
made because Euclid’s figure showed only the case of infernal contact. The
fact is that, in his usual manner, he chose for demonstration the more difficult
case, and left the other case (that of exfernal contact) to the intelligence of
the reader. It is indeed sufficiently self-evident that circles touching externally
cannot have the same centre; but Euclid’s proof can really be used for this
case too. -

Camerer remarks that the proof of 111. 6 seems to assume tacitly that the
points £ and B cannot coincide, or that circles which touch internally at C
cannot meet in any other point, whereas this fact is not proved by Euclid till
nn 13. But no such general assumption is necessary here; it is only
necessary that one line drawn from the assumed common centre should meet
the circles in different points; and the very notion of internal contact requires
that, before one circle meefs the other on its inner side, it must have passed
through points withsn the latter circle.
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ProrosiTION 7.

If on the diameter of a civcle a point be taken whick is not
the centre of the circle, and from the point straight lines fall
upon the circle, that will be greatest on whick the centre is, the
remainder of the same diameter will be least, and of the rest

sthe nearer to the straight line through the centre is always
greater than the move remote, and only two equal straight
ltnes will fall from the point on the circle, ome on eack side
of the least straight line.

Let ABCD be a circle, and let 4D be a diameter of it ;

ioon AD let a point F be taken which is not the centre of the
circle, let £ be the centre of the circle,
and from £ let straight lines /B, FC, FG fall upon the circle
ABCD;
I say that /A is greatest, /D is least, and of the rest FAB is
15 greater than /#C, and /#C than FG.

For let BE, CE, GE be joined.

Then, since in any triangle two
sides are greater than the remaining
one, [1. 20]

20 EB, EF are greater than BF.
But A F is equal to BE;
therefore 4 /' is greater than B/
Again, since B/ is equal to CZ,

and /£ is common,

25 the two sides 2/, £/ are equal to the two sides CE, E£F.
But the angle B/ / is also greater than the angle CEF;

therefore the base B/ is greater than the base CF. [r. 24]
For the same reason
CF is also greater than £G.
30 Again, since GF, FE are greater than £G,
and £G is equal to /2D,
GF, FE are greater than £D.
Let £/ be subtracted from each;
therefore the remainder G/ is greater than the remainder

35 FD.

Therefore FA is greatest, /D is least, and /A is greater
than #C, and /C than /G.
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I say also that from the point / only two equal straight
lines will fall on the circle ABCD, one on each side of the
40 least FD.
For on the straight line £F, and at the point £ on it, let
the angle /£ H be constructed equal to the angle GE/# 1. 23],
and let /~/ be joined.
Then, since G£ is equal to £H,

45 and £F is common,
the two sides GE, EF are equal to the two sides 7 E, EF;
and the angle GEF is equal to the angle A EF;
therefore the base /~G is equal to the base F/.  [1 4]

I say again that another straight line equal to #G will not
so fall on the circle from the point /.

For, if possible, let #X so fall.

Then, since FK is equal to /G, and FH to FG,

FK is also equal to F/,

. the nearer to the straight line through the centre being
ss thus equal to the more remote : which is impossible.

Therefore another straight line equal to GF will not fall
from the point / upon the circle ;

therefore only one straight line will so fall.
Therefore etc.
Q. E. D.

4. of the same diameter. I have inserted these words for clearness’ sake. The text
has simply é\axlorn 8¢ § Ao, *“ and the remaining (straight line) least.”

7. 39. one on each side. The word “ one " is not in the Greek, but is necessary to
give the force of ég’ éxdrepa Tijs éNaxlorys, literally *“ on both sides,” or *“ on each of the two
sides, of the least.”

De Morgan points out that there is an unproved assumption in this
demonstration. We draw straight lines from F, as FB, FC, such that the
angle DFB is greater than the angle DFC and then assume, with respect to
the straight lines drawn from the centre E to B, C, that
the angle DEB is greater than the angle DEC. This
is most easily proved, I think, by means of the converse
of part of the theorem about the lengths of different
straight lines drawn to a given straight line from an
external point which was mentioned above in the note
on 1L 2. This converse would be to the effect that, /f
two unequal straight lines be drawn from a point to a
given straight line whick are not perpendicular to the
straight line, the greater of the two is the further from the perpendicular from the
point to the given straight line. This can either be proved from its converse by
reductio ad absurdum, or established directly by means of 1. 47. Thus, in the
accompanying figure, B must cut £C in some point A, since the angle BFE
is less than the angle CFE.

Therefore £M is less than £C, and therefore than £B.
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Hence the point B in which #B meets the circle is further from the foot

of the perpendicular from £ on #B than M is;
therefore the angle BEF is greater than the angle CEFR

Another way of enunciating the first part of the proposition is that of
Mr H. M. Taylor, viz. *“Of all straight lines drawn to a circle from an internal
point not the centre, the one which passes through the centre is the greatest,
and the one which when produced passes through the centre is the least; and
of any two others the one which sublends the greater angle at the centre is the
greater.” The substitution of the angle subtended at the centre as the criterion
no doubt has the effect of avoiding the necessity of dealing with the unproved
assumption in Euclid’s proof referred to above, and the similar substitution in
the enunciation of the first part of 111. 8 has the effect of avoiding the necessity
for dealing with like unproved assumptions in Euclid’s proof, as well as the
complication caused by the distinction in Euclid’s enunciation between lines
falling from an external point on the convex circumference and on the concave
circumference of a circle respectively, terms which are not defined but taken as
understood.

Mr Nixon (£uclid Revised) similarly substitutes as the criterion the angle
subtended at the centre, but gives as his reason that the words *nearer” and
“more remote” in Euclid’s enunciation are scarcely clear enough without
some definition of the sense in which they are used, Smith and Bryant make
the substitution in 111. 8, but follow Euclid in 1. 7.

On the whole, I think that Euclid’s plan of taking straight lines drawn from
the point which is not the centre direct to the circumference and making
greater or less angles af tkat point with the straight line containing it and the
centre is the more instructive and useful of the two, since it is such lines
drawn in any manner to the circle from the point which are immediately useful
in the proofs of later propositions or in resolving difficulties connected with
those proofs.

Heron again (an-Nairizi, ed. Curtze, pp. 114—5) has a note on this
proposition which is curious. He first of all says that Euclid proves that lines
nearer the centre are greater than those more remote from it. This is a
different view of the question from that taken in Euclid’s proposition as we
have it, in which the lines are not nearer to and more remote from the centre
but from the line through the centre. Euclid takes lines inclined to the latter
line at a greater or less angle ; Heron introduces distance from the centre in
the sense of Deff. 4, 5, i.e. in the sense of 2ke length of the perpendicular drawn
to the line from the centre, which Euclid does not use till 111. 14, 15. Heron
then observes that in Euclid’s proposition the lines compared are all drawn on
one side of the line through the centre, and sets himself to prove the same
truth of lines on ogpposite sides which are more or less distant from the centre.
The new point of view necessitates a quite different line of proof, anticipating
the methods of later propositions.

The first case taken by Heron is that of two straight lines such that the
perpendiculars from the centre on them fall on the lines themselves and not

in either case on the line produced.
Let 4 be the given point, D the centre, and let ,
AE be nearer the centre than A% so that the £
perpendicular DG on AE is less than the perpen- C
dicular DA on AF. %
Then sqgs. on DG, GE =sqs. on DH, HF,
and  sgs. on DG, GA =sqgs. on DH, HA.

But sq. on DG <sq. on DAH. ’
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Therefore sq. on GE > sq. on HF,
and sq. on G4 >sq. on HA,
whence GE > HF,

GA> HA.

Therefore, by addition, 4£ > AF.

The other case taken by Heron is that where
one perpendicular falls on the line produced, as in
the annexed figure. In this case we prove in like
manner that GE > HF,

and GA > AH.

Thus 4E is greater than the sum of ¥, AH,
whence, a fortiori, AE is greater than the difference
of HF, AH, ie. than AF.

Heron does not give the third possible case, that, namely, where dotA
perpendiculars fall on the lines produced, The fact
is that, in this case, the foregoing method breaks
down. Though 4Z be nearer to the centre than
AF in the sense that DG is less than DH,

AE is not greater but /ess than AF.

Moreover this cannot be proved by the same
method as before.

For, while we can prove that

GE > HF,
GA > AH,
we cannot make any inference as to the comparative length of 4Z, AF.

To judge by Heron’s corresponding note to . 8, he would, to prove this
case, practically prove 111. 35 first, i.e. prove that, if £4 be produced to X
and F4 to L,

rect. FA, AL = rect. £EA4, AK,
from which he would infer that, since 4X > 4L by the first case,
AE < AF.

An excellent moral can, I think, be drawn from the note of Heron.
Having the appearance of supplementing, or giving an alternative for, Euclid’s
proposition, it cannot be said to do more than confuse the subject. Nor was
it necessary to find a new proof for the case where the two lines which are
compared are on ggposite sides of the diameter, since Euclid shows that for each
line from the point to the circumference on one side of the diameter there is
another of the same length equally inclined to it on the other side.

ProrosiTiON 8.

If a point be taken oulside a circle and from the point
straight lines be drawn through to the circle, one of whick
is through the centre and the others are drawn at random,
then, of the straight lines whick fall on the concave circum-
Jerence, that through the centre is greatest, while of the rest

H. E. 1L 2
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the nearer to that through the centre is always greater than
the more remote, but, of the straight lines falling on the convex
circumference, that between the point and the diameter is least,
while of the rest the nearer to the least is always less than the
more remote, and only two equal straight lines will fall on the
civcle from the point, one on eack side of the least.

Let ABC be a circle, and let a point D be taken outside
ABC; let there be drawn through
from it straight lines DA, DE, DF,
DC, and let DA be through the centre;

I say that, of the straight lines falling

on the concave circumference AEFC,

the straight line DA through the centre

is greatest,

while DE is greater than DF and DF
than DC; c
but, of the straight lines falling on the |
convex circumference HLKG, the
straight line DG between the point

and the diameter AG is least; and

the nearer to the least DG is always

less than the more remote, namely DK
than DL, and DL than DH.

For let the centre of the circle .43C be taken [mw 1], and
let it be M ; let ME, MF, MC, MK, ML, MH be joined.

Then, since AM is equal to £M,
let MDD be added to each;

therefore 4D is equal to £M, MD.

But £EM, MD are greater than £D; [1. 20]

therefore A0 is also greater than £D.

Again, since ME is equal to MF,

and MDD is common,
therefore £M, MD are equal to F M, MD;

and the angle £MD is greater than the angle FMD ;

therefore the base £ is greater than the base 7D.
.2

Similarly we can prove that #D is greater than CD ;[ !
therefore DA is greatest, while DE is greater than DF,
and DF than DC.



1. 8] PROPOSITION 8 19

Next, since MK, KD are greater than MD, [1. 20]
and MG is equal to MK,

therefore the remainder KD is greater than the remainder
GD,

so that GD is less than KD.

And, since on M D, one of the sides of the triangle M LD,
two straight lines /K, KD were constructed meeting within
the triangle,
therefore MK, KD are less than ML, LD ; [ 21]
and MK is equal to ML ;

therefore the remainder DX is less than the remainder
DL.

Similarly we can prove that DL is also less than DA ;
therefore DG is least, while DK is less than DL, and

DL than DH.

I say also that only two equal straight lines will fall from
the point D on the circle, one on each side of the least DG.

On the straight line #/D, and at the point 47 on it,
let the angle DMB be constructed equal to the angle KM D,
and let DB be joined.

Then, since MK is equal to M5B,
and MD is common,

the two sides KM, MD are equal to the two sides BN,
MD respectively ;

and the angle KMD is equal to the angle BMD ;
therefore the base DK is equal to the base DB. [1 4]

I say that no other straight line equal to the straight line
DK will fall on the circle from the point D. »

For, if possible, let a straight line so fall, and let it be DNV.

Then, since DK is equal to DN,
while DX is equal to D5,
DB is also equal to DN,
that is, the nearer to the least DG equal to the more remote:
which was proved impossible.

Therefore no more than two equal straight lines will fall
on the circle ABC from the point D, one on each side ot
DG the least.

Therefore etc. Q. E. D.

2—2
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As De Morgan points out, there are here two assumptions similar to
that tacitly made in the proof of 11 7, namely that
KX falls within the triangle DZM and E outside D
the triangle DFM. These facts can be proved ¥
in the same way as the assumption in 11 7. Let F 7] 7
DE meet FM in YV and LM in Z Then, as
before, MZ is less than ML and therefore than
MK. Therefore K lies further than Z from E
the foot of the perpendicular from M on DE.

Similarly £ lies further than ¥ from the foot of the
same perpendicular.

Heron deals with lines on opposite sides of the g
diameter through the external point in a manner similar to that adopted in
his previous note.

For the case where E, 7 are the second points in
which 4E, AF meet the circle the method answers
well enough.

If AE is nearer the centre D than AF is,

sgs. on DG, GE =sqs. on DH, HF

and sgs. on DG, GA =sqs. on DH, HA,
whence, since DG < DH,
it follows that GE > HF,

and AG> AH,

so that, by addition, AE > AF,

But, if X, L be the points in which 4E, AF first
meet the c1rcle, the method fails, and Heron is reduced to proving, in the first
instance, the property usually deduced from 111. 36. He argues thus:

AKD being an obtuse angle,
sq. on AD =sum of sqs. on 4K, KD and twice rect. 4K, KG. [1. 12]
ALD is also an obtuse angle, and it follows that
sum of sgs. on 4K, KD and twice rect. AKX, KG is equal to
sum of sqs. on AL, LD and twice rect. AL, LH.
Therefore, the squares on XD, LD being equal,
sq. on 4K and twice rect. 4K, KG =sq. on AL and twice rect. 4L, LH,
or sq. on AKX and rect. 4K, KE =sq. on AL and rect. AL, LF,

ie. rect. AK, AE =vect. AL, AF,
But, by the first part, AE > AF.
Therefore AK < AL.

nt 7, 8 deal with the lengths of the several lines drawn to the circum-
ference of a circle (1) from a point within it, (2) from a point outside it; but a
similar proposition is true of straight lines drawn from a point on the
circumference itself: If any point be taken on the circumference of a circle,
then, of all the straight lines whick can be drawn from it to the circumference, the
greatest is that in which the centre is ; of any others that whick is nearer to the
straight line which passes through the centre is greater than one more remote ;
and from the same point there can be drawn to the circumference two straight
lines, and only two, which are equal to one another, one on cack side of the
greatest line.
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The converses of 1. 7, 8 and of the proposition just given are also true
and can easily be proved by reductio ad absurdum. They could be employed
to throw light on such questions as that of internal contact, and the relative
position of the centres of circles so touching. This is clear when part of the
converses is stated : thus (1) if from any point in the plane of a circle a
number of straight lines be drawn to the circumference of the circle, and one
of these is greater than any other, the centre of the circle must lie on that one,
(2) if one of them is less than any other, then, (@) if the point is within the
circle, the centre is on the minimum straight line produced deyond the point,
(4) if the point is outside the circle, the centre is on the minimum straight line
produced beyond the point in whick it meets the circle.

ProrosITION g.

If a point be taken within a civcle, and more than two
equal straight lines fall from the point on the civcle, the point
taken is the centrve of the circle.

Let ABC be a circle and D a point within it, and from
D let more than two equal straight
lines, namely DA, DB, DC, fall on L
the circle ABC;

I say that the point D is the centre y
of the circle ABC.
For let AB, BC be joined and K 18

bisected at the points £, /, and let
ED, FD be joined and drawn through
to the points G, K, H, L. A
Then, since AE is equal to £5,
and £D is common,
the two sides 4 E, ED are equal to the two sides BE, ED;
and the base DA is equal to the base DB ;

therefore the angle A £D is equal to the angle BED.

[r. 8]
Therefore each of the angles AED, BED is right;
[1. Def. 10]

therefore GK cuts A8 into two equal parts and at right
angles.

And since, if in a circle a straight line cut a straight line
into two equal parts and at right angles, the centre of the
circle is on the cutting straight line, [u1. 1, Por.]

the centre of the circle is on GX.
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For the same reason
the centre of the circle ABC is also on AL.

And the straight lines GKX, AL have no other point
common but the point D ;

therefore the point D is the centre of the circle A 8C.
Therefore etc. Q. E. D.

The result of this proposition is quoted by Aristotle, Meteorologica m. 3,
373 a 13—16 (cf. note on 1. 8).

1L g is, as De Morgan remarks, a Jogical/ equivalent of part of 1. 7,
where it is proved that every non-central point is nof a point from which three
equal straight lines can be drawn to the circle. Thus 111. 7 says that every
not-A is not-B, and 11. ¢ states the equivalent fact that every B is 4.
Mr H. M. Taylor does in effect make a Jogica/ inference of the theorem that,
If from a point three equal straight lines can be drawn 1o a circle, that point is
the centre, by making it a corollary to his proposition which includes the part of
11. 7 referred to. Euclid does not allow himself these logical inferences, as we
shall have occasion to observe elsewhere also.

Of the two proofs of this proposition given in earlier texts of Euclid,
August and Heiberg regard that translated above as genuine, relegating the
other, which Simson gave alone, to a place in an Appendix. Camerer remarks
that the genuine proof should also have contemplated the case in which one
or other of the straight lines 4.8, BC passes through D. This would however
have been a departure from Euclid’s manner of taking the most obscure case
for proof and leaving others to the reader.

The other proof, that selected by Simson, is as follows :

“For let a point D be taken within the circle 48C, and from D let more
than two equal straight lines, namely 4.0, DB, DC,
fall on the circle ABC;

I say that the point D so taken is the centre of the Q
circle ABC.

For suppose it is not; but, if possible, let it be G
E, and let DE be joined and carried through to the v v
points 7, G. ‘

Therefore /G is a diameter of the circle 4BC. \

Since, then, on the diameter #G of the circle B
ABC a point has been taken which is not the centre
of the circle, namely D,

DG is greatest, and DC is greater than DB, and DB than DA.

But the latter are also equal : which is impossible.

Therefore £ is not the centre of the circle.
Similarly we can prove that neither is any other point except D ;
therefore the point D is the centre of the circle 4BC.
Q. E. D.”

On this Todhunter correctly points out that the point £ might be

supposed to fall witkin the angle A.DC. 1t cannot then be shown that DC

is greater than D25 and DB than DA, but only that either DC or DA is less
than DB ; this however is sufficient for establishing the proposition.
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ProrosITION 10.

A circle does not cut a cirvcle at more points than two.

For, if possible, let the circle 4BC cut the circle DEF
at more points than two, namely
B G, F, H;

let BH, BG be joined and
bisected at the points X, L,
and from X, L let KXC, LM be
drawn at right angles to B4,
BG and carried through to the
points A, E.

Then, since in the circle
ABC a straight line AC cuts a
straight line B/ into two equal
parts and at right angles,

the centre of the circle 4A8C is on AC. [u1. 1, Por.]

Again, since in the same circle ABC a straight line NO
cuts a straight line BG into two equal parts and at right
angles,

the centre of the circle A BC is on NO.

But it was also proved to be on AC, and the straight
lines AC, NO meet at no point except at P;

therefore the point 2 is the centre of the circle ABC.

Similarly we can prove that P is also the centre of the
circle DEF;

therefore the two circles 4ABC, DEF which cut one
another have the same centre 2: which is impossible. [u 5]

Therefore etc. Q. E. D.

1. The word circle (xéx\os) is here e fployed in the unusual sense of the circumference
(repepépera) of a circle. Cf. note on 1. De

There is nothing in the demonstration of this proposition which assumes
that the circles cu# one another; it proves that two circles cannot meef at more
than two points, whether they cut or meet without cutting, i.e. fouck one
another.

Here again, of two demonstrations given in the earlier texts, Simson chose
the second, which August and Heiberg relegate to an Appendix, and which is
as follows :

“ For again let the circle 4BC cut the circle DEF at more points than
two, namely B, G, H, F;
let the centre X of the circle 4BC be taken, and let XB, KG, KF be
joined.
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Since then a point X has been taken within the circle DEF,

and from X more than two straight lines, namely
KB, KF, KG, have fallen on the circle DEF, A

the point X is the centre of the circle DEF. [11. 9] B
But X is also the centre of the circle 4BC. €
Therefore two circles cutting one another have

the same centre X: which is impossible. [111. 5] ( 0
Therefore a circle does not cut a circle at more

points than two.

Q. E. D.”

This demonstration is claimed by Heron (see an-Nairizi, ed. Curtze,
pp. 120—1). It is incomplete because it assumes that the point X which is
taken as the centre of the circle ABC is within the circle DEF. It can
however be completed by means of 111. 8 and the corresponding proposition
with reference to a point oz the circumference of a circle which was enunciated
in the note on 111. 8. For (1) if the point X is on the circumference of the
circle DEF, we obtain a contradiction of the latter proposition which asserts
that only fwo equal straight lines can be drawn from X to the circumference
of the circle DEF; (2) if the point X is outside the circle DEF, we obtain a
contradiction of the corresponding part of 111. 8.

Euclid’s proof contains an unproved assumption, namely that the lines
bisecting BG, BH at right angles wi// meet in a point 2. For a discussion
of this assumption see note on 1v. §.

ProposiTION 11.

If two circles touck one another internally, and their centres
be taken, the straight line joining their cemtres, if it be also
produced, will fall on the point of contact of the civcles.

For let the two circles ABC, ADE touch one another
internally at the point A4, and let
the centre F of the circle 4BC, and H

—

the centre G of ADE, be taken;

I say that the straight line joined q
from G to F and produced will fall \
on A.

For suppose it does not, but,

if possible, let it fall as FGH, and

let AF, AG be joined.
Then, since AG, GF are greater

than #4A4, that is, than FH, I
let /G be subtracted from each;

therefore the remainder 4G is greater than the remainder

GH.
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But 4G is equal to GD;
therefore GD is also greater than GH,
the less than the greater: which is impossible.

Therefore the straight line joined from £ to G will not
fall outside ;

therefore it will fall at 4 on the point of contact.

Therefore etc.
Q. E. D.

3. the straight line joining their centres, literally ‘‘the straight line joined to their
centres " (7 éwl 78 xévrpa abrdv éxitevyrvuéry edbeia).
3. point of contact is here swagy, and in the enunciation of the next proposition

Again August and Heiberg give in an Appendix the additional or
alternative proof, which however shows little or no variation from the genuine
proof and can therefore well be dispensed with.

The genuine proof is beset with difficulties in consequence of what it
tacitly assumes in the figure, on the ground, probably, of its being obvious to
the eye. Camerer has set out these difficulties in a most careful note, the
heads of which may be given as follows :

He observes, first, that the straight line joining the centres, when produced,
must necessarily (though this is not stated by Euclid) be produced én tie
direction of the centre of the circle whick fouches the other internally. (For
brevity, I shall call this circle the “inner circle,” though I shall imply nothing
by that term except that it is the circle which touches the other on the inner
side of the latter, and therefore that, in accordance with the definition of
fouching, points on it in the immediate neighbourhood of the point of contact
are necessarily witkin the circle which it touches.) Camerer then proceeds by
the following steps.

1. The two circles, touching at the given point, cannot fnfersect at any
point. For, since points on the “inner” in the immediate neighbourhood of
the point of contact are within the ‘““outer” circle, the inner circle, if it
intersects the other anywhere, must pass outside it and then return. This is
only possible (a) if it passes out at one point and returns at another point, or
() 1f it passes out and returns through one and the same point. () is impossible
because it would require two circles to have #4re¢ common points ; (4) would
require that the inner circle should have a node at the point where it passes
outside the other, and this is proved to be impossible by drawing any radius
cutting both loops.

2. Since the circles cannot intersect, one must be enfirely within the
other.

3. Therefore the outer circle must be greater than the inner, and the
radius of the outer greater than that of the inner. ‘

4. Now, if F be the centre of the greater and G of the inner circle, and
if FG produced beyond G does not pass through A, the given point of
contact, then there are three possible hypotheses.

(@) 4 may lie on GF produced beyond £.
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(6) A may lie outside the line /G altogeth;ar, in which case /G produced
beyond G must, in consequence of result 2 above, either

(i) meet the circles in a point common to both, or

(ii) meet the circles in two points, of which that which is on the inner
circle is nearer to G than the other is.

(a) is then proved to be impossible by means of the fact that the radius of the
inner circle is less than the radius of the outer.
(8) (ii) is Euclid’s case ; and his proof holds equally of () (i), the hypothesis,
namely, that D and A in the figure coincide.

Thus all alternative hypotheses are successively shown to be impossible,
and the proposition is completely established.

I think, however, that this procedure may be somewhat shortened in the
following manner.

In order to make Euclid’s proof absolutely conclusive we have only (1) to
take care to produce G beyond G, the centre of the “inner” circle, and then
(3) to prove that the point in which /G so produced meets the “inner” circle
is not further from G than is the point in which it meets the other circle.
Euclid’s proof is equally valid whether the first point is nearer to G than the
second or the first point and the second coincide.

If FG produced beyond G does not pass through A4, there are two

X D
2y,
X
\,

. conceivable hypotheses: (a) 4 may lie on G ¥ produced beyond £, or (4) 4
may be outside #G produced either way. In either case, if FG produced
meets the ‘““inner” circle in D and the other in A, and if GD is greater than
GH, then the “inner” circle must cut the “outer” circle at some point
between 4 and D, say X.

But, if two circles have a common point X lying on one side of the line of
centres, they must have another corresponding point on the other side of the
line of centres. This is clear from 1L 7, 8; for the point is determined by
drawing from F and G, on the opposite side to that where X is, straight
lines £Y, GY making with FD angles equal to the angles DFX, DGX
respectively.

Hence the two circles will have at least three points common: which is
impossible.

Therefore GD cannot be greater than GH; accordingly G2 must be
either equal to, or less than, GH, and Euclid’s proof is valid.

The particular hypothesis in which #G is supposed to be in the same
straight line with 4 but G is on the side of #away from 4 is easily disposed
of, and would in any case have been left to the reader by Euclid.

For GD is either equal to or less than GA. .

Therefore GD is less than FH, and therefore less than FA4.

But GD is equal to G4, and therefore greater than FA: which is
impossible.
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Subject to the same preliminary investigation as that required by Euclid’s
proof, the proposition can also be proved directly from 1. 7.

For, by m1. 7, GH is the shortest straight line that can be drawn from G
to the circle with centre F;

therefore G A is less than G4,
and therefore less than G0 : which is absurd.

This proposition is the crucial one as regards circles which touch internally;
and, when it is once established, the relative position of the circles can be
completely elucidated by means of itand the propositions which have preceded
it. Thus, in the annexed figure, if 7 be the centre
of the outer circle and G the centre of the inner,
and if any radius #Q of the outer circle meet the

two circles in Q, P respectively, it follows, from

ut. 7, mn 8, or the corresponding theorem with

reference to a point oz the circumference, that 4 ¢ ¥ A
is the maximum straight line from # to the circum- ‘@
ference of the inner circle, #P is less than FA, Q

and FP diminishes in length as #Q moves round

from FA until FP reaches its minimum length

FB. Hence the circles do not meet at any other

point than 4, and the distance PQ cut off between them on any radius #Q
of the outer circle becomes greater and greater as #Q moves round from #4
to FC and is a maximum when #Q coincides with #C, after which it
diminishes again on the other side of #C.

The same consideration gives the partial converse of n1. r1 which forms
the 6th lemma of Pappus to the first book of the Zactiones of Apollonius
(Pappus, viL. p. 826). This is to the effect that, if AB, AC are in one straight
Jine, and on one side of A, the circles described on AB, AC as diameters touch
(internally at the point A). Pappus concludes this from the fact that the
circles have a common tangent at A4 ; but the truth of it is clear from the fact
that #P diminishes as #Q moves away from F4 on either side ; whence the
circles meet at 4 but do not cut one another.

Pappus’ 5th lemma (viI. p. 824) is another partial converse, namely that,
8¥0en two circles touching internally at A, and a line ABC drawn from A cutting
both, then, if the centre of the ouler circle lies on ABC, so does the centre of the
énner. Pappus himself proves this, by means of the common tangent to the
circles at 4, in two ways. (1) The tangent is at right angles to 4AC and
therefore to 4.8 : therefore the centre of the inner circle lies on 48. (2) By
IIL 32, the angles in the alternate segments of both circles are right angles, so
that 4BC is a diameter of both.

[ProPoOSITION 12.

If two circles touch one another externally, the straight
line joining their cemtves will pass through the point of
conlact.

For let the two circles ABC, ADE touch one another
s externally at the point 4, and let the centre 7~ of ABC, and
the centre G of ADE, be taken ;
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I say that the straight line joined from # to G will pass
through the point of contact at A.

For suppose it does not,
10 but, if possible, let it pass as
FCDG, and let AF, AG be
joined.
Then, since the point F is
the centre of the circle ABC,
15 FA is equal to FC.
Again, since the point G is
the centre of the circle ADE,
GA is equal to GD.
But /4 was also proved equal to FC;
20 therefore 74, AG are equal to FC, GD,
so that the whole /G is greater than FA4, AG;
but it is also less [1. z0]: which is impossible.

Therefore the straight line joined from # to G will not
fail to pass through the point of contact at A ;

25 therefore it will pass through it.
Therefore etc. Q E. D.]

23. will not fail to pass. The Greek has the double negauve, otk dpa 9)...e00¢ka...
otk é\eboerar, literally * the straight line... will not not-pass..

Heron says on 11 11: “Euclid in proposition 11 has supposed the two
circles to touch internally, made his proposition deal with this case and proved
what was sought in it. But I will show how it is to be proved if the contact is
external” He then gives substantially the proof and figure of 1. rz2. It
seems clear that neither Heron nor an-Nairizi had m. 12 in this place.

Campanus and the Arabic edition of Nasiraddin at-Tsi have nothing more
of 11. 12 than the following addition to 11 r1. “In the case of external
contact the two lines ac and ¢4 will be greater than aé, whence ad and ¢ will
be greater than the whole a#, which is false.” (The points g, 5, ¢, 4, ¢ cor-
respond respectively to G, F C, D, 4 in the above figure.) It is most
probable that Theon or some other editor added Heron’s proof in his edition
and made Prop. 12 out of it (an-Nairizi, ed. Curtze, pp. 121—2). An-Nairizi
and Campanus, conformably with what has been said, number Prop. 13 of
Heiberg’s text Prop. 12, and so on through the Book.

What was said in the note on the last proposition applies, mufatis mutandss,
to this. Camerer proceeds in the same manner as before ; and we may use
the same alternative argument in this case also.

Euclid’s proof is valid provided only that, if #G, joining the assumed
centres, meets the circle with centre #in C and the other circle in D, C is
not within the circle 4 DE and D is not within the circle 4BC. (The proof
is equally valid whether C, D coincide or the successive points are, as drawn
in the figure, in the order %, C, D, G.) Now, if C is within the circle A DE
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and D within the circle 4BC, the circles must have cut between 4 and C
and between 4 and D. Hence, as before, they must also have another
corresponding point common on the other side of CD. That is, the circles
must have #4rec common points : which is impossible.
Hence Euclid’s proof is valid if #, 4, G form a triangle, and the only
hypothesis which has still to be dlsproved is the
hypothesis which he would in any case have left to
the reader, namely that 4 does not lie on /G but
on FG produced in either direction. In this case, as
before, either C, D must coincide or C is nearer
Fthan Dis. Then the radius #C must be equal
to FA4: which is impossible, since #C cannot be
greater than /0, and must therefore be /ss than
FA.
Given the same preliminaries, 111. 12 can be proved by means of 1. 8.
Again, when the proposition 111. 12 is once proved, 111. 8 helps us to prove
at once that the circles lie entirely outside each other and have no other
common point than the point of contact.

Among Pappus’ lemmas to Apollonius’ Zactiones are the two partial
converses of this proposition corresponding to those given in the last note.
Lemma 4 (vi1. p. 824) is to the effect that, zf AB, AC de in one straight line, B
and C being on opposite sides of A, the circles draw/z on AB, AC as diameters
touch externally at A. Lemma 3 (vu. p. 822) states that, 1_'{ two cirdes touckh
externally at A and BAC is drawn through A cutting bothk circles and containing
the centre of one, BAC will also contain the centre of the other. The proofs, as
before, use the common tangent at 4. ’

Mr H. M. Taylor gets over the difficulties involved by m. x1, 12 in a
manner which is most ingenious but not Euclidean. He first proves that, ¢f #wo
circles meet al a point not in the same straight line witk their centres, the circles
inlersect at that point ; this is very easily established by means of 1. 7, 8 and
the third similar theorem. Then he glves as a corollary the statement that, ¢
two crcles touch, the point of contact is in the same straight line with their
centres. It is not explained how this is inferred from the substantive
proposition ; it seems, however, to be a /gical inference simply. By the
proposition, every 4 (circles meeting at a point not in the same straight line
with the centre) is B (circles which intersect); therefore every not-B is not-A4,
i.e. circles which do not intersect do not meet at a point not in the same
straight line with the centres. Now non-intersecting circles may either meet
(i.e. touch) or not meet. In the former case they must meet oz the line of
centres : for, if they met at a point not in that line, they would intersect. But
such a purely Jogical inference is foreign to Euclid’s manner. As De Morgan
says, “Euclid may have been ignorant of the identity of ‘Every X is ¥’ and
¢ Every not- Y is not-X,’ for anything that appears in his writings; he makes
the one follow from the other by a new proof each time” (quoted in Keynes’
Formal Logic, p. 81).

There is no difficulty in proving, by means of 1. zo, Mr Taylor’s next
proposition that, &f two circles meet at a point which lies in the same straight
Zine as their centres and is between the centres, the circles touck at that point, and
each circle lies without the other. But the similar proof, by means of 1. 20, of
the corresponding theorem for internal contact seems to be open to the same
objection as Euclid’s proof of 11. 11 in that it assumes without proof that the
circle which has its centre nearest to the point of meeting is the “inner”
circle. Lastly, in order to prove that, if fwo circles have a point of contact, they
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do not meet at any other point, Mr Taylor uses the questionable corollary.
Therefore in any case his alternative procedure does not seem preferable to
Euclid’s.

The alternative to Eucl. 111. 11—13 which finds most favour in modern
continental text-books (e.g. Legendre, Baltzer, Henrici and Treutlein,
Veronese, Ingrami, Enriques and Amaldi) connects the number, position and
nature of the coincidences between points on two circles with the relation in
which the distance between their centres stands to the length of their radii.
Enriques and Amaldi, whose treatment of the different cases is typical, give
the following propositions (Veronese gives them in the converse form).

1. If the distance between the centres of two circles is greater than the sum
of the radii, the two circles have no point common and are external to one
another.

Let O, O be the centres of the circles (which we will call “the circles
O, 0'”), », 7 their radii respectively.

Since then OO’ > » + ¥, a fortiori OO > r, and O is therefore exterior to
the circle O.

Next, the circumference of the circle O intersects OO in a point 4, and
since 00 >r+7, A0 >7, and 4 is
external to the circle O'.

But 0’4 is less than any straight
line, as O'B, drawn to the circum-
ference of the circle O [ 8]; hence
all points, as B, on the circumference
of the circle O are external to the circle

0.

Lastly, if C be any point internal
to the circle O, the sum of OC, O'C is
greater than 0’0, and a fortiori greater than » + »'.

But OC is less than 7: therefore O'C is greater than #, or C is external
to O.

Similarly we prove that any point on or within the circumference of the
circle O is external to the circle O.

2. If the distance between the centres of two unequal circles is less than the
difference of the radit, the two circumferences have no common point and the lesser
circle §s entively within the greater.

Let O, O be the centres of the two circles, 7, » their radii respectively

r<7).
( Sir)lce 00 < ¥ — 7, a fortiori OO <7, so that O is
internal to the circle O’

If 4, A’ be the points in which the straight line
O O intersects respectively the circumferences of the A @
'TA

circles O, O,
00 is less than 0’4’ — 04,

sothat OO + OA, or O'A4, is less than 0’4,
and therefore A4 is internal to the circle O.
But, of all the straight lines from O’ to the circumference of the circle O,
O’ A passing through the centre O is the greatest [111. 7];
whence all the points of the circumference of O are internal to the circle O'.
A similar argument to the preceding will show that all points within the
circle O are internal to the circle O
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3. If the distance between the centres of two circles is equal to the sum of the
radii, the two circumferences have one point common and one only, and that point
is on the line of centres. Each circle is external to the other.

Let O, O be the centres, 7, » the radii of the circles, so that OO is equal
tor+7r.

Thus OO is greater than 7, so that O’
is external to the circle O, and the circum-
ference of the circle O cuts OO in a
point 4.

And, since OO’ is equal to »+#, and
OA to 7, it follows that 0’4 is equal to 7,
so that 4 belongs also to the circumference
of the circle 0.

The proof that all other points on, and
all points within, the circumference of the circle O are external to the circle O’
follows the similar proof of prop. 1 above. And similarly all points (except 4)
on, ando all points within, the circumference of the circle O are external to the
circle

The two circles, having one common point only, #ouck at that point, which
lies, as shown, on the line of centres. And, since the circles are external to
one another, they touch externally.

4 If the distance between the centres of two unequal circles is equal to the
difference between the radii, the two circumferences have one point and one only in
common, and that point lies on the line of centres. The lesser circle is within the
other.

The proof is that of prop. 2 above, mutatis mutandss.

The circles here touch internally at the point on the line of centres.

If the distance between the centres of two circles is less than the sum, and
grealer than the difference, of the radii, the two circumferences have two common
points symmelrically situated with respect to the line of centres but not lying on
that line.

Let O, O be the centres of the two circles, 7, 7" their radii, # being the
greater, so that

Y¥—r<00 <r+7.

It follows that in any case OO’ + 7> 7, so that, if OM be taken on O 0
produced equal to 7 (so that A is on the circumference of the circle o), M
external to the circle O'.

We have to use the same Postulate as in Eucl. 1. 1 that

An arc of a circle whick has one extremily within ami the other without a
given crcle has one point common with the
latter and only one ; from which it follows,
if we consider two such arcs making a
complete circumference, that, if a drcum-
Serence of a circle passes through one point
internal to, and one point external to a M
&iven dircle, it cuts the latter circle in fwo
points.

We have then to prove that the circle O, 8
besides having one point Af of its circum-
ference external to the circle O, has one other point of its circumference (Z)
internal to the latter circle.

A
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Three cases have to be distinguished according as OO is greater than, equal
to, or less than, the radius 7 of the lesser circle.
(1) OO >r. (See the preceding figure.)
Measure OLZ along OO’ equal to 7, so that
L lies on the circumference of the circle O.
Then, since OO0 <7+ #, O'L will be less
than 7, so that Z is within the circle O'.
(2) 00 =vr.
In this case the circumference of the circle
O passes through O, or L coincides with O'.
(3) 00 <.
If we measure OZ along OO equal to 7, the point Z will lie on the
circumference of the circle O.
Then OL=7r- 00, A
so that 'L < r, and a fortiori O'L <7', so that L
lies within the circle O ,
Thus, in all three cases, since the circumference ™M
of O passes through one point (4/) external to, and
one point (Z) internal to, the circle O, the two
circumferences intersect in two points 4, B [Post.]
And 4, B cannot lie on the line of centres 00, 8
since this straight line intersects the circle O in
L, M only, and of these points one is inside, the other outside, the circle O'.
Since 4B is a common chord of both cxrcles, the straight line bisecting it
at right angles passes through both centres, i.e. is identical with 00
And again by means of 111. 7, 8 we prove that all points except 4, B on
the arc AL 2B lie within the circle O, and all points except 4, B on the arc
AMB outside that circle ; and so on.

ProrosiTION 13.

A circle does not touck a circle at more points than one,
whether it touck it internally or externally.

For, if possible, let the circle 4BDC touch the circle
EBFD, first internally, at more
s points than one, namely D, 5.
Let the centre G of the circle
ABDC, and the centre A of
EBFD, be taken.
Therefore the straight line
10 joined from G to A will fall on
B, D. (. 11]
Let it so fall, as BGHD.
Then, since the point G is
the centre of the circle ABCD,

15 BG is equal to GD;
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therefore BG is greater than AD ;
therefore B/ is much greater than A D.

Again, since the point A is the centre of the circle
EBFD,
20 BH is equal to D ;

but it was also proved much greater than it: which is
impossible.

Therefore a circle does not touch a circle internally at
more points than one.

25 I say further that neither does it so touch it externally.
For, if possible, let the circle ACK touch the circle
ABDC at more points than one, namely A4, C,

and let 4C be joined.

Then, since on the circumference of each of the circles

30 ABDC, ACK two points A, C have been taken at random,
the straight line joining the points will fall within each
circle ; (1. 2]

but it fell within the circle 4ABCD and outside ACK
(1. Def. 3]: which is absurd.

35 Therefore a circle does not touch a circle externally at
more points than one.
And it was proved that neither does it so touch it
internally.
Therefore etc. Q. E. D.

3, 7» 14, 27, 30, 33. ABDC. Euclid writes 48CD (here and in the next proposition),
notwithstanding the order in which the points are placed in the figure.

25, 37. does it so touch it. It is necessary to supply these words which the Greek
(87¢ o032 éxtés and ¥ri o03¢ évrbs) leaves to be understood.

The difficulties which have been felt in regard to the proofs of this
proposition need not trouble us now, because they have already been disposed
of in the discussion of the more crucial propositions 111. 11, 12,

Euclid’s proof of the first part of the proposition differs from Simson’s ;
and we will deal with Euclid’s first. On this Camerer remarks that it is
assumed that the supposed second point of contact lies on the line of centres
produced beyond the centre of the ““outer” circle, whereas all that is proved in
111 11 is that the line of centres produced beyond the centre of the * inner” circle
passes through a point of contact. But, by the same argument as that given
on 1. 11, we show that the circles cannot have a point of contact, or even
any common point, outside the line of centres, because, if there were such a
point, there would be a corresponding common point on the other side of the
line, and the circles would have #4re¢ common points. Hence the only
hypothesis left is that the second point of contact may be oz the line of
centres but in the direction of the centre of the “oufer” circle ; and Euclid’s
proof disposes of this hypothesis.

H. E IL 3



34 BOOK III [ 13, 14

Heron (in an-Nairizi, ed. Curtze, pp. 122—4), curiously enough, does not
question Euclid’s assumption that the line of centres passes through both
points of contact (if double contact is possible) ; but he devotes some space to
proving that the centre of the “outer” circle must lie within the “inner” circle, a
fact which he represents Euclid as asserting (*“sicut dixit Euclides "), though
there is no such assertion in our text. The proof of the fact is of course easy.
If the line of centres passes through do#4 points of contact, and the centre of
the “outer” circle lies either on or outside the *‘inner” circle, the line of
centres must cut the “inner” circle in #4ree points in all: which is impossible,
as Heron shows by the lemma, which he places here (and proves by 1. 16),
that a straight line cannot cut the circumference of a circle in more points
than two.

Simson’s proof is as follows (there is no real need for giving two figures as
he does).

“If it be possible, let the circle £BF touch the circle 48C in more
points than one, and first on the inside, in the
points B, D; join BD, and draw GH bisecting
BD at right angles.

Therefore, because the points B, D are in the
circumference of each of the circles, the straight
line BD falls within each of them: And their G
centres are in the straight line G/ which bisects
BD at right angles :

Therefore GH passes through the point of
contact [111. 11]; but it does not pass through it,
because the points B, D are without the straight line GA: which is absurd.

Therefore one circle cannot touch another on the inside in more points
than one.”

On this Camerer remarks that, unless 111. 11 be more completely elucidated
than it is by Euclid’s demonstration, which Simson has, it 1s not sufficiently
clear that, besides the point of contact in which G A meets the circles, they
cannot have another point of contact either (1) on GA or (2) outside it.
Here again the latter supposition (2) is rendered impossible because in that
case there would be a third common point on the opposite side of GA ; and
the former supposition (1) is that which Euclid’s proof destroys.

Simson retains Euclid’s proof of the second part of the proposition, though
his own proof of the first part would apply to the second part also if a
reference to 111. 12 were substituted for the reference to 111. 11. Euclid might
also have proved the second part by the same method as that which he
employs for the first part.

[»)

ProrosiTioN 14.

In a civcle equal straight lines arve equally distant from
the centre, and those whick are equally distant from the centre
are equal to one another.

Let ABDC be a circle, and let 45, CD be equal straight
lines in it;

I say that A5, CD are equally distant from the centre.
For let the centre of the circle ABDC be taken [m. 1),
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and let it be £; from £ let EF, EG be drawn perpendicular
to AB, CD, and let AE, EC be joined.

Then, since a straight line £ through o
the centre cuts a straight line 45 not through
the centre at right angles, it also bisects it. 8

(. 3]
Therefore AF is equal to FB; \‘“
therefore A5 is double of AF. C

For the same reason
CD is also double of CG;
and 4B is equal to CD ;
therefore AF is also equal to CG.
And, since A E is equal to £C,
the square on A £ is also equal to the square on £C.
But the squares on AF, £ F are equal to the square on AE,
for the angle at F is right ;
and the squares on £G, GC are equal to the square on £C,
for the angle at G is right ; [1 47]
therefore the squares on AF, FE are equal to the
squares on CG, GE,

of which the square on 4F is equal to the square on CG,
for AF is equal to CG ;

therefore the square on £ which remains is equal to
the square on £G,

therefore £F is equal to £G.

But in a circle straight lines are said to be equally distant
from the centre when the perpendiculars drawn to them from
the centre are equal ; [11. Def. 4]

therefore A8, CD are equally distant from the centre.
Next, let the straight lines 458, CD be equally distant
from the centre; that is, let £ be equal to £G.
I say that 45 is also equal to CD.

For, with the same construction, we can prove, similarly,
that A 2B is double of AF, and CD of CG.

And, since AE is equal to CE,
the square on 4 £ is equal to the square on CE.
But the squares on £/F, FA are equal to the square on AE,
and the squares on £G, GC equal to the square on CE. [1 47]

3—2
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Therefore the squares on EF, FA are equal to the
squares on £G, GC,

of which the square on EF is equal to the square on £G,
for EF is equal to £G;

therefore the square on 4/ which remains is equal to the
square on CG ;

therefore A F is equal to CG.
And AB is double of 4F, and CD double of CG;
therefore A28 is equal to CD.

Therefore etc.
Q. E. D.

Heron (an-Nairizi, pp. 125—7) has an elaborate addition to this proposition
in which he proves, first by reductio ad absurdum, and then directly, that the
centre of the circle falls between the two chords.

ProrosiTION 135.

Of straight lines in a circle the diameter is grealest,
and of the rest the nearer lo the centre is always greater than
the more remote.

Let ABCD be a circle, let AD be its diameter and £
the centre; and let AC be nearer to the
diameter A0, and /G more remote ;

I say that 4D is greatest and BC
greater than FG.

For from the centre £ let £H, EK
be drawn perpendicular to BC, FG.

Then, since BC is nearer to the
centre and /G more remote, £K is
greater than £/, (1. Def. 5]

Let £L be made equal to £H,
through L let LM be drawn at right
angles to £K and carried through to A, and let ME, EN,
FE, EG be joined.

Then, since £/ is equal to £L,

BC is also equal to M/NV. [11. 14]
Again, since AL is equal to £M, and £D to EN,
AD is equal to ME, EN.
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But ME, EN are greater than MN, [r 20]
and MN is equal to BC;
therefore 4D is greater than BC.

And, since the two sides ME, EN are equal to the two
sides FE, EG,

and the angle MEN greater than the angle FEG,
therefore the base MV is greater than the base FG.  [1 24]

But MN was proved equal to 5C.
Therefore the diameter 4D is greatest and BC greater
than FG.
Therefore etc.
Q E. D.

1. Of straight lines. The Greek leaves these words to be understood.

It will be observed that Euclid’s proof differs from that given in our text-
books (which is Simson’s) in that Euclid introduces another line M, which
is drawn so as to be equal to BC but at right angles to £X and therefore
parallel to #G. Simson dispenses with #//V and bases his proof on a similar
proof by Theodosius (SpAaerica 1. 6). He proves that the sum of the squares
on EH, HB is equal to the sum of the squares on £X, KF; whence he
infers that, since the square on £/ is less than the square on £X, the square
on BH is greater than the square on K. It may be that Euclid would have
regarded this as too complicated an inference to make without explanation or
without an increase in the number of his axioms. But, on the other hand,
Euclid himself assumes that the angle subtended at the centre by MV is
greater than the angle subtended by G, or, in other words, that 44, /V both
fall outside the triangle FEG. This is a similar assumption to that made in
11 7, 8, as already noticed; and its truth is obvious because £/, EN, being
radii of the circle, are greater than the distances from £ to the points in which
MN cuts EF, EG, and therefore the latter points are nearer than M, Vare to
L, the foot of the perpendicular from £ to MN.

Simson adds the converse of the proposition, proving it in the same way
as he proves the proposition itself.

ProrosiTioN 16.

The straight line drawn at right angles to the diameter
of a circle from ils extremity will fall outside the circle, and
tnto the space between the straight line and the circumference
another straight line cannot be interposed ; further the angle
of the semicircle is greater, and the remaining angle less, than
any acute rectilineal angle.

Let ABC be a circle about D as centre and A8 as
diameter;
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I say that the straight line drawn from A4 at right angles
to A8 from its extremity will fall
outside the circle. B

For suppose it does not, but,
if possible, let it fall within as CA4,
and let DC be joined.

Since DA is equal to DC,

the angle DAC is also equal to F P\
the angle ACD. [t 5]

But the angle DAC is right;
therefore the angle ACD is also right:
thus, in the triangle ACD, the two angles DAC, ACD are
equal to two right angles ;: which is impossible. [t 17]
Therefore the straight line drawn from the point 4 at
right angles to A will not fall within the circle.
Similarly we can prove that neither will it fall on the
circumference ; _
therefore it will fall outside.
Let it fall as AE;

I say next that into the space between the straight line 4 £
and the circumference C//A another straight line cannot be
interposed.

For, if possible, let another straight line be so interposed,
as /A, and let DG be drawn from the point D perpendicular
to FA.

Then, since the angle AGD is right,

and the angle DAG is less than a right angle,

AD is greater than DG. [1. 19]
But DA is equal to DH ;

therefore DA is greater than DG, the less than the
greater : which is impossible.

Therefore another straight line cannot be mterposed into
the space between the straight line and the circumference.

I say further that the angle of the semicircle contained by
the straight line 4 and the circumference C// A4 is greater
than any acute rectilineal angle,

and the remaining angle contained by the circumference CH A4
and the straight line 4 £ is less than any acute rectilineal angle.

For, if there is any rectilineal angle greater than the
angle contained by the straight line 4 and the circumference
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CHA, and any rectilineal angle less than the angle contained
by the circumference CH A and the straight line A £, then
into the space between the circumference and the straight line
AE a straight line will be interposed such as will make an
angle contained by straight lines which is greater than the
angle contained by the straight line B4 and t%e circumference
CHA, and another angle contained by straight lines which
is less than the angle contained by the circumference CHA
and the straight line A£.
But such a straight line cannot be interposed ;

therefore there will not be any acute angle contained by
straight lines which is greater than the angle contained by
the straight line BA4 and the circumference CH A, nor yet
any acute angle contained by straight lines which is less than
the angle contained by the circumference C/Z7A4 and the
straight line A£.—

PorisM. From this it is manifest that the straith line
drawn at right angles to the diameter of a circle from its

xtremi ircle.
extremity touches the circle Q. E. D.

4- cannot be interposed, literally * will not fall in between (o0 wapeureseiras).

This proposition is historically interesting because of the controversies to
which the last part of it gave rise from the 13th to the 17th centuries.
History was here repeating itself, for it is certain that, in ancient Greece, both
before and after Euclid’s time, there had been a great deal of the same sort
of contention about the nature of the ‘“angle of a semicircle” and the
“remaining angle” between the circumference of the semicircle and the
tangent at its extremity. As we have seen (note on 1. Def. 8), the latter angle
had a recognised nhame, xeparoeidiys ywvia, kornm-like or cornicular angle;
though this term does not appear in Euclid, it is often used by Proclus,
evidently as a term well understood. While it is from Proclus that we get the
best idea of the ancient controversies on this subject, we may, I think, infer
their prevalence in Euclid’s time from this solitary appearance of the two
“angles” in the Elements. Along with the definition of the angle of a
segment, it seems to show that, although these angles are only mentioned to
be dropped again immediately, and are of no use in elementary geometry, or
even at all, Euclid thought that an allusion to them would be expected of
him ; it is as if he merely meant to guard himself against appearing to ignore
a subject which the geometers of his time regarded with interest. If this
conjecture is right, the mention of these angles would correspond to the
insertion of definitions of which he makes no use, e.g. those of a rhombus and
a rhomboid.

Proclus has no hesitation in speaking of the “angle of a semicircle” and
the “horn-like angle” as true angles. Thus he says that “angles are contained
by a straight line and a circumference in two ways; for they are either
contained by a straight line and a convex circumference, like that of the semi-
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circle, or by a straight line and a concave circumference, like the xeparoe 7s”
(p- 127, 11—14). “There are mixed lines, as spirals, and angles, as the angle
of a semicircle and the xeparoedis” (p. 104, 16—18). The difficulty which
the ancients felt arose from the very fact which Euclid embodies in this
proposition.  Since an angle can be divided by a line, it would seem to be a
magnitude; “but if it is a magnitude, and all homogeneous magnitudes which
are finite have a ratio to one another, then all homogeneous angles, or rather
all those on surfaces, will have a ratio to one another, so that the cornicular
will also have a ratio to the rectilineal. But things which have a ratio to one
another can, if multiplied, exceed one another. Therefore the cormicular
angle will also sometime exceed the rectilineal ; which is impossible, for it is
proved that the former is less than any rectilineal angle” (Proclus, p. 121,
24—122, 6). The nature of contact between straight lines and circles was
also involved in the question, and that this was the subject of controversy
before Euclid’s time is clear from the title of a work attributed to Democritus
(fl. 420—400 B.C.) mepi Biagpopijs yvupovos i mept Yavoiws xikAov xai odaipys,
On a difference in a gnomon or on contact of a circle and a sphere. There is,
however, another reading of the first words of this title as given by Diogenes
Laertius (1x. 47), namely wepi Siacpopijs yvupys, On a difference of opinion, etc.
May it not be that neither reading is correct, but that the words should be
mept Sapopijs ywvins ¥ wepl Yavawos xikAov xal apaipys, On a difference in an
angle or on contact with a crcle and a sphere? There would, of course,
hardly be any “angle” in connexion with the sphere ; but I do not think that
this constitutes any difficulty, because the sphere might easily be tacked on as
a kindred subject to the circle. A curiously similar collocation of words
appears in a passage of Proclus, though this may be an accident. He says
(p- 50, 4) wds 8 ywvidv Stadopias Aéyoper xai avbjoeas abrav ... and then, In
the next line but one, wds 8¢ ras dpas 7av kvxkAwv § 7év elfedv, ““In what
sense do we speak of differences of angles and of increases of them ... and in
what sense of the comfacts (or meetings) of circles or of straight lines?”
I cannot help thinking that this subject of cornicular angles would have had
a fascination for Democritus as being akin to the question of infinitesimals,
and very much of the same character as the other question which Plutarch
(On Common Notions, XxxX1X. 3) says that he raised, namely that of the
relation between the base of a cone and a section of it by a plane parallel to
the base and apparently, to judge by the context, infinitely near to it: ‘if
a cone were cut by a plane parallel to its base, what must we think of the
surfaces of the sections, that they are equal or unequal? For, if they are
unequal, they will make the cone irregular, as having many indentations like
steps, and unevennesses ; but, if they are equal, the sections will be equal,
and the cone will appear to have the property of the cylinder, as being made
up of equal and not unequal circles, which is the height of absurdity.”

The contributions by Democritus to such investigations are further attested
by a passage in a new fragment of Archimedes (see Heiberg, Efne neue
Archimedes- Handschrift in Hermes XL11. 1907, pp. 235—303), which says
(loc. cit., pp. 245, 246) that, though Eudoxus was the first to discover the
scientific proof of the propositions (attributed to him) that the cone and the
pyramid are one-third of the cylinder and prism respectively which have .
the same base and height, they were first sfated, without proof, by Democritus.

A full history of the later controversies about the cornicular ‘‘ angle ”
cannot be given here; more on the subject will be found in Camerer's
Euclid (Excursus 1v. on 11. 16) or in Cantor's Geschichte der Mathematik,
Vol. 11. (see Contingenzwinkel in the index). But the following short note
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about the attitude of certain well-known mathematicians to the question will
perhaps not be out of place. Johannes Campanus, who edited Euclid in
the 13th century, inferred from 11. 16 that there was a flaw in the principle
that ke transition from the less to the greater, or vice versd, takes place through
all intermediate quantities and therefore through the equal. 1f a diameter of a
circle, he says, be moved about its extremity until it takes the position of the
tangent to that circle, then, as long as it cuts the circle, it makes an acute
angle /zss than the ‘“‘angle of a semicircle”; but the moment it ceases to cut,
it makes a right angle greafer than the same “angle of a semicircle.” The
rectilineal angle is never, during the transition, egua/ to the “angle of a semi-
circle.” There is therefore an apparent inconsistency with x. 1, and Campanus
could only observe (as he does on that proposition), in explanation of the
paradox, that “these are not angles in the same sense (univoce), for the
curved and the straight are not things of the same kind without qualification
(simpliciter).” The argument assumes, of course, that the right angle s
greater than the “angle of a semicircle.”

Very similar is the statement of the paradox by Cardano (1501—1576)
who observed that a guantity may continually increase without limit, and
another diminish without limit ; and yet the first, however increased, may be less
than the second, however diminished. The first quantity is of course the angle
of contact, as he calls it, which may be “increased” indefinitely by drawing
smaller and smaller circles touching the same straight line at the same point,
but will always be less than any acute rectilineal angle however small.

We next come to the French geometer, Peletier (Peletarius), who edited the
Elements in 1557, and whose views on this subject seem to mark a great advance.
Peletier’s opinions and arguments are most easily accessible in the account of
them given by Clavius (Christoph Schliissel, 1537—1612) in the 1607 edition
of his Euclid. The violence of the controversy between the two will be
understood from the fact that the arguments and counter-arguments (which
sometimes run into other matters than the particular question at issue) cover,
in that book, 26 pages of small print. Peletier held that the “angle of
contact” was not an angle at all, that the “contact of two circles,” i.e. the
‘“angle” between the circumferences of two circles touching one another
internally or externally, is not a guantity, and that the ‘“contact of a straight
line with a circle” is not a guantity either; that angles contained by a
diameter and a circumference whether inside or outside the circle are right
angles and equal to rectilineal right angles, and that angles contained by a
diameter and the circumference in a// circles are egual. The proof which
Peletier gave of the latter proposition in a letter to Cardano is sufficiently
ingenious. If a greater and a less semicircle be placed with their diameters
terminating at a common point and lying in a straight line, then (1) the angle
of the larger obviously cannot be /ess than the angle of the smaller. Neither
(2) can the former be greater than the latter; for, if it were, we could obtain
another angle of a semicircle greater still by drawing a still larger semicircle,
and so on, until we should ultimately have an ang/e of a semicircle greater than
a right angle : which is impossible. Hence the angles of semicircles must all
be egual, and the differences between them noZAing. Having satisfied himself
that all angies of contact are not-angles, not-quantities, and therefore nothings,
Peletier holds the difficulty about x. 1 to be at an end. He adds the
interesting remark that the essence of an angle is in cufting, not contact, and
that a tangent is not inclined to the circle at the point of contact but is, as it
were, immerséd in it at that point, just as much as if the circle did not diverge
from it on either side.
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The reply of Clavius need not detain us. He argues, evidently appealing
to the eye, that the angle of contact can be divided by the arc of a circle
greater than the given one, that the angles of two semicircles of different sizes
cannot be equal, since they do not coincide if they are applied to one another,
that there is nothing to prevent angles of contact from being guantities, it being
only necessary, in view of X. 1, to admit that they are not of the same kind as
rectilineal angles ; lastly that, if the angle of contact had been a nothing,
Euclid would not have given himself so much trouble to prove that it is less
than any acute angle. (The word is desudasset, which is certainly an
exaggeration as applied to what is little more than an obiter dictum in 111. 16.)

Vieta (1540—1603) ranged himself on the side of Peletier, maintaining
that the angle of contact is no angle ; only he uses a new method of proof.
The circle, he says, may be regarded as a plane figure with an infinite number
of sides and angles; but a straight line touching a straight line, however short
it may be, will coincide with that straight line and will not make an angle.
Never before, says Cantor (11,, p. 540), had it been so plainly declared what
exactly was to be understood by contact.

Galileo Galilei (1564—1642) seems to have held the same view as Vieta
and to have supported it by a very similar argument derived from the com-
p‘a:.irison of the circle and an inscribed polygon with an infinite number of
sides.

The last writer on the question who must be mentioned is John Wallis
(1616—1703). He published in 1656 a paper entitled De angulo contactus et
semicirculs tractatus in which he also maintained that the so-called angle was
not a true angle, and was not a guantity. Vincent Leotaud (1595—1672)
took up the cudgels for Clavius in his Cyclomathia which appeared in 1663.
This brought a reply from Wallis in a letter to Leotaud dated 17 February,
1667, but not apparently published till it appeared in A defense of the treatise
of the angle of contact which, with a separate title-page, and date 1684, was
included in the English edition of his Algebra dated 1685. The essence of
Wallis’ position may be put as follows. According to Euclid’s definition, a
plane angle is an inc/ination of-two lines; therefore two lines forming an angle
must #ncline to one another, and, if two lines meet without being snclined to
one another at the point of meeting (which is the case when a circumference
is touched by a straight line), the lines do not form an angl. The ‘““angle of
contact ” is therefore no angle, because a? the point of contact the straight line
is not inclined to the circle but lies on it dxAwds, or is coincident with it.
Again, as a point is not a line but a deginning of a line, and a line is not a
surface but a deginning of a surface, so an angle is not the distance between
two lines, but their initial tendency towards separation: Amgwlus (seu gradus
divaricationis) Distantia non est sed Inceptivus distantiae. How far lines, which
at their point of meeting do not form an angle, separate from one another as
they pass on depends on the degree of curvature (gradus curvitatis), and it is
the latter which has to be compared in the case of two lines so meeting. The
arc of a smaller circle is more curved as having as much curvature in a lesser
length, and is therefore curved in a greater degree. Thus what Clavius called
angulus contactus becomes with Wallis gradus curvitatis, the use of which
expression shows that curvature and curvature can be compared according to
one and the same standard. A straight line has the least possible curvature ;
but of the “angle” made by it with a curve which it touches we cannot say that
it is greater or less than the ‘“angle ” which a second curve touching the same
straight line at the same point makes with the first curve; for in both cases
there is no true angle at all (cf. Cantor 111,, p. 24).
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The words usually given as a part of the corollary “and that a straight line
touches a circle at one point only, since in fact the straight line meeting it in
two points was proved to fall within it” are omitted by Heiberg as being an
undoubted addition of Theon’s. It was Simson who added the further remark
that “it is evident that there can be but one straight line which touches the
circle at the same point.”

ProrosiTiON 17.

From a given point to draw a straight line touching a
Liven circle.

Let A4 be the given point, and BCD the given circle ;
thus it is required to draw from the point A a straight line
touching the circle BCD.

For let the centre £ of the circle
be taken; [ 1]

let AE be joined, and with centre £
and distance £A let the circle AFG
be described ;

from D let DF be drawn at right
angles to £4,

and let £F, AB be joined ;

I say that 4B has been drawn from
the point A4 touching the circle BCD.

For, since £ is the centre of the circles BCD, AFG,
EA is equal to £F, and £D to EB;
therefore the two sides A£, EB are equal to the two sides -
FE, ED; .
and they contain a common angle, the angle at £;
therefore the base DF is equal to the base 425,
and the triangle DEF is equal to the triangle BEA,
and the remaining angles to the remaining angles; [1. 4]
therefore the angle £DF is equal to the angle £B8A.
But the angle £DF is right ;
therefore the angle £8A4 is also right.
Now £2Z is a radius;

and the straight line drawn at right angles to the diameter
of a circle, from its extremity, touches the circle; [ 16, Por.]
therefore 4B touches the circle BCD.
Therefore from the given point 4 the straight line 458
has been drawn touching the circle ZCD. Q E. F.
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The construction shows, of course, that two straight lines can be drawn
from a given external point to touch a given circle ; and it is equally obvious
that these two straight lines are equal in length and equally inclined to the
straight line joining the external point to the centre of the given circle.
These facts are given by Heron (an-Nairizi, p. 130).

It is true that Euclid leaves out the case where the given point lies on the
circumference of the circle, doubtless because the construction is so directly
indicated by 111. 16, Por. as to be scarcely worth a separate statement.

An easier solution is of course possible as soon as we know (111. 31) that
the angle in a semicircle is a right angle; for we have only to describe a
circle on 4E as diameter, and this circle cuts the given circle in the two points
of contact.

ProposiTioN 18.

If a straight line touck a circle, and a straight line be
Jotned from the centre to the point of contact, the straight line
s0 joined will be perpendicular to the tangent.

For let a straight line DE touch the circle 4BC at the
point C, let the centre £ of the
circle ABC be taken, and let FC
be joined from #to C;

I say that #C is perpendicular to
DE.

For, if not, let G be drawn
from F perpendicular to DE.

Then, since the angle FGC is
right,

the angle #CG is acute;[1 17]

and the greater angle is subtended
by the greater side ; [1 19]

therefore F#C is greater than FG.
But #C is equal to FB;
therefore /B is also greater than FG,
the less than the greater: which is impossible.
Therefore /G is not perpendicular to DE.

Similarly we can prove that neither is any other straight
line except FC;

therefore #C is perpendicular to DE.

Therefore etc.
Q. E. D.
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3. the tangent, ¥ épaxTouérn.

Just as m. 3 contains two partial converses of the Porism to 111 1, so
the present proposition and the next give two partial converses of the
corollary to 111. 16. We may show their relation thus: suppose three things,
(1) a tangent at a point of a circle, (2) a straight line drawn from the centre to
the point of contact, (3) right angles made at the point of contact [with (1) or
(2) as the case may be]. Then the corollary to 111. 16 asserts that (2) and (3)
together give (1), 111. 18 that (1) and (2) give (3), and 11 19 that (1) and (3)
give (2), i.e. that the straight line drawn from the point of contact at right
angles to the tangent passes through the centre.

ProvosiTiON 10,

If a straight line touck a circle, and from the point of
contact a straight line be drawn al right angles to the tangent,
the centre of the civcle will be on the straight line so drawn.

For let a straight line DE touch the circle 4B8C at the
point C, and from C let CA be
drawn at right angles to DE;

I say that the centre of the circle T
is on AC.
For suppose it is not, but, if 8
possible, let # be the centre, F
and let CF be joined.
Since a straight line D £ touches
the circle ABC,
and FC has been joined from the © c E

centre to the point of contact,

FC is perpendicular to DE ; (1. 18]
therefore the angle FCE is right.
But the angle 4CE is also right ;
therefore the angle #CE£ is equal to the angle 4ACE,
the less to the greater : which is impossible,
Therefore F is not the centre of the circle ABC.

Similarly we can prove that neither is any other point
except a point on AC.
Therefore etc.

Q. E. D.

We may also regard 111. 19 as a partial converse of 1. 18. Thus suppose
(1) a straight line through the centre, (2) a straight line through the point of
contact, and suppose (3) to mean perpendicular to the tangent; then 1. 18
asserts that (1) and (2) combined produce (3), and 11. 19 that (2) and (3)
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produce (1); while again we may enunciate a second partial converse of 111. 18,
corresponding to the statement that (1) and (3) produce (2), to the effect that
a straight line drawn through the centre perpendicular to the tangent passes
through the point of contact.

We may add at this point, or even after the Porism to 1. 16, the theorem
that fwo circles whick touck one another internally or externally have a common
langent at their point of contact. For the line joining their centres, produced
if necessary, passes through their point of contact, and a straight line drawn
through that point at right angles to the line of centres is a tangent to both
circles.

ProrosiTiON 20.

In a civcle the angle at the centre is double of the angle
at the circumference, when the angles have the same circum-
Serence as base.

Let ABC be a circle, let the angle BEC be an angle
-sat its centre, and the angle BAC an
angle at the circumference, and let
them have the same circumference 5C
as base;
I say that the angle ZEC is double of
10 the angle BAC.
For let AE be joined and drawn
through to #.
Then, since £4 is equal to £8,
the angle £4 B is also equal to the
15 angle £BA ; [t 5]
therefore the angles £48, EBA are double of the angle
EAB. :
But the angle BEF is equal to the angles £AB, EBA ;
[r. 32]
therefore the angle BEF is also double of the angle
20 EAB.
For the same reason
the angle F£C is also double of the angle £A4C.

Therefore the whole angle BZEC is double of the whole
angle BAC.
25 Again let another straight line be inflected, and let there
be another angle BDC; let DE be joined and produced
to G.
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Similarly then we can prove that the angle GEC is
double of the angle £DC,

3o of which the angle GEZB is double of the angle £DZB ;

therefore the angle BEC which remains is double of the
angle BDC.

Therefore etc. Q. E. D.

25. let another straight line be inflected, xex\dg6w 39 wdr\ww (without edfeta). The
verb x\dw (to break zp' ) was the regular technical term for drawing from a point a (broken)
straight line which first meets another straight line or curve and is then dent back from it
to another point, or (in other words) for drawing straight lines from two points meeting at a
point on a curve or another straight line. xexAdsfas is one of the geometrical terms the
definition of which must according to Aristotle be assumed (Anal. Post. 1. 10, 76 b g).

The e:uly editors, Tartaglia, Commandinus, Peletarius, Clavius and others,
gave the extension of this proposition to the case where the segment is less
than a semicircle, and where accordingly the “angle” corresponding to
Euclid’s “angle at the centre” is greater than two right angles. The
convenience of the extension is obvious, and the proof of it is the same as the
first part of Euclid’s proof. By means of the extension 111. 21 is demonstrated
without making two cases; 11 22 will follow immediately from the fact that
the sum of the ‘“angles at the centre” for two segments making up a whole
circle is equal to four right angles; also 1r. 31 follows immediately from the
extended proposition.

But all the editors referred to were forestalled in this matter by Heron, as
we now learn from the commentary of an-Nairizi (ed. Curtze, p. 131 sqq.).
Heron gives the extension of Euclid’s proposition which, he says, it had been
left for him to make, but which is necessary in order that the caviller may not
be able to say that the next proposition (about the equality of the angles
in any segment) is not established generally, i.e. in the case of a segment less
than a semicircle as well as in the case of a segment greater than a semicircle,
inasmuch as 11 20, as given by Euclid, only enables us to prove it in the
latter case. Heron’s enunciation is important as showing how he describes
what we should now call an “angle” greater than two right angles. (The
language of Gherard’s translation is, in other respects, a little obscure; but
the meaning is made clear by what follows.)

““The angle,” Heron says, *which is at the centre of any circle is double
of the angle which is at the circumference of it when one arc is the base of both
angles; and the remaining angles which are at the centre, and fill up the four
right angles, are double of the angle at the circumference of the arc which is
subtended by the [original] angle which is at the centre.”

Thus the “angle greater than two right angles” is for Heron the sum of *
certain “angles” in the Euclidean sense of angles less than two right angles.
The particular method of splitting up which Heron adopts will be seen from
his proof, which is in substance as follows.

Let CDB be an angle at the centre, CAB that at the circumference.

Produce BD, CD to F, G;

take any point £ on B(C, and join BE, EC, ED.

Then any angle in the segment BAC is half of the angle BDC; and
the sum of the angles BDG, GDF, FDC is double of any angle in the
segment BEC. :
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Proof. Since CD is equal to £D,
the angles DCE, DEC are equal.

Therefore the exterior angle GDE is equal to
twice the angle DEC.
Similarly the exterior angle FDE is equal to
twice the angle DEB.
By addition, the angles GDE, FDE are double
of the angle BEC.

But

the angle BDC is equal to the angle FDG,

therefore ZAe sum of the angles BDG, GDF, FDC
£s double of the angle BEC.

And Euclid has proved the first part of the
proposition, namely that the angle BDC is double
of the angle BA4C.

Now, says Heron, BAC is any angle in the segment BAC, and therefore
any angle in the segment BAC is half of the angle BDC.

Therefore all the angles in the segment B4 C are equal.

Again, BEC is any angle in the segment BEC and is equal to Aalf the
sum of the angles BDG, GDF, FDC.

Therefore all the angles in the segment BEC are equal.

Hence 111. 21 is proved generally.

Lastly, says Heron,
since the sum of the angles BDG, GDF, FDC is double of the angle BEC,
and the angle BDC is double of the angle BAC,

therefore, by addition, the sum of four right angles is double of the sum of
the angles BAC, BEC.

Hence the angles B4C, BEC are together equal to two right angles, and
1. 22 is proved.

The above notes of Heron show conclusively, if proof were wanted, that
Euclid had no idea of m1. 20 applying in ferms (either as a matter of
enunciation or proof) to the case where the angle at the circumference, or the
angle in the segment, is obfuse. He would not have recognised the *angle”
greater than two right angles or the so-called “straight angle” as being an
angle at all. This is indeed clear from his definition of an angle as the
inclination x.v.&, and from the language used by other later Greek mathe-
maticians where there would be an opportunity for introducing the extension.
Thus Proclus’ notion of a “four-sided triangle” (cf. the note above on the
definition of a triangle) shows that he did not count a re-entrant angle as an
, angle, and Zenodorus’ application to the same figure of the word “hollow-
angled ” shows that in that case it was the exterior angle only which he would
have called an angle. Further it would have been inconvenient to have
introduced at the beginning of the Elements an “angle” equal to or greater
than two right angles, because other definitions, e.g. that of a right angk,
would have needed a qualification. If an “angle” might be equal to two
right angles, one straight line in a straight line with another would have
satisfied Euclid’s definition of a right angle. This is noticed by Dodgson
(p. 160), but it is practically brought out by Proclus on 1. 13. “For he did
not merely say that ‘any straight line standing on a straight line either makes
two right angles or angles equal to two right angles’ but ‘if i# make angles.
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If it stand on the straight line at its extremity and make one angle, is it
possible for this to be equal to two right angles? It is of course impossible ;
Jor every rectilineal angle is less than two right angles, as every solid angle is
less than four right angles (p. 292, 13—20).” [It is true that it has been
generally held that the meaning of “angle” is tacitly extended in vi. 33, but
there is no real ground for this view. See the note on the proposition.

It will be observed that, following his usual habit, Euclid omits the
demonstration of the case which some editors, e.g. Clavius, have thought it
necessary to give separately, the case namely where one of the lines forming
the angle in the segment passes through the centre. Euclid’s proof gives so
obviously the means of proving this that it is properly left out.

Todhunter observes, what Clavius had also remarked, that there are two
assumptions in the proof of 111. 20, namely that, if 4 is double of B and C
double of D, then the sum, or difference, of 4 and C is equal to double the
sum, or difference, of B and D respectively, the assumptions being particular
cases of v. 1 and v. 5. But of course it is easy to satisfy ourselves of the
correctness of the assumption without any recourse to Book v.

ProrosiTiON 21.

In a circle the angles in the same segment are equal to one
anotker.

Let ABCD be a circle, and let the angles 34D, BED
be angles in the same segment BAED;
I say that the angles 84D, BED are
equal to one another.
For let the centre of the circle
ABCD be taken, and let it be F; let
BF, FD be joined.
Now, since the angle BFD is at
the centre, 8 D
and the angle BAD at the circum- c
ference,

and they have the same circumference BCD as base,
therefore the angle BFD is double of the angle BAD. [m. 20]
For the same reason

the angle BFD is also double of the angle BED ;
therefore the angle BALD is equal to the angle BED.
Therefore etc.
Q E. D.

Under the restriction that the “angle at the centre” used in 1. 20 must
be less than two right angles, Euclid’s proof of this proposition only applies
to the case of a segment greater than a semicircle, and the case of a segment

_equal to or less than a semicircle has to be considered separately. The
simplest proof, of many, seems to be that of Simson.

H. E. 1. 4
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*But, if the segment BAE.D be not greater than a semicircle, let BAD,
BED be angles in it: these also are equal to one
another. E

. A
Draw AF to the centre, and produce it to C, and <=
join CE. A~ A\

Therefore the segment BADC is greater than a
semicircle, and the angles in it B4 C, BEC are equal,
by the first case.
For the same reason, because CBED is greater
than a semicircle,
the angles CAD, CED are equal.
Therefore the whole angle BA4.D is equal to the whole angle BED.”

We can prove, by means of reductio ad absurdum, the important converse
of this proposition, namely that, if there be any two triangles on the same base
and on the same side of it, and with equal vertical angles, the circle passing
through the extremities of the base and the vertex of one triangle will pass
through the vertex of the other triangle also. That a circle can be thus
described about a triangle is clear from Euclid’s construction in 1. 9, which
shows how to draw a circle passing through any three points, though it is
in 1v. 5 only that we have the problem stated. Now,
suppose a circle BAC drawn through the angular 0
points of a triangle BAC, and let BDC be another A
triangle with the same base BC and on the same side
of it, and having its vertical angle D equal to the
angle 4. Then shall the circle pass through D.

For, if it does not, it must pass through some point
E on BD or on BD produced. If then £C be g
joined, the angle BEC is equal to the angle BAC,
by m1. 21, and therefore equal to the angle BDC.

Therefore an exterior angle of a triangle is equal to
the interior and opposite angle : which is impossible, by 1. 16.

Therefore D lies on the circle BA4C.

Similarly for any other triangle on the base BC and with vertical angle
equal to 4. ‘Thus, & any number of triangles be constructed on the same base
and on the same side of it, with equal vertical angles, the vertices will all lie on
the crcumference of a segment of .a circle.

A useful theorem derivable from 111. 21 is given by Serenus (De sectione
coni, Props. 52, 53).
If ADB be any segment of a circle, and C be such a point on the
circumference that 4C is equal to CB, and if
there be described with C as centre and radius
CA or CB the circle AHB, then, ADB being
any other angle in the segment 4CA5, and BD
being produced to meet the outer segment in
E, the sum of 4D, DB is equal to BE.
If BC be produced to meet the outer
segment in #, and #4 be joined,

CA, CB, CF are by hypothesis equal.
Therefore the angle #4C is equal to the

angle AFC.
Also, by 11 21, the angles ACB, ADRB are equal ;
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therefore their supplements, the angles 4CF, ADE, are equal.

Further, by 111. 21, the angles 4 £B, AFB are equal.

Hence in the triangles 4CF, ADE two angles are respectively equal ;

therefore the third angles £4.D, FAC are equal.

But the angle FAC is equal to the angle 4FC, and therefore equal to the
angle AED.

Therefore the angles AED, EAD are equal, or the tnangle DEA is
1sosceles,

and 4D is equal to DE.
Addmg BD to both, we see that
BE is equal to the sum of 4D and DA.
Now, BF being a diameter of the circle of which the outer segment is

a part,
BPF is greater than BE ;
therefore AC, CB are together greater than 4D, DB.

And, generally, of all triangles on the same base and on the same side of it
which have equal vertical angles, the isosceles triangle is that which has the
grealest perimeler, and of the others that has the lesser perimeter which is
Surther from being isosceles.

The theorem of Serenus gives us the means of solving the following
problem given in Todhunter’s Euclid, p. 324.

To find a point in the circumference of a given segment of a circle such that
the straight lines whick join the point to the extremities of the straight line on
which the segment stands may be together equal to a given straight line (the
length of which is of course subject to limits).

Let ACB in the above figure be the given segment. Find, by bisecting
AB at right angles, a point C on it such that 4C is equal to CB.

Then with centre C and radius CA4 or CB describe the segment of a
circle AHB on the same side of AB.

Lastly, with 4 or B as centre and radius equal to the given straight line
describe a circle. This circle will, if the given straight line be greater than
AB and less than twice 4C, meet the outer segment in two points, and if we
join those points to the centre of the circle last drawn (whether 4 or B), the
joining straight lines will cut the inner segment in points satisfying the given
condition. If the given straight line be egua/ to twice 4C, C is of course
the required point. If the given straight line be greater than twice A4 C, there
is no possible solution.

| ProrosITION 22,
The opposite angles of quadrilaterals in circles are equal
to two right angles.
Let ABCD be a circle, and let ABCD be a quadrilateral
in it;
I say that the opposite angles are equal to two right angles.

Let AC, BD be joined.
Then, since in any triangle the three angles are equal to
two right angles, (1. 32]

&—2
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the three angles CAB, ABC, BCA of the triangle 4BC
are equal to two right angles.

But the angle CAZB is equal to the
angle BDC, for they are in the same
segment BADC; (1. 21]
and the angle ACB is equal to the angle
ADB, for they are in the same segment
ADCB;
therefore the whole angle 4.DC is equal
to the angles BAC, ACH.

Let the angle 48C be added to each;
therefore the angles ABC, BAC, ACB are equal to the
angles ABC, ADC.

But the angles 4BC, BAC, ACB are equal to two right
angles;
therefore the angles 48C, ADC are also equal to two right
angles.

Similarly we can prove that the angles BAD, DCB are
also equal to two right angles.

Therefore etc.

Q. E. D.

As Todhunter remarks, the converse of this proposition is true and very
important : if fwo opposite angles of a quadrilateral be together equal to two
right angles, a civcle may be civcumscribed about the guadrilateral. We can, by
the method of 11 g, or by 1v. 5, circumscribe a circle about the triangle
ABC; and we can then prove, by reductio ad absurdum, that the circle
passes through the fourth angular point D.

ProrosiTION 23.
On the same straight line there cannot be constructed two
similar and unequal segments of circles on the same side.

For, if possible, on the same straight line 425 let two
similar and unequal segments of circles
ACB, ADB be constructed on the same

side ; 2
let ACD be drawn through, and let C5, @

DB be joined. A B

Then, since the segment ACRB is
similar to the segment ADBA,
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and similar segments of circles are those which admit equal

angles, (11 Def. 11]
the angle ACB is equal to the angle 4D2B, the exterior
to the interior : which is impossible. (1. 16]

Therefore etc.
Q. E. D.

1. cannot be constructed, of susradioeras, the same phrase as in 1. 7.

Clavius and the other early editors point out that, while the words “on
the same side” in the enunciation are necessary for Euclid’s proof, it is
equally true that neither can there be two similar and unequal segments on
appostte sides of the same straight line ; this is at once made clear by causing
one of the segments to revolve round the base till it is on the same side with
the other.

Simson observes with reason that, while Euclid in the following proposition,
L. 24, thinks it necessary to dlspose of the hypothesis that, if two similar
segments on equal bases are applied to one another with the bases coincident,
the segments cannot cut in any other point than the extremities of the base
(since otherwlse two circles would cut one another in more pomts than two),
this remark is an equally necessary preliminary to m. 23, in order that we
may be justified in drawing the segments as being one inside the other.
Simson accordingly begins his proof of 111. 23 thus:

‘“ Then, because the circle 4CB cuts the circle 4DB in the two points
A, B, they cannot cut one another in any other point :

One of the segments must therefore fall within the other.
Let ACB fall within 405 and draw the straight line 4CD, etc.”

Simson has also substituted “not coinciding with one another” for
“unequal” in Euclid’s enunciation.

Then in 11. 24 Simson leaves out the words referring to the hypothesis
that the segment 4 £ B when applied to the other CFD may be * otherwise
placed as CGD”; in fact, after stating that 48 must coincide with CD, he
merely adds words quoting the result of ni1. 23: “Therefore, the straight line
A B coinciding with CD, the segment 4£8 must coincide with the segment
CFD, and is therefore equal to it.”

ProposITION 24.

Stmzlar segments of circles on equal straight lines are equal
2o one another.

For let AEB, CFD be similar segments of circles on
equal straight lines 48, CD;
5 I say that the segment A£ZB is equal to the segment CFD.

For, if the segment A£B be applied to CFD, and if the
point A be placed on C and the straight line 458 on CD,
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the point B will also coincide with the point D), because
AB is equal to CD;
10 and, A28 coinciding with CD,

the segment A £ B will also coincide with CFD.

E F G

SN N

A B C D

For, if the straight line 4B coincide with CD but the
segment 4 EB do not coincide with CFD,

it will either fall within it, or outside it ;

15 or it will fall awry, as CGD, and a circle cuts a circle at more
points than two : which is impossible. (1. 10]

Therefore, if the straight line A3 be applied to CD, the
segment A E£B will not fail to coincide with CFD also;

therefore it will coincide with it and will be equal to it.

20 Therefore etc.
Q. E. D.

15. fall awry, wapa\\dfe:, the same word as used in the like case in 1. 8. The word
implies that the :splied figure will partly fall short of, and partly overlap, the figure to
which it is applied. :

Compare the note on the last proposition. I have put a semicolon instead
of the comma which the Greek text has after “outside it,” in order the better
to indicate that the inference “and a circle cuts a circle in more points than
two ” only refers to the third hypothesis that the applied segment is “otherwise
placed (wapadAdfe) as CGD.” Thé first two hypotheses are disposed of by
a facit reference to the preceding proposition 111. 23.

ProrosiTION 25.
Given a segment 'qf a circle, to describe the complete circle
of which it is a segment.
Let ABC be the given segment of a circle ;

thus it is required to describe the complete circle belonging
to the segment 4ABC, that is, of which it is a segment.

For let AC be bisected at D, let DB be drawn from the
point D at right angles to 4C, and let 4.8 be joined ;
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the angle ABD is then greater than, equal to, or less
than the angle BAD.

First let it be greater;

and on the straight line B4, and at the point 4 on it, let
the angle BAE be constructed equal to
the angle ABD; let DB be drawn through A

to £, and let £C be joined.
Then, since the angle ABE is equal to A

the angle BAE, : B E
the straight line £25 is also equal to ‘

EA. [1 6]

And, since AD is equal to DC, ©

and DE is common,
the two sides 4D, DE are equal to the two sides CD, DE
respectively ;
:;v._mli_l the angle 4DE is equal to the angle CDE, for each is
right ;
therefore the base 4 £ is equal to the base CE.
But 4 £ was proved equal to BE;
therefore BE is also equal to CE ;
therefore the three straight lines A£, EB, EC are equal to
one another.

Therefore the circle drawn with centre £ and distance
one of the straight lines 4 £, £B, EC will also pass through
the remaining points and will have been completed. (11 9]

Therefore, given a segment of a circle, the complete circle
has been described.

And it is manifest that the segment 4BC is less than a
semicircle, because the centre £ happens to be outside it.

Similarly, even if the angle 48D be equal to the angle
BAD, :

AD being equal to each of the two BD, DC,

the three straight lines DA, DB, DC will
be equal to one another, B8 D

D will be the centre of the completed circle,
and ABC will clearly be a semicircle. C

A
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But, if the angle 48D be less than the angle B4 D,

and if we construct, on the straight line B4
and at the point 4 en it, an angle equal to A
the angle 4BD, the centre will fall on DB
within the segment 4ABC, and the segment

ABC will clearly be greater than a semi- 8 °
circle. )
Therefore, given a segment of a circle, ¢

the complete circle has been described. .
Q E. F.

1. to describe the complete circle, xposavaypdyas rov xvxhov, literally ““to describe
the circle on 0 42.’

It will be remembered that Simson takes first the case in which the angles
ABD, BAD are equal to one another, and then takes the other two cases
together, telling us to “produce BD, if necessary.” This is a little shorter
than Euclid’s procedure, though Euclid does not repeat the proof of the first
case in giving the third, but only refers to it as equally applicable.

Campanus, Peletarius and others give the solution of this problem in
which we take two chords not parallel and bisect each at right angles by
straight lines, which must meet in the centre, since each contains the centre
and they only intersect in one point. Clavius, Billingsley, Barrow and others
give the rather simpler solution in which the two chords have one extremity
common (cf. Euclid’s proofs of 111. 9, 10). This method De Morgan favours,
and (as noted on nn 1 above) would make i1 1, this proposition, and
1v. 5 all corollaries of the theorem that ‘the line which bisects a chord
perpendicularly must contain the centre.” Mr H. M. Taylor practically
adopts this order and method, though he finds the centre of a circle by
means of any two non-parallel chords; but he finds tke centre of the circle of
whick a given arc is a part (his proposition corresponding to mnr 25) by
bisecting at right angles first the base and then the chord joining one extremity
of the base to the point in which the line bisecting the base at right angles
meets the circumference of the segment. Under De Morgan’s alternative the
relation between Euclid 111. 1 and the Porism to it would be reversed, and
Euclid’s notion of a Porism or corollary would have to be considerably
extended.

If the problem is solved after the manner of 1v. s, it is still desirable to
state, as Euclid does, after proving 4£, £B, EC to be all equal, that “the
circle drawn with centre £ and distance one of the straight lines 4£, £B5,
EC will also pass through the remaining points of the segment” [111. 9], in
order to show that part of the circle described actually coincides with the
given segment. This is not so clear if the centre is determined as the
intersection of the straight lines bisecting at right angles chords which join
pairs of four different points.

ProrosiTION 26.

In equal circles equal angles stand on equal circumferences,
whether they stand at the centres or at the circumferences.



11 26] PROPOSITIONS 25, 26 57

Let ABC, DEF be equal circles,.and in them let there
be equal angles, namely at the centres the angles BGC,
EHF, and at the circumferences the angles BAC, EDF;

I say that the circumference BKC is equal to the circum-
ference ELF.

For let BC, EF be joined.
Now, since the circles ABC, DEF are equal,
the radii are equal.
Thus the two straight lines BG, GC are equal to the
two straight lines £H, HF;
- and the angle at G is equal to the angle at 4 ;
therefore the base BC is equal to the base £F. [r 4]
And, since the angle at 4 is equal to the angle at D,
the segment BAC is similar to the segment EDF;
[111. Def. 11]
and they are upon equal straight lines.
But similar segments of circles on equal straight lines are
equal to one another ; (1. 24]
therefore the segment BAC is equal to £DF.
But the whole circle 4BC is also equal to the whole circle
DEF;
therefore the circumference BKC which remains is equal to
the circumference £LF.
Therefore etc. Q. E. D.

As in 111 21, if Euclid’s proof is to cover all cases, it requires us to take
cognisance of ‘“angles at the ecentre ” which are equal to or greater than two
right angles. Otherwise we must deal separately with the cases where the
angle at the circumference is equal to or greater than a right angle. The
case of an obfuse angle at the circumference can of course be reduced by
means of III. 22 to the case of an acute angle at the circumference ; and, in
case the angle at the circumference is right, it is readily proved, by drawing
the radii to the vertex of the angle and to the other extremities of the lines
containing it, that the latter two radii are in a straight line, whence they make
equal bases in the two circles as in Euclid’s proof.



58 BOOK III [1m1. 26, 27

Lardner has another way of dealing with the right angle or obtuse angle
at the circumference. In either case, he says, “bisect them, and the halves
of them are equal, and it can be proved, as above, that the arcs upon which
these halves stand are equal, whence it follows that the arcs on which the
given angles stand are equal.”

ProrosiTION 27.

In equal cirvcles angles standing on equal civcumferences
are equal lo one another, whether they stand at the centres or
at the circumferences.

For in equal circles ABC, DEF, on equal circumferences
BC, EF; let the angles BGC, EHF stand at the centres G,
H, and the angles BAC, EDF at the circumferences ;

I say that the angle BGC is equal to the angle £HF,
and the angle BAC is equal to the angle EDF.

For, if the angle BGC is unequal to the angle EAF,
one of them is greater.

Let the angle BGC be greater ; and on the straight line 3G,
and at the point G on it, let the angle BGK be constructed

equal to the angle EAF. [1. 23]
Now equal angles stand on equal circumferences, when
they are at the centres ; (1. 26]

therefore the circumference BK is equal to the circum-
ference EF.

But £F is equal to BC;

therefore BK is also equal to BC, the less to the
greater : which is impossible.

Therefore the angle BGC is not unequal to the angle
EHF;

therefore it is equal to it.
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And the angle at A is half of the angle BGC,
and the angle at D half of the angle £HF; (1. 20]
therefore the angle at A is also equal to the angle at D.

Therefore etc.
Q. E. D.

This proposition is the converse of the preceding one, and the remarks
about the method of treating the different cases apply here also.

ProrosiTioN 28.

In equal circles equal straight lines cut off equal civcum-

Serences, the greater equal to the greater and the less lo the
less.

Let ABC, DEF be equal circles, and in the circles let
AB, DE be equal straight lines cutting off ACB, DFE as
greater circumferences and 4GB, DHE as lesser;

I say that the greater circumference ACAB is equal to the

greater circumference DFE, and the less circumference AGS
to DHE.

G

For let the centres X, L of the circles be taken, and let
AK, KB, DL, LE be joined.
Now, since the circles are equal,
the radii are also equal ;

therefore the two sides AKX, KB are equal to the two
sides DL, LE ;

and the base 4B is equal to the base DE;
therefore the angle 4 KB is equal to the angle DLE.

[1 8]
But equal angles stand on equal circumferences, when
- they are at the centres ; [11. 26]

therefore the circumference AG2 is equal to DHE.
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And the whole circle AB8C is also equal to the whole
circle DEF;
therefore the circumference 4CB which remains is also equal
to the circumference DFE which remains.

Therefore etc.

Q. E. D.

Euclid’s proof does not in terms cover the particular ca